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PREFACE 


This collection of problems and exercises in mathematical anal- 
ysis covers the maximum requirements of general courses in 
higher mathematics for higher technical schools. It contains over 
3,000 problems sequentially arranged in Chapters I to X covering 
all branches of higher mathematics (with the exception of ana- 
lytical geometry) given in college courses. Particular attention is 
given to the most important sections of the course that require 
established skills (the finding of limits, differentiation techniques, 
the graphing of functions, integration techniques, the applications 
of definite integrals, series, the solution of differential equations). 

Since some institutes have extended courses of mathematics, 
the authors have included problems on field theory, the Fourier 
method, and approximate calculaiions. Experience shows that 
the number of problems given in this book not only fully satisfies 
the requirerren s of the student, as far as practical mas‘ering of 
the various sections of the course goes, but also enables the in- 
structor to supply a varied choice of problems in each section 
and to select problems for tests and examinations. 

Each chap.er begins with a brief theoretical introduction that 
covers the basic definitions and formulas of that section of the 
course. Here the most important typical problems are worked out 
in full. We believe that this will greatly simplify the work of 
the student. Answers are given to all computational problems; 
one asterisk indicates that hints to the solution are given in 
the answers, two asterisks, that the solution is given. The 
problems are frequently illustrated by drawings. 

This collection of problems is the result of many years of 
teaching higher mathematics in the technical schools of the Soviet 
Union. Jt includes, in addition to original problems and exam- 
ples, a large number of commonly used problems. 


Chapter I 
INTRODUCTICN TO ANALYSIS 


Sec. 1. Functiens 


1°. Real nurrters. Rational and irrational] numbers are collectively known 
as real numbers The absolute value of a real number a is understood to be 
the nonnegative number |a| defined by the conditions’ |a| =a if a=0O, and 
la [= —a if a<0. The following inequality holds for all real numbers a 
and 0b: 
la+6|<ja|+] 6]. 


2°. Definition of a function. If to every value*) of a variable x, which 
belongs to some collection (set) E, there corresponds one and only one finite 
value of the quantity y, then y is said to be a function (single-valued) of x 
or a dependent c:artable defined on the set E, x is the argument or tndepen- 
dent variable The fact that y 1s a function of x 1s expressed in brief form 
by the notation y= f(x) or y=F (x), and the like 

If to every value of x belonging to some set E there corresponds one or 
several values of the variable y, then y is called a multiple-valued function 
of x defined on E. From now on we shall use the word “function” only in 
the meaning of a single-valued function, 1f not otherwise stated 

3° The domain of definition of afunction. The collection of values of x for 
which the given function ts defined 1s called the domain of definition (or the 
domain) of this function. In the simplest cases, the domain of a function 1s 
either a closed interval |a, 6], whichis the set of real numbers x that satisfy 
the inequalities a<cx<b, or anopen interval (a,b), which :s the set of real 
numbers that satisfy the incqualit.es a< x <0. Also possible ts a more com- 
plex structure of the domain ol definition of afunction (see, for instance, Prob- 
em 21) 

Example 1. Determine the domain of definition of the function 


] 
a= V x?—1 


Solution. The function is defined if 


x?—1>0, 


that is, if }x{> 1. Thus, the domain of the function is a set of two inter- 
vals:—o <x<—l andl<x<+o 

4°. Inverse functions. If the equationy = f(x) may be solved uniquely for 
the variable x, that is, if there is a function x=g(y) such that y=/l[g(y)], 


tee Hencelorth all values will be considered as real, if not otherwise 
stated. 
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then the function x=g(y), or, in standard notation, y=g(x), is the tnverse 
of y=f (x). Obviously, g[f (x)] =x, that is, the function f(x) is the «tnverse 
of g(x) (and vice versa). 

In ite gereral case, the equation y=f (x) cefines a multiple-valued in- 
verse furction x=/f7'(y) such that y==/[f7~’ (y)| for all y that are values of 
the function f (x) 

Exan ple 2. Cetermine the inverse of the function 


y=1—27*. (1) 
Solution. Solving equation (1) for x, we have 
2-*=1—y 


and 


__ log (I—y) *), 


log 2 (2) 


Obviously, the domain of cefinition of the function (2) is—o<y<]., 

5°. Corrposite and implicit functicns. A function y of x defined by a se- 
ries of equalitiesy =f(u), whereu=@ (x), etc., is called a composite function, 
or a function of a funstior. 

A function defined by an equation not solved for the derendcent variable 
is called an «mplicit function. For example, the equation x8+y*=1 defines 
y as an implicit function of x. 

6°. The graph of a function. A set of points (x,y) in an xy-plane, whose 
coordinates are connected by the equation y=f(x), is called the graph of 
the given funct:on. 


1**, Prove that if a and 6b are real numbers then 
\|a|—|6||<|a—6b|<|a|+ ||. 
2. Prove the following equalities: 
a) |ab|=|a|-[0|; ) [F[=7) (6 #0); 
b) Ja|?=a’; d) Va?=:\a}. 
8. Solve the inequalities: 
a) |x—1|<3; c) J2x+1]/<1; 
b) |x+1]>2; d) |x—1]<|x+1}. 
4. Find f(—1),/(0), 7(1), F(2), £(3), (4), if Fw) = x® —6x* + 
+ llx—6. 
8. Find (0), f(—3). M(—9 F(Z)» ap if h=VIF. 
6. f(x) =arccos (log x). Find aC, , Fl), FO). 


7. The function / (x) is linear. Find this function, if f(—1)=2 
and /(2)=— 3. 


had 
b 


*) Logxis the logarithm of the number x to the base 10, 
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8. Find the rational integral function f(x) of degree two, if 
f(0)=1, {(1)=0 and /(3)=5. 

9, Given that f(4) = —2, {(5)=6. Approximate the value of 
f (4, 3) if we consider the function /(x) on the interval 4<x<5 
linear (linear interpolation of a function). 

10. Write the function 


i= ° 


as a single formula using the absolute-value sign. 
Determine the domains of definition of the following functions: 


, ii «<0, 
x, if x>0 


11. a) y=Vx+l; 16. nar — x’, 
(ames 
, b) y= x41. y= log 22 
© Y= Fre: _ 
4—x 18. oe! 3x +2 
13. a) y= V x?7—2; “+ 
b) y= xV x? —2. 19. y= arecos = 
ae 9o1ly_y. 
14e*. y=V 2+ e—a 20. y=aresin ( log 75) 
15. y= -Yroxr+—. 
2+% 
21. Determine the domain of definition of the function 
y = V sin 2x. 


22. f (x) = 2x*—3x* —5x*+6x—10. Find 
e(X)=sIFO+A(—91 and w(x) => If ()—f(—2)]. 


23. A function f(x) defined in a symmetric region —l<x<] 
is called even if f(—x)=f (x) and odd if f(—x) = —f (x). 

Determine which of the following functions are even and which 
are odd: 


a) (x)= 4 (a*-+a-*); 

b) f(x)=V1+x4+8°—Vi—xFa% 
c) fM=/S FDI + /O—D 

d) f (x)= log 7%; 

e) f(x) =log (x + V1+ +"). 


24. Prove that any function f(x) defined in the interval 
—I<x<l may be represented in the forin of the sum of an 
even function and an odd function. 
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25. Prove that the product of two even functions or of two odd 
functions is an even function, and that the product of an even 
function by an odd function is an odd function. 

26. A function [(x) 1s called periodic if there exists a positive 
numter T (the period of the function) such that f(x+ 7) =f (x) 
for all valves of x within the demain of definition of f(x). 

Cetermine which of the follcwing functions are periodic, and 
for the pericdic functicns find their least period 7: 


a) f (x)= 10 sin3 x, d) f(x)=sin* x; 
b) f(x) =asinAx+6cosax;  e) /(x)=sin (V x). 
c) f(x) =V tan x; 


27. Express the length of the segment y= MN and the area S 
of the figure AMN as a function of x=AM (Fig 1). Construct 
the graphs of these functions. 

28. The linear density (that is, 
mass per unit length) of a rod AB=I[ 
(Fig. 2) on the segments AC=1,, 
CD=I1, and DB=1,(l, 4+ 1, +l,=D 
is equal to q,, q, and q,, respec- 


<— 4-5 _— 
A S*~ be D B 
t 
Fig. | Fig. 2 


tively. Express the mass m of a variable segrent AM =x of this 
red as a function of x. Construct the graph of this function. 
29. Find @m[p(x)] and pig (x)], if @(x)=x and p(x) = 2”. 
30. Find f(FUF(Gl}, if fay=—. 
31. Find /(x+ 1), if f(«~—1) =’. 
32. Let [(n) be the sum of nm terms of an arithmetic progression. 


Show that 
f (n+ 3)—3f (n 4+ 2) + 3f (n4-1)—/ (n) = 0. 
33. Show that if 
f(x) =kx+b 


and the numbers x,, x,, x, form an arithmetic progression, then 


the numters /(x,), /(x,) and f(x,) likewise form such a pro- 
gression. 
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34. Prove that if f(x) is an exponential function, that is, 
f (x) =a*(a>0), and the numters x,, x,, x, form an arithmetic 
progression, then the numbers f(x,), /(x,) and f(x,) form a geo- 
metric progression. 
35. Let 
I+<* 
f (x) = log t—x . 


Show that 


ho+tw=i (Ft). 


1+ xy 
36. Let g(x) => (a* +47") and tp (x) = 5 (a*—a-*)., 
Show that 
p (x+y) =P (x) p(y) + ¥ (x) p(y) 
p (x+y) = G(x) P (y) + My) P(X). 
37. Find f(—1), / (0), F()) if 


f(x) =| arc sinxfor—Il<r<0, 
~ \ arctanxforO<—x <-+o0, 


and 


38. Determine the roots (zeros) of the region of positivity and 
of the region of negativity of the function y if: 

a) y=1+4x; d) y=x*— 3x; 

b) y=2-++x—x’; 


_| 2x 
c) y= 1—x+%'; ©) y=l08 Tye 


39. Find the inverse of the function y if: 


a) y= 2x43; d) y=log—; 
b) y=x*—], L 5 
0) y= / Tae. ce) y=arc tan 3x. 


In what regions will these inverse functions be defined? 
40. Find the inverse of the function 
_f{ x, if «<0, 

I= \ et, if x0. 


41. Write the given functions as a series of equalities each 
member of which contains a simple elementary function (power, 
exponential, trigonometric, and the like): 

a) y=(2x—5)"°; Cc) y = log tan; 

b) y= 205+; d) y =arc sin (3-*’), 
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——— 


42. Write as a single equation the composite functions repre- 
sented as a series of equalities: 


a) y=u*, u=sinx; 
b) y=arctanu, u=Vv, v=logx; 
¢) y={ Qu, if u<O0, 
0, if u>0; 
= x*— 1, 
43. Write, explicitly, functions of y defined by the equations: 
a) x’—arccos y=; 
b) 10* + 10” = 10; 
c) ¥+]y|=2y. 
Find the domains of definition of the given implicit functions. 


Sec. 2. Graphs of Elementary Functions 


Craphs of functions y=/(x) are mainly constructed by marking a suffi- 
ciently dense net of points M;(x;, y;), where y,=/(x;)(é=90, 1, 2,...) and 
by connecting the points with a line that takes account of intermediate points. 
Calculations are best done by a slide rule. 


Fig. 3 


Graphs of the basic elementary functions (see Ap pendix VI) are readily 
learned through their construction. Proceeding from the graph of 


y =f (x), (T) 
we get the graphs of the following functions by means of simple geometric 
constructions: 


1) y,=— f(x) is the mirror image of the graph I about the x-axis; 
2) ¥a=/(—x) is the mirror image of the graph T about the y-axis; 
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3) ¥g=/(x—a) is the [ graph displaced along the x-axis by an amount a; 
4) y,=6+f (x) is the graph displaced along the y-axis by an amount b 
(Fig. 3 


g. 3). 
Example. Construct the graph of the function 


x 
y=sin ( x7] . 


Solution. The desired line is a sine curve y=sinx displaced along the x-axis 
to the right by an amount - (Fig. 4) 


Y=sin (<-=) 


Fig. 4 


Construct the graphs of the following linear functions 
(straight lines): 

44. y=kx, if R=0, 1, 2, 1/2, —1, —2. 

45. y=x4+ 6, if b=0, 1, 2, —1, —2. 

46. y= 1.5x +2. 

Construct the graphs of rational integral funetions of degree 
two (parabolas). 

47. y=ax’, if a=1, 2, 1/2, —1, —2, 0. 

48. y=x'+e, if c=0, 1, 2, —1. 

49. y=(x—x,)’, if x,=0, 1, 2, —1. 

50. y=y, + (x—1)*, if y,=0, 1, 2, —1. 

51*. y=ax®+bx+ec, if: 1) a=1, b=—2, c=3; 2) a=—2, 
b=6, c=0. 

52. y=2 }+x—x’. Find the points ot intersection of this pa- 
rabola with the x-axis. 

Construct the graphs of the following rational integral func- 
tions of degree above two: 

53*, y=x° (cubic parabola). 

54. y=24 (x— 1)’. 

65. y= x°— 3x 4-2. 

56. y= x". 

57. y=2x* — x". 

Construct the graphs of the following linear fractional func- 
tions (hyperbolas): 


I 
68*, Y= 7° 
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59. y= 
- Y=: 
x—2 
61* y= y, + tox.’ if x,=1, y,=—l, m= 6. 
%—-3 
62". Y= 379 
Construct the graphs of the fractional rational functions: 
63. y=xtr. 
x? 
64. ars 
65*. Y="3° 
66. y= 
67*. y=- -F (Witch of Agnest). 
68. y=a4 (Newton’s serpentine). 
69. y= Keay. 


70. yar tr (trident of Newton). 

Construct the graphs of the irrational functions: 
71*. y=V% 

72. y= V/ Xx. 

73*. y= j/ x* (Niele’s parabola). 

74. y=+xVx (semicubical parabola). 

75*. y=o 2 V 25—x? (ellipse). 

76. y= + V x*—1 (hyperbola). 


] 
77. rn i 


78*, y= x roar (cissoid of Diocles). 


79. y= txV 25—x? 
Construct the graphs of the trigonometric functions: 


80*. y=sinx. 83*. y=cot x. 
81*. y=cos x. 84*. y = sec x. 
82*. y= tanx. 85*. y=cosec x. 


86. y= Asinx, if A=1, 10, 1/2, —2. 
87*. y=sinnx, il n=1, 2, 3, 1/2. 


88. y= sin(x—q), if p=9, > ; x Tt, —=. 
89*, y=5 sin (2x—92). 


(Ch. 1 
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90*. y=asinx+bcosx, if a=6, b=-8. 


91. y=sinx-+-cos x. 96. y= 1—2cosx. 

92*. y= cos" x, 97. y= sin k—> sin 3x. 
93*. y=x+4+ sinx, 98. y= cos x-+ 4 cos 2x. 
94*. y=xsinx. 99*. y= cos = 

95. y=tan’ x, 100. y=+Vsinx. 


Construct the graphs of the exponential and logarithmic fune- 
tions: 


101. y=a", if a=2, + 


’ 9”? e(e=2, 718 oo) *), 


102%. y=log, x, ifa=10, 2, > e. 


103*. y=sinhx, where sinh x = 1/2 (e*—e-*). 
104*. y=coshx, where cosh x = 1/2 (e* +e-*). 


105*. y=tanhx, where tanh x= STE 

1 
106. y=10*, 
107*. y=e-* (probability curve). 

1 
108. y=2 *. 113. y=log +. 
109. y= log x’. 114. y= log (— x). 
110. y= log’ x. 115. y=log, (1 + x). 
lil. y= log (log x). 116. y= log (cos x). 
112. "= oa 117. y=2-~* sinx. 
Construct the graphs of the inverse trigonometric functions: 
118*. y=arc sinx. 122. y=are sin—. 
119*. y=arc cosx. 123. y = are cos — 
120°. y=arc tan x. 124. y=x-+arccot x. 


121*. y=arccot x. 
Construct the graphs of the functions: 


125. y=|x|. 

126. y= 5 (x4 |x). 

127. a) y=x|x|; b) y=logy~|x|. 

128. a) y=sinx+|sinx|]; b) y=sinx—|sin x}. 
3—x’* when |x|/<l. 

129. y=| 7 when |x|>1. 


*) About the number e see p. 22 for more details. 
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130. a) y=[x], b) y=x—[x], where [x] is the integral part 
of the number x, that is, the grea‘est in‘eger less than or equal 
to x. 

Construct the graphs of the following functions in the polar 
coordina.e sysiem (r, @) (7 20): 

131. r= 


132*. r=< (spiral of Archimedes). 
133*. r=e® (logurithmic spiral). 
134°. rae (hyperbolic sptral). 
135. r=2cosyp (circle). 

l . . 
136. "= ne (straight line). 


137. r=sec’ s (parabola). 


138*. r=10sin3q@ (three-leafed rose) 

139*. r=a(l+cosq) (a>0) (cardioid). 

140*, r?>=a’cos2g (a>0) (lemniscate). 

agousituet the graphs of the functions represented parametri- 
cally: , 

141*. x=?', y=t* (semicubical parabola). 

142*. x=10 cost, y=sint (ellipse). 

143*. x= 10cos*t, y=10sin*t (astroid). 

144*. x=a(cost+ftsint), y=a(sint—tcosf) (involute of a 
circle). 


145*. x= ron y= oR (folium of Descartes). 
146. x=—= 
* +n 4= V1 


147, xa22'+2-' y=! o- (branch of a hyperbola). 

148. x=2cos*¢t, y=2sin*t (segment of a straight line). 

149. x=t-—?#?, y=t?—?*. 

150. x = a(2.cos t —cos 2t), y=a(2sint—sin2t) (cardtoid). 
ir Construct the graphs of the following functions defined implic- 
itly: 

151*.x7 + y? = 25 (circle). 

152. XY = 12 (hyperbcla). 

153%. y =e (parabola). 


154. 100 y" | (ellipse). 
155. y*® =x’ (100— x’). 
156*. x? +y* =a* (astroid). 


157*. x+y= \Ology. 
158. x? =cusy. 
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vi 

159%, Vx? y? a: (logarithmic spiral). 

160". x°+ y°—3xy=0 (folium of Descartes). 

161. Derive the conversion formula from the Celsius scale (C) 
to the Fahrenheit scale (F) if it is known that 0°C corresponds 
to 32°F and 100°C corresponds to 212°F. 

Construct the graph of the function obtained. 

162. Inscribed in a triangle (base 6=10, altitude h=6) is a 
rectangle (Fig. 5). Express the area of the rectangle y as a funce 
tion of the base x. 


A 
h 
4 * 
B 
—_ _.| C 
b a 
Fig. 5 Fig 6 


construct the graph of this function and find its greatest 
value. 

163. Given a triangle ACB with BC =a, AC=b and a variable 
angle < ACB=x (Fig. 6). 

Express y=area /\ ABC as a function of x. Plot the graph 
of this function and find its greatest value. 

164. Give a graphic solution of the equations: 


a) 2x*—5x+2=0; d) 10-*=x; 
b) x°+x—1=0; e) x= 14 05sinx; 
c) logx=0.1x; f) cot x= x (O<x<n). 


165. Solve the systems of equations graphically: 


a) xy=10, x+ y=7, 

b) xy=6, x°+ y’ = 13; 

c) x°—x+y=4, y’?—2x=0; 

d) x*+y=10, x+y°=6; 

e) y=sinx, y=cosx (O<(x<2n). 
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Sec. 3. Limits 


1°. The limit of a sequence. The number a is the limit of a sequence 
Xyp Xgy oc ee Xe ee ey OF 
lim x,=4, 
n>@ 


if for any e>0 there is a number N=WN (e) such that 
Jx,—a]<e when n>N. 
Example 1. Show that 


_ n+l 
lim =2. I 
n>o NA+ | 2 ( 
Solution. Form the difference 
2n + 1 _9___! 
n+ oat 
Evaluating the absolute value of this difference, we have: 
2n +1 l= ] 
nfl ni ~* (2) 


I 
n> ——1=N (). 


Thus, for every positive number e there will be a number Nat such 


that for 2 > AN we will have irequality (2) Consequently, the number 2 is 
the limit of the sequence x, = (2n-+ 1)/(n +1), henc2, formula (1) is true. 

2°. The limit of a function. We say that a function f(x) +A asx-a 
(A and a are numbers), or 


lim f (x)=A, 
x-a 
if for every © >0 we have 6=6 (e) >0 such that 
lFid—Al<e for 0<|x—al <6. 
Similarly, 
lim f(x) =A, 
x7 @ 


if |f(x)—A| <e for |x| > N (e). 
The following conventional notation is also used: 
lim f (x)=0, 
x~@Q 


which means that |f (x)| > E for 0<|x—a|<6(E), where E is an arbitrary 
positive number 


3°. One-sided limits. If x<a@ and x—+a, then we write conventionally 
x + a—QO; stmilarly, if x >a and x +a, then we write x -+a+0. The numbers 


f(a—0)= lim f(x) and }/(a+0)= lim f (x) 
x>a--0 xX > ato 


are called, respectively, the limit on the left of the function f(x) at the point a 


and the limit on the right of the function f(x) at the point a (if these 
mumbers exist). 
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For the existence of the limit of a function f (x) as x +a, it Is necessary 
and sufficient to have the following equality: 
f(a—0) =f (a+). 
If the limits lim f, (x) and lim f,(x) exist, then the following theorems. 
x~> ¥ 7a 

1 old: . 

1) lim [f, (4) +f. (4)] = lim fF, (x) + lim f, (x); 
x-a x*~—>a Xx >a 
2) lim (f, (+) f2(*)] = lim f, (x)- lim f, (x); 

x-—-@ xa x—7~a 

3) lim [f, (x)/F2 (4)] = lim f, (x)/ lim f, (x) (lim f, (#) 4 0). 

xa xa *x->@a x7@ 

The following two limits are frequently used: 

and 

1 
ij 1\*_ , @ _,_ 
im [{1+—) = lim (1+ a)" =e=2 71828 .., 
x7 @® x a0 
Example 2. Find the limits on the right and left of the function 


f (x) =arc tan i 
as x ->0. 


Solution. We have 


f(+0)= lim (are tan ~)=$ 
x > +0 x 2 
and 
f(—0)= lim (aetan—)=— 5 
x» -0 x 2 


Obviously, the function f(x) in this case has no limit as x +0. 


166. Prove that as n—-oo the limit of the sequence 


1, 


’ n2 ’ 


>| — 


is equal to zero. For which values of n will we have the inequal- 
ity 

Lee 
(e is an arbitrary positive number)? 


Calcula e numerically for a) e=0.1; b) e=0.01; c) e=0.001. 
167. Prove that the limit of the sequence 


fn 
Xn — 


aL (n=1, 2, ...) 
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as n—oo is unity. For which values of n>WN will we have 
the inequality 
|x,—l]<e 


{e is an arbitrary positive number)? 
Find N for a) e=0.1; b) e=0.01: c) e=0.001. 
168. Prove that 
lim x? = 4. 
How should one choose, for a given positive number e, some 
positive number 6 so that the inequality 


|x*?—4|<e 
should follow from 
|x—2|< 6? 


Compute 6 for a) e=0.1; b) e=0.01; c) e=0.001. 
169. Give the exact meaning of the following notations: 


a) lin logx=—oo; b) lim 2*= +00; c) lif (x) = co 
xX -> +0 xX >+@ x >@® 
170. Find the limits of the sequences: 
1 oJ l (—1)"-? 
a) Oe! 8! ~ 4? | — p? ’ 
4 2n ; 
b) 7) oo? Bee Hee et 


() VE V2VE VoV2Va 


d) 0.2, 0.23, 0.233, 0.2333, 


Find the limits: 


W71. lim Gata -|- S+.. +). 


n? n? 
172. lim Beery) | 


173. lim esteem “|: 
n-»@ n+ | 2 


174, lim SHON 
175. lim 723" 


Ito] (—1)" 
177. lim [1\—3-+ y—gyt + GE]. 


ao 9 i 
2 2 
178". lim +2 t+ +n" 
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179. lim(Vn+1—Y n). 
180. lim 


nae@ n? + | 


When seekirg the limit of a ratio of two integral polynomfals In x as 
x—+ oo, it is uscful first to divide both terms of the ratio by x", where n is 
the highest degree of these polynomials. 

A similar procedure is also possible in many cases for fractions contain- 
ing irrational terms. 


Example 1. 
lim (2x —3) (3% -+ 5) (4x—6) __ 
x > 3x8 + x— 1 a 
3 5 6 
(2-2) (3+2) (4 T) 284 
=- lin 2H —oo == 8 
, a a ‘ ] ] 3 
ar 
Example 2. 
lim — —_= | ~~ ==] 
x > 3 
x 13 -+ 10 x ® 1418 
: (x-+ 1)? - 2x" —3x—4 
81. fin GE 86. tin 
182. lim SOF 187. lim TES, 
root xrays x 
_  x?—5xr-+ | 2 
183. lim LT 188. lim ——~——. 
aan 3 rea lO tx Vx 
184. lim “tS Ve 
eo ok ht 45 189. lim vet 
185. lim 2£ +3) Gr—2)' _ Vix 
+ x 4-5 190. lim ee, 
Tore V «4Ve4 Vv 


If P(x) and Q(x) are integral polynomials and P (a) #0 or & (a) £0, 
then the limit of the rational fraction 
lim P (x) 
< +a Q (x) 
is obtained directly. 
But if P (a)=Q (a)=0, then it is advisable to camel the binomial sa —a@ 


out of the fraction P (x) once or several times. 
Q (x) 
Example 3. 
x?®—4 lim (x—2) (x $2) __ lim *+2 


a> ax8—3x+2 x2 (x—2) (f@—1)xsex—1 
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.  xe+) .  x?—3x+ 2 
191. jim FH . 195. lim wo 4x 3" 
. x?—5x +10 -  x?—(a+1) xa 
192. jim a5: 196. fin — ~—a ° 
es — 
193. lim =>. 197. lim GEA * 
x—>-! h +0 
. x?— 2x . ] 3 
194. iim aoa 44 ‘ 198. fim (S-cs) . 


The expressions containing irrational terms are in many cases rational- 
ized by introducing a new variable. 


Example 4. Find 


lim Vteat 
x0 / 1+x—1 
Solution. Putting 
I+xe=y*, 
‘we have 
wm Vitel jim YI om Ptytt_ 38 
x+>e Y/i+x—1 yo wgy—l yor yt! 2° 
_ Vr—l 3/ 
199. tim Lest 201. tim Cea! 
x) x —| 
Vx—8 s/—> 3/— 
200. lin —2——, _ VY @—2 
nee y/ x —4 202. tim a2 a HL 


Another way of finding the limit of an irrational expression is to trans- 
fer the irrational term from the numerator to the denominator, or vice versa, 
from the deriominator to the numerator. 


Example 5. 
lim Vix-Va_ lim x—a _ = 
X¥>@a x-—-@Q x~+a(x—a)(V x + V a) 
I 1 
=: lim _ — — (a> 0) 
xaaVxtiVa 29Va 
. 2—-Vx—3 . 3—Vapx 
03. lim —_——. ~ lim ——— 
203 um 779 206 fn Ve 
204. lin A=", _, Vitx—Vi-x 
roe) x —2 207. lim ; 
205. lim V xo! ° 208. lim Veth-Vix 
soi x—l ho A 
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3 3/— ay ar 
209. lim VirthoV x 212. lim (Vix (#44) —a], 
0. iin YAoob_VFpme OB. Jin (Vt — 5x + 6—x). 

x3 Tae ts 214. linx(Vx?4+1—x). 
211. iim(Vx ta—YV x). rote —— 

X—>-+ 0 215. lin (x -+ / 1 — x*). 

x7 @ 
The formula 
lim sinx 


X¥>»>0 Xx 


ic frequently used when solving the following examples. It is taken fore 
granted that limsinx=sina and limcosx=cosa. 


X->G ¥—-a 
Example 6. 
lim S19 5X __ tim (aot 5) 1-55. 
x>0 4 x+>o\ 5x 
216. a) lim —— sink, 22/7. a) lim x sin +; 
x—>2 x +0 
b) lin sn b) lim x sin 1 
x7? @ x © 
217. lim = ox 228. lim (1—x) tan, 
x0 x Ls | 2 
218. lim sin Ox 229. lim cot 2xcot(——vx)}), 
so Sill 2x xo 
. sin nx _ ein * 
219, Mii Sil 37x * . 1—sin 2 
x1 230. lim =: 
220. lim (nsin =), nee 1—9¢ 
n> w " 231. lim — 
— t—3x ° 
221. lim Pcs x 
xX¥-0 x? ; 
. sinx—sina 232. lim SSX — cos nx 
222. lim ——— - x30 x? 
~ . tanx—sinx 
993. lin ees ees a 233. lim 3 
x-—-> . at 
994. lim tan nx 934, lin 2¢S" aa 
° x» 2 x+2 x70 ' 9 
. arc tan2¢ 
225. lim et Dosing 235. im sil 3x 
h->0 
; . 1 — x? 
226. im ————. 236. um Si mx * 
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- x— sin 2x _ J—YVocosx 
237 lim x + sin 3x" 239. lim yz 
1X Tio, — 
COs > 240. lim Vi-+sin x V |—sinx 
238. lim —_—_——s— . x->0 x 
€ >1 |— V x 
When taking limits of the form 
lim [@ (x)]? 9) =C (3) 
X¥—a 


one should bear in mind that: 
1) if there are final limits 


lim @(x)=A and lim p(x)=B, 
X—->@ ¥~Q 
then C= A®, 
2) if lim @(x)=A £1 and lim (x)= + o, then the problem of finding 
x 7a xX -? 0 
the linut of (3) is solved in straightforward fashion; 
3) if lim m(x)=1 and tim p(x) =o, then we put o(x)=1+a(x), 


x¥—-2@ X¥ 2~>@ 
where a(x) +0 as x +a and, hene, 


| lim = @ (x) 1p (x) lim = [@ (x) —1] (x) 
C= lim {{1 +a (x)]}* (2D) a Ce) P(x) pt >a — et 4 , 
x 2a 
where e=2.718 ... is Napier’s number. 
Example 7. Find 
lim (=) 


Solution. Here, 
a) =2 and lim (I+x)=1; 
x-—->0 


hence, 


lim (nee ata, 


Example 8. Find 


Solution. We have 


lim a lim * 
K>~o 2X-+ r>@ 2+— 


and 


lim x?=-+o., 
i> @® 
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Therefore, 
lim (f44 \e 
x-> @ Ti) _ 
Example 9. Find 


lim (==) 
x>om\X-+ i) ; 
Solution. We have 


| 
x—} I< 

lim —_— lim 7 =. 
X27@e@X+1 cron l+— 


Transforming, as indicated above. we have 


lim (2=!)" Li oe ) "= 
Jim (=) tow 4+ (FS | 


x+1 2x 


——— 


~ TST lim —— ** 
= | —_{ —— =e*r7? =e@7?, 
lim {| 14(=3)] } 4 ° 


In this case it is easier to find the limit without resorting to the general 
procedure: 


x —X1—!1 
W\e (1——] lim |( 1) | | 
lim (5) = lim S*%/ eee th OY get 
x7>@ x+ | 


xXx >@ l x I l * ée 
(14+) im (145) 


Generally, it is useful to remember that 


lim ( 1¢Z) se 


xr-> @ 
. {2 * 
241. lim (5) ,; 248. lim ( y", 
. — | x+1 ~* _ x 
242. lin (55) " 249. lim (= | “ 
2% —“ 
| “X41 n 
243. lim(5) 250. lim(1+ =). 
sin x n—> oo ' 
x?§—2x43\ * ‘ = 
244. lim (B=). 251. lim (1 + sin x)”. 
. xi42 \* = 
245. jim (S| 252**. a) lim(cos x) *: 
n x-»0 
248. lim(1——)". 4 
no . b) lim (cos x)”. 
247 lim(1 +2)". = 
¥-P@ 
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When solving the problems that follow, it is useful to know that if the 
limit lim f (x) exists and is positive, then 
&->G 


lim [In f (x)}=In [lim f (x)]. 


Example 10. Prove that 


x—>0 x “) 
Solution. We have 
1 | 
hn, in in +a) Ft fl (he) #1 Inet 
Formula (*) is frequently used in the solution of problems. 
253. lim [In (2x + 1) — In (*+ 2)]. 
X—> @ 
254. lim sae a 
Xx->0 
255. lim (iq its) : 260*. lima (7a — 1) (a>0). 
256. lim x{In(x+1)—Inx]. 261. lim * “— 
i> + @ ¥—>0 
257. lim ics 262, lim =e" 
x->0 x? x—»g SIX 
258". =!) 263. a) lim {22 . 
x—>0 ko x 
259*. tim —— (a >0), b) lim Sh 4—* 
X¥—>0 


(see Problems 103 and 104). 
Find the’ following limits that occur on one side: 


. x 
ee Vea b) lim —, 
_ x X—>+0 — 
b) lim ———., I+e* 
x>+@ Yes] In +e), 
265. a) lintanh x; 267. a) lim 
b) lim tanh x, b) lim nile) 
X-> + @ x40 
where tanh x=. 268. a) liin pont sn 
266. a) lim —!_. isin et 
) im i b) lim — ye 


l+e* k-> +0 
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—1\ 


269. ] 270. a) li 

a) lim S13 ) lim > 
b) li . b) lim . 
) tim Yin 


Construct the graphs of the following functions: 
271**. y=lim (cos*” x). 

° x 
272*. y= lim - yr 
273. y=lim Vx? +07, 


274. y= lim (arc tan nx). 


(x > 0). 


275. y=lim /1l+x" (x0). 
n—-> @ 


276. Transform the following mixed periodic fraction into 
a common fraction: 
a = 0.13555... 


Regard it as the limit of the corresponding finite fraction. 
277. What will happen to the roots of the quadratic equation 


ax’? +bx+c=0, 


if the coefficient a@ approaches zero while the coefficients b and c 
are constant, and b=40? 

278. Find the limit of the interior angle of a regular n-gon 
as nN — oo, 

279. Find the limit of the perimeters of regular n-gons inscribed 
in a circle of radius R and circumscribed about it as 2 — oo. 

2&0. Find the limit of the sum of the lengths of the ordinates 
of the curve 


y = e~* cos mx, 


drawn at the points x=0, 1, 2, ..., n, as n> 00. 
o§1. Find the limit of the sum of the areas of the squares 
constructed on the ordinates of the curve 


y=2'-* 


as on bases, where x=1, 2, 3, ..., m, provided that n—- oo. 
282. Find the limit of the perimeter of a broken line M,M,...M, 
inscribed in a logarithmic spiral 


ree? 
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(as n—+ oo), if the vertices of this broken line have, respectively, 
the polar angles 


P, = 9, =>) ene =>: 


283. A segment AB=a (Fig. 7) is divided into n equal parts, 
each part serving as the base of an isosceles triangle with base 
angles a == 45°. Show that the limit of the perimeter of the bro- 
ken line thus formed diflers froin the 
leneth of AB despite the fact that in 
the limit the broken line “geometrically 
mierzes with the segment AB”. 


Fig. 7 Fig 8 


Ko 


Z 


984. The point C, divides a segment AB--/ in half; the 
point C, divides a segment AC, in half; the point C, divides a 
seginent C,C, in half; the point C, divides C,C, in half, and so 
on. Determine the linuting position of the point C, when n—-o. 

985. The side a of a right triangle is divided into a equal 
parts, on each of which is constructed an inscribed rectangle 
(Fig. 8). Determine the limit of the area of the step-like figure 
thus formed if n— ov. 

986. Find the constants k and 6 from the equation 
lin (kx $b —Say ) =O. (1) 


z 
r>2 x* -+- | 


What is the geometric meaning of (1)? 

987*. A certain chemical process proceeds in such fashion 
that the increase in quantity of a substance during cach interval 
of time t out of the infinite sequence of intervals (tt, (é-+ 1) Tt) 
(i=0, 1, 2, ...) is proportional to the quantity of the substance 
available at the commencement of each interval and to the length 
of the interval. Assuming that the quantity of substance at the 
initial time is Q,, determine the quantity of substance Q\”) after 


the elapse of time ¢ if the increase takes place each nth part of 
the time interval t=-, 
Find Q,=lin Qi”, 
n 


> 
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Sec. 4. Infinitely Small and Large Quantities 


1°. Infinitely small quantities (infinitesimals). If 


lim a (x) =0, 
x-—>a 
i.c., if |a(x)|<e when 0<|x—a|< 8(e), then the function a@(x) is an 
infinitesimal as x-—~a. In similar fashion we define the infinitesimal a (x) 
as X ——> ©. 
The sum and product of a limited number of infinitesimals as x —>a are 
also infinitesimals as x ~ a. 
If a(x) and B(x) are infinitesrmals as xa and 
lim G(x) _ 
xa B (x) C. 


where C is some number different from zero, then the functions a@ (x) and B(x) 
are called infinitesimals of the same order; but if C=0, then we say that the 
function @(x) is an infinitesimal of higher order than B(x). The function 
a(x) is called an infinitesimal of order n compared with the function 6 (x) if 


lim G(X) — 
xa [BP (x)}"  —’ 
where 0<1C| < +0. 

I 


xa B(x) 
then the functions a (x) and B(x) are called equivalent functions as x — a: 
a (x)~ B (x). 


For example, for x —~0 we have 


lim a(x) oy 


sinx~x;, tanx~x;, In(l+x«)~x 
and so forth. 
The sum of two infinitesimals of different orders is equivalent to the 
term whose order is lower. 
The limit of a ratio of two infinitesimals remains unchanged if the terms 
of the ratio are replaced by equivalent quantities. By virtue of this theorem, 
when taking the limit of a fraction 


lim © (x) 


x—a B (x) , 


where a(x) —+0 and B(x)—> 0 as x—> a, we can subtract from (or add to) 
the numerator or denominator infinitesimals of higher orders chosen so that 
the resultant quantities should be equivalent to the original quantities. 


Example 1. ies 5 
3 ) a 3 
tim VEE tig VO 
x>oln(l1+2x) = x0 2x 2 


2°. Infinitely large quantities (infinites). If for an arbitrarily large num- 
ber N there exists a 68(N) such that when 0 <|x—a|<6(N) we have the 


inequality Fal N 
x)i > WN, 


then the function f (x) is called an infinite as x—— a. 


2—1900 
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The definition of an infinite f(x) as x oo is analogous. As in the case 
of infinitesimals, we introduce the concept of infinites of different orders. 


288. Prove that the function 
sin x 
f()=—- 


is an infinitesimal as x-—> oo. For what values of ¥x is the ine- 
quality 
lf(Wl<e 


fulfilled if e is an arbitrary number? 
Calculate for: a) e=0.1; b) e=0.01; c) e= 0.001. 
289. Prove that the function 


f()y=1—2" 


is an infinitesimal for x1. For what values of x is the ine- 
quality 

li @)|<e 
fulfilled if ¢ is an arbitrary positive number? Calculate numeri- 


cally for: a) e=0.1; b) e=0.01; c) e=0.001. 
290. Prove that the function 


F(X) = 


is an infinite for x—> 2. In what neighbourhoods of |x —2|<6 is 
the inequality 
[P(x)|>N 


fulfilled if M is an arbitrary positive number? : 
Find 6 if a) N=10; b) N=100; | 
De c) N= 1000. 
A <<—1_— >» 3 291. Determine the order of smallness 
of: a) the surface of a sphere, b) the volume 
of a sphere if the radius of the sphere r 
R is an infinitesimal of order one. What 
will the orders be of the radius of the 
\/ sphere and the volume of the sphere with 
0 respect to its surface? 
Fic. 9 292. Let the central angle a of a cir- 
8 cular sector ABO (Fig. 9) with radius R 
tend to zero. Determine the orders of 
fhe infinitesimals relative to the infinitesimal a: a) of the 
chord AB; b) of the line CD; c) of the area of A ABD. 
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293. For x—-0O determine the orders of smallness relative to 
x of the functions: 


2x, d) 1—cos x; 


a) aay? e) tanx— sin x. 
b) Ve+V*x; 
c) fx? —Vx'; 


294. Prove that the length of an infinitesimal arc of a circle 
of constant radius is equivalent to the length of its chord. 

295. Can we say that an infinitesimally small segment and 
an infinitesimally small semicircle constructed on this segment 
as a diameter are equivalent? 

Using the theorem of the ratio of two infinitesimals, find 


x0 x->1 
‘ — cos2x 
arc sin 299. lim COS xX — COS 
297. lim _ Vir x»o '—cosx 


x+0 In(l—x) 


x 


300. Prove that when x—>0 the quantities + and Vi+x—t 
are equivalent. Using this result, demonstrate that when |x| is 
small we have the approximate equality 

Vistx«wl +5 . (1) 

Applying formula (1), approximate the following: 

a) V1.06; b) V0.97; c) V10; d) V120 


and compare the values obtained with tabular data. 
301. Prove that when x—-0 we have the following approxi- 
mate equalities accurate to terms of order x’: 


] 
a) I+¥x% 
b) Va?+xwa+s (a> 0); 
c) (l+x)"~l-+nx (n is a positive integer); 
d) log(1-+ x) = Mx, 
where M = loge = 0.43429... 


Using these formulas, approximate: 


l j l Te 
1) ro53 2) gop: 3) og 4) VIG; 5) 1.04*; 6) 0.93; 7) log 1.1. 


mwi—x; 


Compare the values obtained with tabular data. 


2* 
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302. Show that for x— + oo the rational integral function 
P (x) =a,x" +a,x"~"'4+...+a, (a,540) 
is an infinitely large quantity equivalent to the term of highest 
degree a,x”. 


303. Let x—> oo. Taking x to be an infinite of the first order, 
determine the order of growth of the functions: 


a) x*— 100 x — 1,000; c) Vet Vx: 
b) sy} d) /x—2x*. 


Sec. 5. Continuity of Functions 


1°. Definition of continuity. A function f(x) is continuous when x=§ 

(or “at the point §”), if: 1) this function is defined at the point &, that is, 

there exists a number f (§); 2) there exists a finite limit lim f(x); 3) this lim- 
x >& 


it is equal to the value of the function at the point &, i.e., 


imt (x) =f (8). (1) 
Putting 
x=§+ AG, 
where AE—>0, condition (1) may be rewritten as 
am Af (6) = iim, [f (+ A&)—F (€)]=0, (2) 


or the function f(x) is continuous at the point € if (and only if) at this point 
to an infinitesimal increment in the argument there corresponds an infinitesi- 
mal increment in the function. 

If a function is continuous at every point of some region (interval, etc.), 
then it is said to be continuous in this region. 

Example 1. Prove that the function 


y= sin x 


is continuous for every value of the argument x. 
Solution. We have 


. Ax 
sin — 
Ay =sin (x + Ax)—sin x = 2 sin O cos («+ 3) = 2 * COS («+ 3) - Ax. 


Ax 
Since 2 
Ax 
sin — Ax 
lim =| and cos (x 7) l, 
aso ae tz )|S 
2 
it follows that for any x we have 
lim Ay=0. 
Ax>0 


Hence, the function sinx is continuous when —o<x< + 0. 
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2°. Points of discontinuity of a function. We say that a function f (x) has 
a discontinuity ‘at x= x, (or at the point x,) within the domain of definition 


of the function or on the boundary of this domain if there is a break in the 
continuity of the function at this point. 


Example 2. The function (= qa (Fig. 10a) is discontinuous 
when x=1. This function is not defined at the point x=1, and no matter 


(Cc) 
Fig. 10 


how we choose the number f (1), the redefined function f(x) will not be con- 
tinuous for x= 1. 
If the function f (x) has finite limits: 


lim f (x)=f(x—90) and lim f(x)=f(x,+0), 
XX +0 


XX = 0 


and not all three numbers f (x,), f (x9—90), f(x,.+0) are equal, then x, is called 
a discontinuity of the first kind. In particular, if 


F (Xo — 0) =f (x) +9), 


then x, is called a removable discontinuity. 
For continuity of a function f(x) at a point x, it is necessary and suf- 


ficient that 
f (%) =f (%)—-0) =f (x + 9). 
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Example 3. The function iw= has a discontinuity of the first kind 
at x=0. Indeed, here, 
f(+0)= lim “441 
X>+0 XX 
and 


f(—0= lim SX _ 4, 
Xx2-0 —%X 


Example 4. The tunction y= E(x), where E(x) denotes the integral part 
of the number x [i.e., E(x) isaninteger that satisfies the equality x= E(x)+4, 
where 0 q < 1], is discontinuous (Fig. 106) at every integral point: x=0, 
+1, +2, ..., and all the discontinuities are of the first kind. 

Indeed, if n is an integer, then E (n—0)—-n—1 and E(n+0)=n. At all 
other points this function is, obviously, continuous. 

Discontinuities of a function that are not of the first kind are called 
discontinuities of the second kind. 

Infinite discontinuities also belong to discontinuities of the second kind. 
These are points x, such that at least one of the one-sided limits, f (x,—0) or 
f (x9 +0), is equal to o (see Example 2). 


Example 5. The function y=cos — (Fig. 10c) at the point x=0O has a 


discontinuity of the second kind, since both one-sided limits are nonexistent 
ere: 


limcos™ and lim cos% . 
x 


x>~0 x xXx>+0 


3°. Properties of continuous functions. When testing functions for conti- 
nuity, bear in mind the following theorems: 

1) the sum and product of a limited number of functions continuous in 
some region is a function that is continuous in this region; 

2) the quotient of two functions continuous in some region isa continuous 
function for all values of the argument of this region that do not make the 
divisor zero; 

3) if a function f(x) is continuous in an interval (a, 6), and a set of its 
values is contdined in the interval (A, 8), and a function @ (x) is continuous 
in (A, B), then the composite function @ [f(x)] is continuous in (a, b). 

A function f(x) continuous in an interval [a, 6] hasthe following proper- 
ties: 

1) f(x) is bounded on fa, 6], i.e., there is some number M such that 
If (x) |} <M when axxvqed; 

2) f (x) has a minimum and a maximum value on [a, 5}; 

3) L(x) takes on all intermediate values between the two given values; 
that is, if f(a)=A and f(p)=B (a<a<fh<b), then no matter what the 
number C between A and B, there will be at least one valuex=y (a<y<f) 
such that f (y)=C. 

In particular, if £(a) f(B)<0, then the equation 


[(x)=0 


has at least one real root in the interval (a, 6). 


304. Show that the function y= x? is continuous for any value 
of the argument x. 
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305. Prove that the rational integral tunction 
P (x) =a,x"+a,x""' +... +a, 


is continuous for any value of x. 
306. Prove that the rational fractional function 


_ agx® + a,x '4+ 0... 4a, 
R (x) = b,x® +b xM@-ba +b, 


is continuous for all values of x except those that make the de- 
nominator zero. 


307*. Prove that the function y=) «x is continuous for x20. 
308. Prove that if the function f(x) is continuous and non- 
negative in the interval (a, 6), then the function 


F (x) =V fF (x) 


is likewise continuous in this interval. 

309*. Prove that the function y= cos x is continuous for any x. 

310. For what values of x are the functions a) tanx and 
b) cot x continuous? 

311*. Show that the function y= |x| is continuous. Plot the 
graph of this function. 

312. Prove that the absolute value of a continuous function 
is a continuous function. 

313. A function is defined by the formulas 


fy? —4 
for x=42, 
j| xe " 
A for x=2. 


How should one choose the value of the function A=/(2) so 
that the thus redefined function f(x) is continuous for x= 2? 
Plot the graph of the function y=f (x). 

314. The right side of the equation 


f (x) =1—x sin + 


is meaningless for x =0. How should one choose the value f (0) 
so that f(x) is continuous for x=0? 
315. The function 
f(x) =arc tan — 
is meaningless for x2. Is it possible to define the value of f(2) 


in such a way that the redefined function should be continuous 
for x= 2? 


40 
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316. The function f(x) is not defined for x=0. Define f (0) 


so that f(x) is continuous for x=0, if: 


a) f(xy ta! (n is a positive integer); 


I= cos x 


b) f(x)= 

c) iy aiid 
d) f(y: 

e) f(x)=x?sin +; 

f) f(*)=xcot x. 


Investigate the following functions for continuity: 


a 


317. ae 324. y=In|tan + . 
318. y=. 325. y=arctan— . 
319. y= VS 326. y=(1+x)arctan “4. 
320. y=. 307. yae™, 
321. a) y=sin— ; 398. yae *. 
b) y=xsin—. 329, y= 
322. y=. Jper 


323. y= In (cos x). 

x* for x<3, 
y= 2x+1 for x>3. 
331. Prove that the Dirichlet function (x), which is zero for 


330. Plot the graph of this function. 


irrational x and unity for rational x, is discontinuous for every 
value of x. 


Investigate the following functions for continuity and construct 


their graphs: 


332. y= ‘lim 


NT n (x0). 


333. y= ‘lim (x arc tan nx). 
fi-> @ 
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334. a) y=sgnx, b) y=x sgnx, c) y=-sgn(sinx), where the 
function sgn x is defined by the formulas: 


+1, if «>0, 
son x= 0, if x= 0, 
—I1, if «<0. 


335. a) y= x—E (x), b) y=xE(x), where E (x) is the integral 
part of the number x. 

336. Give an example to show that the sum of two discontin- 
uous functions may be a continuous function. 

337*. Let a be a regular positive fraction tending to zero 
(0<a< 1). Can we put the limit of a into the equality 


E(i+a)=E (l—a)+I, 
which is true for all values of a? 
338. Show that the equation 
x®—3x.+1=0 
has a real root in the interval (1,2). Approximate this root. 
339. Prove that any polynomial P(x) of odd power has at 


least one real root. 
340. Prove that the equation 


tanx=x 


has an infinite number of real roots. 


Chapter I1 
DIFFERENTIATION OF FUNCTIONS 


Sec. 1. Calculating Derivatives Directly 
1°. Increment of the argument and increment of the function. If x and x, 
are values of the argument x, and y=f (x) and y,=f(x,) are corresponding 
values of the function y=f (x), then 
Ax=x,—*x 
is called the increment of the argument x in the interval (x, x,), and 


Ay=4,—Yy 
or 


Ay =f (x,)—f (x) =f (x + Ax) —f (x) (1) 


is called the increment of the function y in the same interval (x, x,) (Fig. 11, 
where Ax=MA and Ay=AN). The ratio 


Ay 
Ax tana 


is the slope of the secant MN of the graph of the function y=f (x) (Fig. 1]) 


and is called the mean rate of change of the function y over the interval 
(x, x-+ Ax). 


Example 1. For the function 


y=x?—5x +6 
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calculate Ax and Ay, corresponding to a change in the argument: 


a) fromx=1 to x=1.1; 
b) from x=3 to x= 2. 


Solution. We have 
a) Ax==1.1—1=0.1, 

Ay =(1.12?—5- 1.1 6) —(1?—5-1+4 6) = — 0.29; 
b) Ax=2—-3=—l, 

Ay = (2? —5.-2 + 6) — (3? —5-3 +- 6) ==0. 
I 
4 ’ 


Example 2. In the case of the hyperbola y= find the slope of the 


/ 
secant passing through the points M (3 +) and N{ 10, wo): 
é 


Solution. Here, Ax=10—3=7 and dy= G~-Z=— 3" Hence, 


2°. The derivative. The derivative y = of a function y =f (x) with re- 


dx 
spect to the argument x is the limit of the ratio eu when Ax approaches zero; 
that is, 
y’ = lim Ay 
Ax +o Ax 


The magnitude of the derivative yields the slope of the tangent MT fo the 
graph of the function y=f (x) at the point x (Fig. 11): 


y’ =tan g. 


Finding the derivative y’ is usually called differentiation of the functton. The 
derivative y’ =f’ (x) is the rate of change of the function at the point x. 
Example 3. Find the derivative of the function 


y= x*, 
Solution. From formula (1) we have 
Ay = (x + Ax)? — x? se 2x Ax (Ax)* 


and 
Ay | 
Awe t Ax. 
Hence, 
, Ay 
y= lim —2=— lim (2x-+ Ax) = 2v. 
Ax-+>o Ax Axo 


$°. One-sided derivatives. The expressions 


f_ (x)= lm f (x+ Ax)—f (x) 
~ Ax—+>~0 Ax 
and 
i’, (x)= lim f (x + Ax) —f (x) 


Ax +>+0 Ax 
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are called, respectively, the left-hand or right-hand derivative of the function 
f(x) at the point x. For f’ (x) to exist, it is necessary and sufficient that 


f_()=F, (*)- 
Example 4 Find f_ (0) and f, (0) of the function 
f(x) =| x]. 
Solution. By the definition we have 


f()= lim A*IL_y 
A Ax 


x>-0 
(0) = lim | Ax| _ 
h ©) Ax-++0 Ax L 
4°. Infinite derivative. If at some point we have 
im F&+A)—F (x) _ S 
Ax 0 Ax , 


then we say that the continuous function f (x) has an infinite derivative at x. 


In this case, the tangent to the graph of the function y=f (x) is perpendicu- 
lar to the x-axis. 


Example 5. Find /’ (0) of the function 


y= j/% 
Solution. We have 


3 Cee d 
Ax 1 
10) tim VY lm —-——o. 
re) Ax->o Ax Ax ~>0 / Ae °° 


—a< 
— 


341. Find the increment of the function y= x’ that corresponds 
to a change in argument: 

a) fromx=1 to x,=2; 

b) fromx=1 to x,=1.1; 

c) fromx=1 to x, =1+4. 


342. Find Ay of the function y= 3#/x if: 
a) x=0, Ax=- 0.001; 


b) x= 8, Ax == — 9; 
c) x=a, Ax=h. 


343. Why can we, for the function y=2x-+3, determine the 
increment Ay if all we know is the corresponding increment 
Ax=65, while for the function y=x*® this cannot be done? 


344, Find the increment Ay and the ratio 44 for the func- 
tions: Ax 


a) Y= ay forx= 1 and Ax = 0.4; 


b) y=Vx for x =0 and Ax = 0.0001; 
Cc) y=logx forx= 100,000 and Ax =-— 90,000. 
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345. Find Ay and $4 which correspond to a change in argu- 
ment fromx to x«-+ Ax for the functions: 


a) y=ax+b; d) y=V x; 


b) y= x"; e) y= 
c) y= f) y=Inx. 
346. Find the slope of the secant to the parabola 
y =2x—x’, 
if the abscissas of the points of intersection are equal: 
a) x,=1, x, =2; 
b) x,=1, x, =().9; 
c) x,=1, x, "ae 1 +h. 
To what limit does the slope of the secant tend in the latter case 


if h—-0? 

347. What is the mean rate of change of the function y=x° 
in the interval l=x<4? 

348. The law of motion of a point is s=2¢°+3¢+5, where 
the distance s is given in centimetres and the time 7 is in seconds. 
What is the average velocity of the point over the interval of 
time from f-=1 to t=65? 

349. Find the mean rise of the curve y=2” in the interval 
l=<x<5. 

350. Find the mean rise of the curve y=/(x) in the interval 
[x, «+ Ax]. 

351. What is to be understood by the rise of the curve y =f (x) 
at a given point x? 

352. Define: a) the mean rate of rotation; b) the instantaneous 
rate of rotation. 

353. A hot body placed in a medium of lower temperature 
cools off. What is to be understood by: a) the mean rate of 
cooling; b) the rate of cooling at a given instant? 

354. What is to be understood by the rate of reaction of a sub- 
stance in a chemical reaction? 

355. Let m=f(x) be the mass of a non-homogeneous rod over 
the interval [0, x]. What is to be understood by: a) the mean 
linear density of the rod on the interval [x, x+ Ax]; b) the linear 
density of the rod at a point x? 


356. Find the ratio ~ of the function y=+ at the point 


x=2, if: a) Ax=1; b) Ax=0.1; c) Ax=0.01. What is the deriv- 
ative y’ when x=: 2? 
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357**. Find the derivative of the function y=tanx. 
358. Find y’ = lim ou of the functions: 
Ax 0 


a)y=x*; c) y=VX; 
b) y= 53 d) y=cotx. 


359. Calculate f’ (8), if f(x) =j/ x. 

360. Find f’(0), f’ (1), fF (2), if F(x) = x(x— 1)* (x— 2)’. 

361. At what points does the derivative of the function 
f (x)=x* coincide numerically with the value of the function itself, 
that is, f(x)=f' (x)? 

62. The law of motion of a point is s=5f¢?, where the dis- 
tance s is in metres and the time ¢ is in seconds. Find the speed 
at ¢=3. 

363. Find the slope of the tangent to the curve y=0.1x' 
drawn at a point with abscissa x= 2. 

364. Find the slope of the tangent to the curve y=sinx at 
the point (x, 0). 


365. Find the value of the derivative of the function f (x) =< 
at the point x= x, (x, # 0). 
366*. What are the slopes of the tangents to the curves y= 


and y=x’* at the point of their intersection? Find the angle be- 
tween these tangents. 

367**, Show that the following functions do not have finite 
derivatives at the indicated points: 


> | 


a) y=) x at x=0; 
b) y=j/x—l1 at x=1; 


Cc) y=|cos x| at rath g, k=0, +1, +2,... 


Sec. 2. Tabular Differentiation 


1°. Basic rules for finding a derivative. If c is a constant and u=q(v), 
v=, (x) are functions that have derivatives, then 


1) (c)’ =0; 5) (uv) =u’u+ov'u: 


2) (x)’ =1; 6) (+) -“S" (v x 0); 


3) (4 t 0)’ =u’ +0’; 7) (f=) == (v 4 0). 
4) (cu)’ =cu’; 
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2°. Table of derivatives of basic functions 
I. (x?) = nx?7?}, 
W. (Vx =| (x > 0). 


2Vx 


III. (sin x)’ = cos x. 


IV. (cos x)’ =— sin x. 
, 1 
V. (tan x) OS? x’ 
,_ al 
V1. (cot x) = Satx’ 
VII. (are sin ) = (|x| < 1). 
, —!| 
VIII. (are cos x) ~ Vina (|x| < }). 
1X. (are ta: = 


, ool 
X. (arc cot x) = 71" 
XI. (a*)'=a* Ina. 
XII. (e*)’ =e*. 
XII. (Inxy'=— (x > 0). 


XIV. (logy x)’ = — == 


XV. (sinh x)’ = cosh x. 
XVI. (cosh x)’ =sinh x. 


XVII. (tanh x)’ = Cosh? x ° 


sinh? x © 
] 


XIX. (arcsinh x)’ = Vine 
1+ x? 


XX. (arc cosh VS (|x}> 1). 


XVIII. (coth x)! = 


XXI. (arc tanh x)’ = (jx] <1). 


XXII. (are coth x)’ = ({x|> 1). 


— 18a é (x >0, a> 0). 
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3°. Rule for differentiating a composite function. If y=f(u) and u=q (x), 


that is, y=f [gq (x)], where the functions y and u have derivatives, then 


o ’ 


9, = Gy, 

or in other notations 
dy _ dy du 
dx dudx’ 


(1) 


This rule extends to a series of any finite number of differentiable functions, 
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Example 1. Find the derivative of the function 
y = (x* — 2x + 3)§. 
h Solution. Putting y=u', where u=(x?—2x+3), by formula (1) we will 
ave 
y= (u'),, (x? — 2x + 3), = §u* (2x —2) = 10 (x—1) (x? — 2x + 3)". 


Example 2. Find the derivative of the function 


y = sin? 4x. 
Solution. Putting 
y=u*, u=sinuv,; u=4x, 
we find 
y’ = 3u?-cos u-4 = 12 sin? 4x cos 4x. 


Find the derivatives of the following functions (the rule for 


diflerentiating a composite function is not used in problems 
368-408). 


A. Algebraic Functions 


868. y= x'—4x° + 2x—3. 875. y= 3x? —2Qx? 4+-x7*, 
369. y=p—saxt—0.5x4, 376%. ya xt x. 


370. y=ax* + bx-+e. 877. y==4-—- 
y=ax’ +bx+c y Tit x 7 a 
371. y= 378. y= 
372 y=at"+ bt"t", 379. Ye 
_ ax®-+6 _* 2 I 
878. y= 380. y=5——- 
374, y= 412. 381. ya it Ve 
I= Y i— Vz 
B. Inverse Circular and Trigonometric Functions 
382. y=5 sinx+3cos*x. 386. y=arctanx-+ arccot x. 
383. y= tan x—cot x. 387. y=xcotx. 
B84, y= SEATS 388. y= xarc sin x. 


385. y= 2t sin ¢—(f*—2) cost, 389, y= VE actan eae 
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C. Exponential and Logarithmic Functions 


390. y==x"-e%. 396. y=e” arc sin x. 
x? 
391. y==(x— l)e*. 397. y=;_. 
e* x? 
392. y=. 398. y=x' Inx—-z. 
393. y= %. 309. y= 42 Inx— Ze, 
394. f(x) =e* cos x. 400. y=Inxlogx—Ina log, x. 


395, y= (x*--2x + 2)e*. 


D. Hyperbolic and Inverse Hyperbolic Functions 


401. y=xsinhx. 405. y =arc tan x—arc tanh x. 
2 

402. y=——. 406. y=arc sin xarcsinh x, 

403. y=tanhx—x. 407. y = MESOSN 

404 y = ASO 408. y = Neco 


E. Composite Functions 


In problems 409 to 466, use the rule for differentiating a composite func- 
tion with one intermediate ‘argument. 
Find the derivatives of the following functions: 
409**. y=(1 +3x-- 5x’). 
Solution. Denote 1+ 3x—5x? =u; then y=u*’, We have: 
y,, = 30u**, u,=3—10x; 
u,, == 30u?*.(3 — 10x) = 30 (1 + 3x —5x?)*9- (3 — 10x). 


410. y= ute " 

411. Hy) ea 

412. y=(38+ 

413 are 
* I= 56 (Qx—1)’ 24 (2x—1)" 40x —1)F 

414. y=V1l—# 


415. y= j/at bx’. 
416. y= (a*ls—x*/s)'ls, 
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417. y=(8—2 sin x)’. 


[Ch. 2 


Solution. y’ = 5 (3—2 sin x)*-(3—2 sin x)’ =5 (3 —2 sin x)* (— 2 cos x) = 


— 10 cos x (3—2 sin x)‘. 


418. y= tan 1 tan’ x +; tan’ x. 


419. y=Veotx—Veota. = 498, ya - Ft 
420. y=2x-+5 cos’ x. 424. y= y/ sine Bes 
421*. x=cosec*? +sec* ¢. 425. y= j/ sin? x + 
422. f(x)=—-—_—! 


6 (1—3 cos x)* ° 

426. y= V1 arc sin x. 

427. y=Y arc tan x— (arc sin x)’. 
428. y=. 

429. y=V xe* +x. 

430. y= j/ 2e*—2* +1+In'x. 
431. y= sin3x-+ cos = +tanV x. 


Solution. y’ =cos 3x-(3x)’—sin — @ 4,—1 _ (Vx )' =3cos 3x— 
5 cos? V x 


5 
] 


t5 V x cos? 2 V xcos? Vx 
432. y= sin (x*—5x+1)+tan—. 
433. f(x} = cos (ax + B). 


434. f(t)=sin¢ sin (¢+ 4). 


__ 1+ cos 2x 
435. y= 1 cos 2x ° 


436. f (x)=a cot =. 


437. y= —; 59 COS 6x!) —2 — cos x". 

438. y=arc sin 2x. 
] 2 

V 1— (2x) VI—48 

439. y=arc sin + , 441. y=arc tan +. 


Solution. y’ = 


+ (2x) = 


440. f (x) =arccos Vx. 442. y=arccot;*— + *. 
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443. y= 5e7*, 447. y=arc cose”. 
1 448. y=\n(2x+7). 

44 = Sa 449. y=log sin x. 

445. y= x" 10". 450. y=In(1—x’). 

446. f(t) =¢ sin 2’, 451. y=In® x—In (In x), 


452. y=In(e*+5 sin x— 4 arc sin x). 
453. y= arc tan (In x) + In (arc tan x). 


454. y=Vinx+1+In(Vx+1). 


F. Miscellaneous Functions 


455**, y= sin® 5x cos’ =, 


3 
456 Y=— 50 
87. = — gga SEE 
458. Y= 50 
459. y= VOPR 
460. Y= 
461 x 


Sy | 
= , 1 ~ _ 

462. Y= Vx tao eter V+ fe 

463. y= Z(t es (THY 


4 x—1 
464. y= 4 / =. 
465. y= x‘ (a— 2x’)*, 


at bx?\™ 
466. y= ($25 e 
_ 9 38 
re YC) ne) a SC) 
468. y=(a+x)Va—x. 
469. y =V (x-+a) (x +5) (x +0). 
470. z=V y +V¥. 


A71. f (t) = (2¢ + 1) (3¢ +2) /3t+2. 
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y=In(V1+e*—1)—In (V1 + e* +1). 


472. x= ————— .. 

V 2ay —y 
473. 
474. y= = cos’ x (3 cos* x— 5). 

(tan? x—1)(tan* x+-10 tan? x+1) 
475. y= tat 
476. y= tan’ dx. 


477. y= 5 sin (x’). 

478, y = sin’ (¢°). 

479. y=3sinx cos’ x-+ sin*x. 
480. y=zla pete 
481. y= — way +3 * cot x. 
482. y= Va sin? x-+ 8 cos? x. 


483. 
484. 


492. 


493. y= In (arc sin 5x). 
494. y=arc sin (In x). 
495. y==arc tan —— . 

; 5 tan att 
496. y= = z arc tan 
497. y= 30’ arc tan f= 
498. y= — V 2arccot ae : 
499. y= V e*. 
500. y= esin’x 
501. F (x) =(2ma™ + b)?. 


502. F (t) =e cos Bt. 


503. y= ap 


y =arc sinx’ + arccosx?. 


1 ee 
y = > (arc sinx)° arccosx. 


y= (x5) arc sin V x +5Vx—*. 


(a sin Bx — B cos Bx) e** 


2 
485. y =arc sin ~ = 


486. 


487. 


488. 


489, 


490. 
491. 


y =arc sin . 
Vi+x 
y = OS® 
Vi—-x- 


OV). 


y=Va?—x* + aarc sin 


l ; 
= —— arc sin 
Y V's 


“a e 
x 
y=xV a? — x*+a’ arc sin=. 


y=arc sin(l—x)+ V 2x—2x*, 


— (36 + 2x) V bx—x?. 


—X, 
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504. 


505. 
506. 


510. 


511. 
512. 


513. 


517. 


518. 
519. 


520. 


521. 


522. 


Tabular Differentiation 


xP 


l 

4= 70 © 

y=x 

y= V cos xaV 
y=x—2Vx4+2In(i+Vx)- 
y=In(a+x%4-V 2ax+x*). 514%. 
Yy 
Yy 


516. y= 


y=2 Vea —* In(x+ Vx?—a’). 


y = InIn(3— 2x’). 
y= 5 In’ (ax + b). 


nq Veta +x 
4= "Vera a? —x 
y= > In(x? —a *) + 5 In 


x+a’ 
y ==x-sin (In x4] . 


I x I cos x 
§23. y= z Intan 3 ata: 
524, f(x) Ve 1 —In tee | 
_ 1 x®?— 2x +-] 
525. y=3 INT . 
526. y = 2are sinsx 4. (] — arc cos 3x)’. 
sin ux 1 sin® ax 
527. y= Bros OF fe 3 cos? bx ° 
, ad 5+ 2— V3 
§28. y= —=—|In ——_- 
V3 “tan + 2-+- Va 
529. y=arc tan Ina Xx. 


530. 
531. 


532. 


. | . 
y = Inarc sin ky In’? x-+ arc sinInx. 


I 
y = arc tanin—. 


2 —| 
y= VP arctan G+ Gn ; 


515. y=In 


e~* (3 sin 3x—cos 3x). 07. y= 3° 


In 


nag 508. a in(ax* + bx-+c). 
509. y=In(x+ Va? +x’), 


—|n ae 


+1)*° 


(x1)! (x2) 


~~ Osi 


73 


a ~— ;-+Intanx, 
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1+ Vsinx — 
533. y= In Want 2arc tan V sin x. 
534, y= sinkeept fi eed 
535. f(x) = 75 
536. f(x) = EHO Vie 
537. y= sinh’ 2x. 542. y=arccoshInx. 
538. y =e"* cosh Bx. 543. y= arc tanh (tan x). 
539, y= tanh’ 2x, 544. y=arccoth (se x). 
540. y= Insinh 2x. 545. y= arc tanh —, ae 
541. y =arc sinh 5. 546. y= (x71) arctanhx+ > x 
547. y= (5 x* +7) arc sinh x—> xV1l4¢x*. 
548. Find y’, if: 
a) y= |x]; 
b) y=x|x]. 


Construct the graphs of the functions y and y’. 


549. Find y’ if 
y=In|x| (40). 
550. Find /’ (x) if 
F(x) = I—x for x<0, 
(1) = e~-* for x>0. 
551. Calculate 7’ (0) if 
f (x) =e7* cos 3x, 
Solution. f’ (x) =e-* (—3 sin 3x) —e-* cos 3x; 


f’ (0) =e° (—3 sin 0) —e° cosO =—1. 


552. on in ota Find f’ (1). 

553, y=tan’—. Find (FH) 

554. Find £0) and f_(0) of the functions: 

a) F(x)=Vsin@); —d) F()=X sing, «40; FO= 

b) f(a) = are sin are e) F(x)=xsint 240; £(0)=0 

c) fa)=—+, #40; F(0)= 
l+e* 
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555. Find {(0)-+ xf’ (0) of the function f(x) =e-*. 
556. Find f (3) +(x—8) /’ (3) of the function f(x)=V14 x. 
557. Given the functions f(x)=tanx and g(x)=In(I1—x), 


‘ng £0) 
find 9 (0): 
558. Given the functions f(x)=1—x and y (x) =1—sin=, 
nq 2 
find UL 


559. Prove that the derivative of an even function is an odd 
function, and the derivative of an odd function is an even func- 
tion. 

560. Prove that the derivative of a periodic function is also 
a periodic function. 

561. Show that the function y=xe~* satisfies the equation 


xy’ = (1—x)y. | 

562. Show that the function y=xe * Satisties the equation 
xy’ = (1—x*) y. 

563. Show that the function y= 
tion xy’ =y(yInx— 1). 


1 gs 
Trening satisfies the equa- 


G. Logarithmic Derivative 


A logarithmic derivative of a function y=f(x) is the derivative of the 
logarithm of this function, that is, 


,_y fe) 
(ny = = Fe) 


Finding the derivative is sometimes simplified by first taking logs of the func- 
tion. 
Example. Find the derivative of the exponential function 
y=u", 
where u=@ (x) and v= (x). 
Solution. Taking logarithms we get 


Iny=v Inu. 
Differentiate both sides of this equation with respect to x: 


(Iny)’=v' Inu+o(Inu)’, 
or 


rad =v'Inu+u , u’, 
whence 


y’=y (v" Inu+—u' ), 
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or 
; v 
y’ =u? (v Inu + u’) 
564. Find y’, if 


3/73 |1—x 
_ 3/ y2 48 2 
y=\/ x Tyg Sin’ ¥ cost x. 
Solution. In y== In x + In (1 —x)—In (1 + x?) +3 In sin x +2 In cos x; 
1, 21 , (1) 2x 1 2 Sin x 
y? =3 yt yas ipet? ans 8? cosx ' 
whence y’ = (Se Tae ppt Scot 22 tan x) 
4 =9\ 35 T—x  t+x : 


565. Find y’, if y=(sinx)*. 
Solution. In y =x In sin x; , y’ =I1n sin x +x cot x; 
y’ =(sin x)* (In sin x + x cot x). 


In the following problems find y’ after first taking logs of the 
function y=f (x): 


666. y=(x+1) (2x4 1)(8x+1). 574. y= x. 


__ (x + 2)? _ Wx 
567. Y= ETP aa’ 575. yY=x x, 
568. y = Vj =) 576. y=x*". 
569. y=x V eo. 577. y= xsina, 
_ (*¥—2)° 
700. y=, . y==(cos x)sinx. 
3. I= Ge 578. y= (cos x)in* 
Vx—! 1\* 

571. == EQ. ° = ( =) e 

4 J e+2% Ve+3) SM YR TS 
572. y= x". 580. y=(arc tan x)*. 
573. y= x, 


Sec. 3. The Derivatives of Functions Not Represented Explicitly 


1°. The derivative of an inverse function. {1 a function y=f(x) has a 
derivative y, #0, then the derivative of the inverse function x=/f-'(y) is 


X,=-> 


y 7 
Y x 
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or 
dx oi 
dy dy" 
dx 


Example 1. Find the derivative x,, if 


y=x-+Inx. 
- 1 ox+l., ox 
Solution. We have y, =1+—= rae hence, x, = 7 


2°. The derivatives of functions represented parametrically. If a function y 
is related to an argument x by means of a parameter f¢, 


x=@ (f), 


then 


or, in other notation, 


- , dy, 
Example 2. Find ax’ if 
x=acost, 


y=asinf 


Solution. We find — sin? and acost, Whence 


dy acost 


dx _ asint 


=—cot ft. 


3°. The derivative of an implicit function. If the relationship between x 
and y is given in implicit form, 


F (x, y)=0, (1) 


then to find the derivative y,=y' in the simplest cases it is sufficient: 1) to 


calculate the derivative, with respect to x, of the left side of equation (1), 
taking y as a function of x; 2) to equate this derivative to zero, that is, to put 


d 
af & y)=0, (2) 
and 3) to solve the resulting equation for y’. 
Example 3. Find the derivative y, if 
x? + y'—3axry =0. (3) 
Solution. Forming the derivative of the left side of (3) and equating it 
to zero, we get 
3x* + 3y*y’ —3a (y + xy’) =0, 


08 Differentiation of Functions [Ch. 2 


whence . 
, _* —ay 
4 oxy? 


581. Find the derivative x, if 


a) y=3x+x’; 
b) y=x—> sin x; 


c) y=O0.lx+e?, 
In the following problems, find the derivative y =H of the 
functions y represented parametrically: 


= t—1, = *t, 
seo, | *=" sag, | *= 2508 
y=t. \ y=b sin’t. 
l 3 
x=—_— x =acos' f 
t+1” 
583. 7 i \2 590. \y=b sin’ ¢. 
y=(r): : 
Dal (x= cos* ¢ 
*=T7 V cos 2¢’ 
584. net 591. | ___sin®s 
I~ TR | I Wes at 
dat 
t= xX = a¥rc cos 7 
585. ee 592. | a | 
Y~ TTB" y =arc sin Yiu’ 
( 
— ft, = —t 
586. * ve 503, 3 
y= t. y=e 
x=Vl+I, x=a( In tan ztcost—sint), 
587. _ _t—l 594. 
y= Veal: y=a(sint + cos). 
588. ne ante tenn 
y=a(sint—tcosf). 


dy _n , 
595. Calculate ax when t= if 


X=a(t—sinf), 
y=a(l—cos?). 


Solution. : sin t 
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and 
sin 
(2) an 
AX Jp ogg 
2 2 
d x=tlnf, 
596. Find = when ¢=1 if Int 
x y=: 
597. Find & when t= if 7 =6 cost, 
x 4 y=e sinf. 
598. Prove that a function y represented parametrically by the 
equations 
x=:2t4+ 30’, 
y=? +2¢?, 


satisfies the equation yt 
_ (dy\* dy 
y=(%) +2(&) » 
599. When x=2 the following equation is true: 
x* = 2x. 
Does it follow from this that 
(x*)’ = (2x)’ 
when x=2? 
600. Let y=Va?—x’. Is it possible to perform term-by-term 
differentiation of 
x? + y* =a"? 
In the examples that follow it is required to find the deriva- 
tive y =o of the implicit functions gy. 


601. 2x—Sy + 10=0. 609. acos’(x+y)= 
602. “+4 y* J=l. 610. tany = xy. 
603. x°+y*% =a’. 611. xy==arctan—. 

4 8 2 2__ 0 y 
604. xy ty =0. 612. arctan (x+y) =x. 
605. V x+V y=V a. 613. &%=x-+y. 

uy 
606. )/ x74 f/y? =j/a'. 614. Inxte *=c. 
xy . ==. 
607. y=. 615. Iny+— =e 


608. y—0.3siny=x. 616. arctan = =F In (x! +y’). 
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617. Ve+y=carctan=. “ w= y", 
619. Find y’ at the point M (1,1), 
2y = 1+ xy’. 


Solution. Differentiating, we get 2y" =y'+ 3xy?y’. Putting x=1 and 
y=1, we obtain 2y’=1+3y’, whence y’=—1. 


620. Find the derivatives y’ of specified functions y at the 
indicated points: 

a) (x+y)>=27(x—y) for x=2 and y=1; 

b) ye” =e**! for x«=0 and y=!1; 


c) yy=x+inZ for x=I1 and y=1. 


Sec. 4. Geometrical and Mechanical Applications of the Derivative 


1°. Equations of the tangent and the normal. From the geometric signifi- 
cance of a derivative it follows that the equation of the tangent to a curve 
y=f (x) or F(x, y)=0 at a point M (x, yo) will be 


Y—Yo=Yy (X— Xp), 


where yy is the value of the derivative y’ at the point M (x,, y,). The straight 


line passing through the point of tangency perpendicularly to the tangent is 
called the normal to the curve. For the 
normal we have the equation 


x—xXo+y, (Y—Yo) =0. 


2°. The angle between curves. The 
angle between the curves 
y =f, (x) 
and 


y = f, (x) 


at their common point Mg (Xo, Yo) (Fig. 12) 
Fig. 12 is the angle w between the tangents 
8. M,A and M,B to these curves at the 
point M,. 
Using a familiar formula of analytic geometry, we get 


fy (%0) — F, (Xo) 
L+f, (Xo) +f (Xo) 


3°. Segments associated with the tangent and the normal in a rectangular 
coordinate system. The tangent and the normal determine the following four 


tan @-= 
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segments (Fig. 13): 
t=TM is the so-called segment of the tangent, 
S;=TK is the subtangent, 
n==-NM is the segment of the normal, 
S,= KN is the subnormal. 


Since KM=|y,| and tan p=y,, it follows that 


t=TM =| Vist]; 2=NM=|yV 1+); 
0 

S;=TK =| 22]; S,=| yoy]. 
0 


4°. Segments associated with the tangent and the normal in a polar sys- 
tem of coordinates. If a curve is giv- 
en in polar coordinates by the equa- 
tion r=f(@), then the angle p 
formed by the tangent MT and the 
radius vector r=OM (Fig. 14), is 
defined by the following formula: 

dp r 


tanp=r any 


The tangent MT and the normal MN 
at the point M together with the radi- 
us vector of the point of tangency 
and with the perpendicular to the 
radius vector drawn through the pole Fio. 14 
O determine the following four seg- 18. 
ments (see Fig. 14): 


t= MT is the segment of the polar tangent, 
n= MN is the segment of the polar normal, 
S;=OT is the polar subtangent, 
S,=ON is the polar subnormal. 
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These segments are expressed by the following formulas: 


—MTa-- VFL: —oT=—-: 
t=MT= 7 Vr +(r’) ) S; OT |r|’ 
n= MN = Vr?-+(r')?; S,=ON=|r'|. 


621. What angles @ are formed with the x-axis by the tangents 
fo the curve y=x—vx’* at points with abscissas: 

a) x=0; b) x=1/2; c) x=1? 

Solution. We have y’=1—2x. Whence 
a) tan p=!, p=45°; b) tan p=0, p=0°; 
c) tan p=—1, p=135° (Fig. 15). 


622. At what angles do the sine 
curves y=sinx and y= sin 2x inter- 
sect the axis of abscissas at the 
origin? 

Fig. 15 623. At what angle does the tan- 
gent curve y=tanx intersect the 
axis of abscissas at the origin? 

624. At what angle does the curve y=e°** intersect the 
Straight line x= 2? 

625. Find the points at which the tangents to the curve 
y = 3x* + 4x*— 12x?-+ 20 are parallel to the x-axis. 

626. At what point is the tangent to the parabola 


y= x? —7x+3 


parallel to the straight line 5x+y—3=0? 

627. Find the equation of the parabola y=x*+ bx-+c that is 
tangent to the straight line x=y at the point (1,1). 

628. Determine the slope of the tangent to the curve x*°+y° — 
— xy—7=0 at the point (1,2). 

629. At what point of the curve y’=2x* is the tangent per- 
pendicular to the straight line 4x—3y+2=0? 

630. Write the equation of the tangent and the normal to the 
parabola y=Vx 


at the point with abscissa x=4. 


Solution. We have y= =; whence the slope of the tangent is 
x 


1 
R=[Weas=7- Since the point of tangency has coordinates x=4, y=2, it 


follows that the equation of the tangent is y—2=1/4(x—4) or x—4y+4=0. 
Since the slope of the normal must be perpendicular, 


k,=—4; 
whence the equation of the normal: y—2—=—4 (x—4) or 4x+y—18=0. 
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631. Write the equations of the tangent and the normal to the 
curve y=x*+2x*’—4x—3 at the point (—2,5). 
632. Find the equations of the tangent and the normal to the 


curve 
y= /x—l 
at the point (1,0). 


633. Form the equations of the tangent and the normal to the 
curves at the indicated points: 
a) y=tan2x at the origin; 
l 


b) y=arc sin > at the point of intersection with the 


X-axis; 

Cc) y=arccos3x at the point of intersection with the y-axis; 

d) y=Inx at the point of intersection with the x-axis; 

e) y=e'-” at the points of intersection with the straight 
line y=1. 

634. Write the equations of the tangent and the normal at the 
point (2,2) to the curve 


_ +t 


= 


3 ] 
Yona 5° 


635. Write the equations of the tangent to the curve 


x=tcost, y=tsint 


at the origin and at the point t= >. 


636. Write the equations of the tangent and the normal to the 
curve x*°-+y’?+2x—6=0 at the point with ordinate y=3. 

637. Write the equation of the tangent to the curve x*+ y5— 
—-2xy=0Q at the point (1,1). 

638. Write the equations of the tangents and the normals to 
the curve y=(x— 1) (x—2) (x— 3) at the points of its intersection 
with the x-axis. 

639. Write the equations of the tangent and the normal to the 
curve y*=4x*+6xy at the point (1,2). 

640*. Show that the segment of the tangent to the hyperbola 
xy =a’ (the segment lies between the coordinate axes) is divided 
in two at the point of tangency. 

641. Show that in the case of the astroid x? +y?#—@q?* the 
segment of the tangent between the coordinate axes has a con- 
stant value equal to a. 
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ene = peewee 


642. Show that the normals to the involute of the circle 
x=a(cost+/sint), y=a(sint—f#cosf) 


are tangents to the circle x’-+y? =a’. 

643. Find the angle at which the parabolas y=(x—2)* and 
y=—4+6x—x’ intersect. 
644. At what angle do the parabolas y=x’ and y=x’* inter- 
sect? | 

645. Show that the curves y=4x’?+ 2x—8 and y=x’—x+10 
are tangent to each other at the point (3,34). Will we have the 
same thing at (—2,4)? 

646. Show that the hyperbolas 


xy=a*®, x?’—y=0' 


intersect at a right angle. 

647. Given a parabola y?’=4x. At the point (1,2) evaluate the 
lengths of the segments of the subtangent, subnormal, tangent, 
and normal. 

648. Find the length of the segment of the subtangent of the 
curve y== 2” at any point of it. 

649. Show that in the equilateral hyperbola x*’—y*=a’ the 
length of the normal at any point is equal to the radius vector 
of this point. 

650. Show that the length of the segment of the subnormat 
in the hyperbola x*—y’*=a’ at any point is equal to the abscissa 
of this point. 

651. Show that the segments of the subtangents of the ellipse 


S445 and the circle x*+y*?=a’ at points with the same 
abscissas are equal. What procedure of construction of the tan- 
gent to the ellipse follows from this? 


652. Find the length of the segment ot the tangent, the nor- 
mal, the subtangent, and the subnormal of the cycloid 


{ x=a(t—sin2), 
y=a(l—cosf) 
at an arbitrary point ¢=1,. 


653. Find the angle between the tangent and the radius vector 
of the point of tangency in the case of the logarithmic spiral 


r=ae*?, 


654. Find the angle between the tangent and the radius vec- 


tor of the point of tangency in the case of the lemniscate 
r*=a’* cos 29. 
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655. Find the lengths of the segments of the polar subtangent, 
subnormal, tangent and normal, and also the angle between the 
tangent and the radius vector of the point of tangency in the 
case of the spiral of Archimedes 


r=aqg 


at a point with polar angle p= 2n. 
656. Find the lengths of the segments of the polar subtangent, 
subnormal, tangent, and normal, and also the angle between the tan- 


gent and the radius vector in the hyperbolic spiral r= 5 at an 


arbitrary point p=@,; r=r,. 
657. The law of motion of a point on the x-axis is 


x= 3/—?t?. 


Find the velocity of the point at ¢,=0, f,=1, and ¢,=2 (x 1s 
in centimetres and ¢ is in seconds). 

658. Moving along the x-axis are two points that have the 
following laws of motion: x= 100+ 5f and x= 1/2¢?, where ¢>0. 
With what speed are these points receding from each other at 
the time of encounter (x is in centimetres and /¢ is in seconds)? 

659. The end-points of a segment AB=-5 m are sliding along 
the coordinate axes OX and OY (Fig. 16). A is moving at 2 m/sec. 


J A 


Fig. 16 Fig. 17 


x 


What is the rate of motion of B when A is at a distance OA=3m 
from the origin? 

660*. The law of motion of a material point thrown up at an 
angle a to the horizon with initial velocity v, (in the vertical 
plane OXY in Fig. 17) is given by the formulas (air resistance is 


3—1900 
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disregarded): 


x=0,f cosa, y=v, tsina—&, 
where ¢ is the time and gis the acceleration of gravity. Find the 
trajectory of motion and the distance covered. Also determine the 
speed of motion and its direction. 


661. A point is in motion along a hyperbola y= so that its 


abscissa x increases uniformly at a rate of 1 unit per second. 
What is the rate of change of its ordinate when the point passes 
through (5,2)? 

662. At what point of the parabola y? = 18x does the ordinate 
increase at twice the rate of the abscissa? 

663. One side of a rectangle, a=10cm, is of constant length, 
while the other side, b, increases at a constant rate of 4 cm/sec. 
At what rate are the diagonal of the rectangle and its area increas- 
ing when 6=30 cm? 

664. The radius of a sphere is increasing at a uniform rate 
of 5 cm/sec. At what rate are the area of the surface of the 
sphere and the volume of the sphere increasing when the radius 
becomes 50 cm? 

665. A point is in motion along the spiral of Archimedes 


r=aqg 


(a= 10 cm) so that the angular velocity of rotation of its radius 
vector is constant and equal to 6° per second. Determine the rate 
of elongation of the radius vector r when r= 25 cm. 

666. A nonhomogeneous rod AB is 12 cm long. The mass of a 
part of it, AM, increases with the square of the distance of the 
moving point M from the end A and is 10 gm when AM=2cm. 
Find the mass of the entire rod AB and the linear density at 
any point M. What is the linear density of the rod at A and B? 


Sec. 5. Derivatives of Higher Orders 


1°. Definition of higher derivatives. A derivative of the second order, or 
the second derivative, of the function y= f (x) is the derivative of its deriva- 
tive; that is, 
y= (y’)’. 


The second derivative may be denoted as 


"t d’ 7) 

y", or oF orf" (x). 
2 

If x=f(t) is the law of rectilinear motion of a point, then a is the accel- 

eration of this motion, 
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Generally, the “th derivative of afunction y=f (x) is the derivative of 
a derivative of order (n—1). For the nth derivative we use the notation 


n 
y'™, or oe orf) (x). 


Example 1. Find the second derivative of the function 


y=In (1 —x). 
Solution. y’ =a: y= =) =a 
me P= Toy) FT) A 


2°. Leibniz rule. If the functions u=q (x) and vu=w~ (x) have derivatives 
up to the nth order inclusive, then to evaluate the nth derivative of a prod- 
uct of these functions we can use the Leibniz rule (or formula): 


(uv) 9) — uly + neu Fr) yo ine ul) oe" +6, + ul, 


3°. Higher-order derivatives of functions represented parametricaliy. lf 


{ x= @ (1), 
ae » dy n dy ; 
then the derivatives Ye= FT Vex Ge vee can successively be calculated 
by the formulas 
yak, i= (yp ’ XXX _ Wale and so lorth, 
xy x x4 


For a second derivative we have the formula 


» Xe ge — X14 


Uy ? r 
( *,)° 
Example 2. Find y’, if 
\ x=acost, 
y= bsin f. 
Solution. We have 
b sin 1), 
_( i b-cost ob ay 
(a cost), —asint a 
and 
oot) —2. 21 
" a t a sintt b 
y= a T° 
(acos ¢), —a sin t a® sin? ¢ 


3% 
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A. Higher-Order Derivatives of Explicit Functions 


In the examples that follow, find the second derivative of th 
given function. 


667. y=x° 4+ 7x°—5x +4. 671. y=In(x+Va?+x’*). 
668. y =e”. 672. f(x) =(1+ x*)-arc tan x. 
669. y= sin’ x. 673. y= (arc sin x)’. 

670. y= In Yi+x'. 674. y=acosh—. 


675. Show that the function y= Seer? satisfies the difler 
ential equation 1+ y'’=-2yy’. 
676. Show that the function y= xe" satisfies the differen 


tial equation y”—2y’ +y=e”. 

677. Show that the function y=C,e~*+C,e-** satisfies th 
equation y”+3y’ +-2y=0 for all constants C, and C,. 

678. Show that the function y=e’* sin 5x satisfies the equa 
tion y”—4y’ + 29y =0. 

679. Find y’", if y=x*—5x?+7x—2. 

680. Find f'’’ (3), if f(x) = (2x—3)*. 

681. Find yY of the function y=In(1+4x). 

682. Find yY! of the function y= sin 2x. 

683. Show that the function y=e-*cos.x satisfies the differ 
ential equation y'Y + 4y=0. 

684. Find [(0), f (0), 7’ (0) and f'’’ (0 
if f(x) =e* sinx. 

685. The equation of motion of a poin 
along the x-axis is 


x= 100 + 5¢—0.0012°. 


Find the velocity and the acceleration c 
the point for times ¢,=0, ¢,=1, an 
t,= 10. 
686. A point M is in motion around 
circle x*+y’?=a* with constant angule 
Fig. 18 velocity o. Find the law of motion of it 
projection M, on the x-axis if at time f= 
the point is at M,(a, 0) (Fig. 18). Find the velocity and the ac 
celeration of motion of M,. 
What is the velocity and the acceleration of M, at the in 
tial time and when it passes through the origin? 
What are the maximum values of the absolute velocity and tk 
absolute acceleration of M,? 
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687. Find the nth derivative of the function y=(ax-+))", 
where n js a natural number. 
688. Find the nth derivatives of the functions: 
a) y=: and b) y=Vx. 


689. Find the nth derivative of the functions: 


. l 
a) y= sin x; e) Y=iTx 
b) y= cos 2x; f) y= tt; 
c) y=e"*; g) y=sin’ x; 


d) y=In(l+.x); h) y=In(ax+6). 
690. Using the Leibniz rule, find y”, if: 


a) y=x-e"; d) yas 


b) y= x*-e7**; e) y=x' Inx. 
c) y=(1—x’) cos x; 


691. Find f™ (0), if f(x)= 


I—x 


B. Iligher-Order Derivatives of Functions Represented 
Parametrically and of mpi Functions 


In the following problems find oy 


692. a) v=ln @, _b) =arctan?f, c) ( x=arcsint 
{ ynt {yan + 1°); { yaVice. 
693. a) 1 Se hos f, °) x=a(t—sinf), 
=a sinf; y=a(l1—cosf); 
x=acos'f, x=a(sint—fcosf), 
b) y=asin'f¢; q) 1 atcoet pi sin f). 
‘\ x= cos 2f, 


694. a 695. a) x= are tan f, 
=: sin* é; y=a ls 
x=e7*, b) += int, 
y= er. =jTo4° 
696. Find if { x= cos 
ai y=e' sing, 
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2 x=] | t*), 
697. Find 24 for ¢=0, if ni +?) 


dx* = t*, 
698. Show that y (as a function of x) defined by the equa- 


tions x= sint, y=ae!Y2 41 be-*V¥® for any constants a and 6 
satisfies the differential equation 


(l—x*) 52 x = Dy. 
In the following examples find y= . 
609 x=secf, 701 x=en! 
99. y= tant. "ly=?. 


x=e7' cost, dy x=Int, 
700. 702. Find —, if 


y=e7'sint. dx” y= t". 

703. Knowing the function y=f(x), find the derivatives x’, 
x'’’ of the inverse function x =f7’ (y). 

704. Find y’, if x? +y’?=1. 

Solution. By the rule for differentiating a composite function we have 
2x -+ 2yy’ =0; whence yi =—— and y/ =— =| =a. 

x 

Substituting the value of y’, we finally get: 
y yr xr i 
ar yet 


In the following examples it 1s required to determine the 
derivative y” of the function y=f(x) represented implicitly. 
705. y*® = 2px. 


706. ~~ + =1. 
707. y=x-+arctan y. 
708. Having the equation y=x+Iny, find ou and — 
709. Find y” at the point (1,1) if 
x? + 5xy + y?—2x+y—6=0. 
710. Find y” at (0,1) if 
x*—xy+y*=1. 
711. a) The function y is defined implicitly by the equation 
x? + Qxy + y? —4x4-Qy—2=0. 
Find ob at the point (1,1). 
b) Find a fxe+y =a’. 
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Sec. 6. Differentials of First and Higher Orders 


1°. First-order differential. The differential (first-order) of a function 
y=f(x) is the principal part of its increment, which part is linear relative 
to the increment Ax=dx of the independent variable x. The differential of a 


Fig. 19 


function is equal to the product of its derivative by the differential of the 
independent variable 


dy = y'dx, 
whence 
ay 
1 = ax 


If MN is an arc of the graph of the function y=f (x) (Fig. 19), MT is the 
tangent at M(x, y) and 
PQ=Ax=dx, 


then the increment in the ordinate of the tangent 
AT =dy 


and the segment AN = Ay. 

Example 1. Find the increment and the differential of the function 
y = 3x? —x. 

Solution. First method: 


Ay = 3 (x + Ax)? —(x+ Ax) —3x? + x 
or 
Ay = (6x — 1) Ax +3 (Ax)?. 
Hence, 
dy = (6x — 1) Ax = (6x — 1) dx. 
Second method: 
y’ =6x—1; dy=y’ dx = (6x— 1) dx. 


Example 2. Calculate Ay and dy of the function y=38x?—x for x=1 
and Ax=9Q.01. 
Solution. Ay = (6x—1)-Ax-+3 (Ax)? =5-0.01-43-(0.01)?=0.0503 
and 
dy = (6x— 1) Ax =5-0,01 =0.0500. 
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2°. Principal properties of differentials. 

1) dc=0, where c=const. 

2) dx Ax, where x is an independent variable. 

3) d(cu)=cdu. 

4) d(u + v)=du + du. 

5) d(uv)=udu-+v du. 

u vdu—udv 

6) a(2)= > (vu # 0). 

7) df (u) =f" (u) du. 

3°. Applying the differential to approximate calculations. If the increment 
Ax of the argument x is small in absolute value, then the differential dy of the 
function y=f(x) and the increment Ay of the function are approximately 
equal: 


Ay = dy, 
that is, 


f (x + Ax) —f (x) =f" (x) Ax, 
f (x-+ Ax) =f (x) +f" (x) dx. 


Example 3. By how much (approximately) does the side of a square change 
if its area increases from 9 m? to 9.1 m?? 
Solution. If x is the area of the square and y is its side, then 


y=Vx. 


It is given that x=9 and Ax=0.1. 
The increment Ay in the side of the square may be calculated approxi- 
mately as follows: 


whence 


-0.1 == 0.016 m. 


] 
Ay=dy=y' Ax= — 
y=yY 2V9 
4°. Higher-order differentials. A second-order differential is the differential 
of a first-order differential: 


d’y =d (dy). 


We similarly define the differentials of the third and higher orders. 
If y=f (x) and x is an independent variable, then 


d*y = y’ (dx)?, 
d’y=y'"' (dx)*, 
d”y =y") (dx)”. 
But if y=f(u), where u=@q@ (x), then 


d?y=y" (du)? + y’ d*u, 
d’y=y'"’ (du)* + 3y’ du-d’u+ty’ du 


and so forth. (Here the primes denote derivatives with respect fo w). 


_ 712. Find the increment Ay and the differential dy of the func- 
tion y=5x-+ x* for x=2 and Ax=0.001. 
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713. Without calculating the derivative, find 
d(1—x’) 
for x=1 and Ax=— 


col ~— 


714. The area of a square S with side x is given by S=x?. 
Find the increment and the differential of this function and ex- 
plain the geometric significance of the latter. 

715. Give a geometric interpretation of the increment and 
differential of the following functions: 

a) the area of a circle, S=2x’; 

b) the volume of a cube, v=x’. 

716. Show that when Ax —-0, the increment in the function 
y= 2*, corresponding to an increment Ax in x, is, for any x, 
equivalent to the expression 2*In2 Ax. 

717. For what value of x is the differential of the function 
y=x’* not equivalent to the increment in this function as Ax —0? 

718. Has the function y=|x]| a differential for «=O? 

719. Using the derivative, find the differential of the function 
y=cos x for x= = and Ax = 5 

720. Find the differential of the function 


!}—= 
for x=9 and Ax=—0.01. 
721. Calculate the differential of the function 
y= tan x 
for x=y and Ax= ae. 
In the following problems find the differentials of the given 
functions for arbitrary values of the argument and its increment. 


722. yey 727, y=xInx—x. 

x 1—x 
723. 1 =5o5- 728. y= Int: 
724, y=arc sin =, 729. r=cotg@ +cosec Q. 
725. y=arctan =, 730. s=arc tane’. 
726. y=e7*. 


731 Find dy if x?-+ 2xy—y’ =a’. 
Solution. Taking advantage of the invariancy of the form of a differential, 
we obtain 2x dx+2(ydx+.xdy)—2y dy=0 
Whence 
XY ay. 
x—Y 


dy=— 
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In the following examples find the differentials of the functions 
defined implicitly. 
732. (x+y)’-(2x+y)'=1. 


x 
733. ye ¥, 
734. In V x* + y*? =arc tan 4 . 


735. Find dy at the point (1,2), if y>—y = 6x’. 
736. Find the approximate value of sin 31°. 


. o_. AI _ oo 
Solution. Putting x= arc 30 an: and Ax=arc 1°= 180 ' from formula (1) 
(see 3°) we have sin 31° = sin 30° + cos 30°=0.600-+0.017-13 0.515. 


737. Replacing the increment of the function by the differen- 
tial, calculate approximately: 

a) cos 61°; d) 1n0.9; 

b) tan 44°; e) arctan 1.08. 

Cc) e°.2° 


738. What will be the approximate increase in the volume of 
a sphere if its radius R=15 cm increases by 2 mm? 
739. Derive the approximate formula (for | Ax| that are small 


compared to x) 
a) Ax 
Vx+ Ax zVx + 3Ve" 


Using it, approximate V5, V17, V70, V 640. 
740. Derive the approximate formula 


~ Ax & a) x Ar 
V/ x4 Ax we x + ve 
and find approximate values for j/10, }/70, }/200. 
741. Approximate the functions: 


a) y= x’ —4x74+5x+3 for x= 1.03; 


b) f(x)=V1+x for x =0.2; 
3 /1—x 

c) f (x) = T+x for x=0.1; 

d) y=e'-*" for x= 1.05. 


742. Approximate tan 45°3’20”. 
743. Find the approximate value of arc sin 0.54. 
744, Approximate j/17. 
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745. Using Ohm’s law, l=, show that a small change in 
the current, due to a small change in the resistance, may be 
found approximately by the formula 

I 


Al =— pe AR. 


746. Show that, in determining the length of the radius, a 
relative error of 1°/, results in a relative error of approximately 
2°/, in calculating the area of a circle and the surface of a sphere. 

747. Compute d’y, if y= cos 5x. 


Solution. d?y=y" (dx?) == — 25 cos 5x (dx)*. 
748. u=V 1—x’, find d’u. 


749. y=arccos x, find dy. 
750. y= sinxInx, find dy. 


751. gine find d’z. 


x ? 
752. z=x’e-*, find d*z. 
153. Z2=5 . , tind d°z. 
aX 


754, u=3 sin (2x +5), find du. 
759, y= e* °° sin (x sina), find d”y. 


Sec. 7. Mean-Value Theorems 


1°. Rolle’s theorem. If a function f(x) is continuous on the interval 
a<x<b, has a derivative f’ (x) at every interior point of this interval, and 


f (a) =f (4), 
then the argument x has at least one value &, wherea<§< 0b, such that 
F’ (8) =0. 
2°. Lagrange’s theorem. If a function f(x) is continuous on the interval 
a<x<b and has a derivative at every interior point of this interval, then 
f (6) —f (a) = (6—a) f’ (6), 
where a< §& < 0. 


3°. Cauchy’s theorem. If the functions f (x) and F (x) are continuous on the 
interval axjx<b and for ax<x<b have derivatives that do not vanish 
simultaneously, and F (6) # F (a), then 
f (6)—Ff (a) _ fF &) 
FOoF@ FO’ where a<E< BD. 
756. Show that the function f(x)=x—x’ on the intervals 
—1<x<0 and 0<x<1 satisfies the Rolle theorem. Find the 
appropriate values of &. 
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Solution. The function f (x) is continuous and differentiable for all values 
of x, and f (—1)=/f (0)=/(1)=0. Hence, the Rolle theorem is applicable on 
the intervals —l<ax<O and O<x< 1, To find § we form the equation 


f’ (x) =1—3x?=0. Whence §,=— Vi: 52> Vt, where —I1 <§&, <0 


and 0<§ <1, 


757. The function f(x) =j/(x—2)* takes on equal values 
f(0)=f(4)=//4 at the end-points of the interval [0.4]. Does 
the Rolle theorem hold for this function on [0.4]? 

758. Does the Rolle theorem hold for the function 

f(x) =tan «x 
on the interval [0, x]? 
759. Let 


f(x) = x («+ 1) (x + 2) (x +3). 
Show that the equation 
f' (x) =0 
has three real roots. 
760. The equation 


e~=1 4x 


obviously has a root x=0. Show that this equation cannot have 
any other real root. 


761. Test whether the Lagrange theorem holds for the function 
[ (x) =x—x° 


on the interval [—2,1] and find the appropriate intermediate 
value of &. 


Solution. The function f (x)=x—x*® is continuous and differentiable for 
all values of x, and f’ (x)=1—3x? Whence, by the Lagrange formula, we 
have f(1)—f (—2j;=0—6=[1 —(—2)] f’ (6), that is, f’ (E)-=—2 Hence, 
I—3§*=—2 and £=+1; the only suitable value is E=—1, for which the 
inequality —2<&< 1 holds 


762. Test the validity of the Lagrange theorem and find the 
appropriate intermediate point € for the function f(x)=x*” on 
the interval [—1,1]. 

763. Given a segment of the parabola y= x’ lying between 
two points A(1,1) and B(3,9), find a point the tangent to which 
is parallel to the chord AB. 

764. Using the Lagrange theorem, prove the formula 


sin (x +h)—sinx=hcos&, 
where x<cE<ix-+A. 
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765. a) For the functions f(x) =x? +2 and F(x) =x*’—1 test 
whether the Cauchy theorem holds on the interval [1,2] and 
find &; 

b) do the same with respect to {(x)=sinx and F(x)=cosx 


on the interval 0, Z| 


Sec. 8. Taylor’s Formula 


If a function f(x) is continuous and has continuous derivatives up tothe 
(n—1)th order inclusive on the interval a<qx<b (or b<« <a), and there 
is a finite derivative f‘” (x) at each interior point of the interval, then Tay- 
lor’s formula 


(x—a)’ (x— ay 


f (x) =f (a) +(x—a) f’ (a) + Yr @+ eau f’’ (a)+.. 
a pera 


where £=a-+-0(x—a) and 0<@<1, holds true on the interval. 
In particular, when a=0 we have (Maclaurin’s formula) 


rn yin} _ x” 
f (x) =f (0) + xf* (0) +5 i +... + amy fi‘ "(+= fi (&), 
where §=Ox, 0<0<1. 


766. Expand the polynomial f(x) =x*—2x*+ 3x-+-5 in posi- 
tive integral powers of the binomial x—2. 
Solution. f’ (x) =3x?—4x+-3; fF’ (x) =6x—4; f'” (x) =6; fi™ (x) =0 
for n==4. Whence 
f(2)= 115 f’ (2)= 7; f" (2) =8; F" (2) = 6. 
Therefore, a 


uA (x = 


x§— 2x? 4 3x4+5= 114 (x—2)-74+ - "8 4. 6 


or 
x§— 2x? + 3x-+5=1147 (x — 2) 4+ 4 (x—- 2)? + (xn — 2)', 
767. Expand the function [ (x) =e* in powers of x-+1 to the 
term containing (x+1)*. 


Solution. /(”) (x) =e* for all a, jr(—N=—. Hence, 


1)? 4 
ate pet ee 7 eet ee 4, 


where E= —1+0(x+1); 0<0<1. 


768. Expand the function /(x)=Inx in powers of x—1I up to 
the term with (x—1)*. 
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769. Expand f(x)=sinx in powers of x up to the term con- 
taining x° and to the term containing x‘. 


770. Expand f(x)=e* in powers of x up to the term contain- 
ing x"~’ 


771. Show that sin (a+h) differs from 
sina+hcosa 


by not more than 1/2h’. 
772. Determine the origin of the approximate formulas: 


a) Vi+x2~1 oe rr Ix|<l, 


b) /Tfexl+ex—ge, |x| <1 
and evaluate their errors. 
773. Evaluate the error in the formula 
ee ree | 
774. Due to its own weight, a heavy suspended thread lies 
in a catenary line y=a cosh = . Show that for small |x| the 
shape of the thread is approximately expressed by the parabola 


x? 
Y=aA+>5, - 


775*. Show that for |x|<a, to within (=)", we have the 
approximate equality 


Sec. 9. The L’Hospital-Bernoulli Rule for Evaluating Indeterminate Forms 


1°. Evaluating the indeterminate forms — and =. Let the single-valued 
functions f(x) and g(x) be differentiable for 0<|x—a|<h; the derivative 
of one of them does not vanish. 

If f(x) and g(x) are both infinitesimals or both infinites as xa; that 
is, if the quotient OG)" at x=a, is one of the indeterminate forms 7 
oo 
—, then , 
oo lim £ (x) _ lim fF @) 
roa g(x) #92.97 (x) 


provided that the limit of the ratio of derivatives exists. 
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The rule is also applicable when a=o 


If the quotient f &) again yields an indeterminate form, at the point 


x=a, of one of the two above-mentioned types and f’ (x) and g’ (x) satisfy 


all the requirements that have been stated for f(x) and (x), we can then 
pass to the ratio of second derivatives, etc. 


However, it should be borne in mind that the limit of the ratio f(s) 


may exist, whereas the ratios of the derivatives do not tend to any limit 
(see Example 809). 


2°. Other indeterminate forms. To evaluate an indeterminate form like 
Q-oo, transform the appropriate product f, (x)-f, (x), where lim f,(x)=0 and 
¥7a 


iat} 
fi aa 


f, (x) 
In the case of the indeterminate form o —oo, one should transform the 


appropriate difference f, (x)—/,(x) into the product f, (x) ji—4 ff and 
1 


form ny 0 or 


h (the (the form =), 


limf, (x) = 00, into the quetient 
xa 


first evaluate the indeterminate form Ia (x), if [a(x = 1, then we re- 
fy (x) xa fy (x) 
duce the expression to the form 
_ fs (x) 
—h) (the form Dy, 


A) 


The indeterminate forms 1%, 0°, 00° are evaluated by first taking logas 
rithms and then finding the limit of the logarithm of the power [f;, (x)] fa 
(which requires evaluating a form like 0-0). 

In certain cases it is useful to combine the L’Hospital rule with the 
finding of limits by elementary techniques. 

Example 1. Compute 


lim Inx 
x>0 cot x 


ee) 
(form = 


Solution. Applying the L’Hospital rule we have 


tim 29% jim (94) tim Sint 


x>0cot x = x-+0 (cot x)’ x>0  X 


We get the indeterminate form os however, we do not need fo use the 
L’Hospital rule, since 

im S100 * tim 99, sin ye 1-00, 

ro CX x0 =X 


We thus finally get 


lim In x 
X-~>0 cot x 


=(), 
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Example 2. Compute 


, ] 1 
lim €-. x) (form oc —o), 


Reducing to a common denominator, we get 

; l ] .  x*— sin? x 0 

] — — | — lim —______ ~ 
im ( m x (form 0): 


x0 x0 x? sin? 


Before applying the L’Hospital rule, we replace the denominator of the lat- 
ter fraction by an equivalent infinitesimal (Ch. 1, Sec. 4) x?sin?x~x*, We 


obtain 
i I I . x?— sin? x 0 
l —_-— |= lim —_— 

0 (si x a) x0 x4 (form 0 ). 


The L’Hospital rule gives 


; l 1 . 2x—sin 2x 4, 2—2cos 2x 
lim — — \)=lim 2 = lim +> 22 
x->0 €.. Xx 3) x0 4x8 x0 12x? ° 


$42 
tim ( --= ) = lim |= COS 2x _ yim 2 Sin x_t 


xoo \sin? x x? x->0 Xx x+0 66x? 3° 


Example 3. Compute 


lim (cos 2x) * (form 1%) 
x->0 


Taking logarithms and applying the L’Hospital rule, we get 


3 
lim In (cos 2x) *° = lim 3 In cos 2x _ — 6 lim fan ex —§ 
x0 x0 x? x30 2X ° 


3 
Hence, lim (cos 2x)” =e7°. 
x0 


Find the indicated limits of functions in the following exam- 
ples. 
» gs X8—DxF— x 41.2 
776. lim ee . 
3x®—Ax—] 1 


e e 5 __ 2x? x 12 e 
tion, lim <A Xe im OT TL 
Solution x>1 X8—7x4+-6 x1 3x? —7 2° 


777, tim 2282-8 779. lim SSR AT? 
xX >0 . > _ 
778. lim +—*_ - 


. . tanx--sinx 
x1 | — sin ™ 780. lim22%=S*2 
9 xo %SINX 
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. sec? x—2tanx AL 
781. lim Fos de a} 
xowk 785. lim 
4 x0 . 
tan x cot Q 
782. lim tan bx * ._ Im (sin mx) 
co 786. lim “Tone 
, x30 n sin xX 
. é . 
783. lim 3° 787. lim(1— cos x) cot x, 
Y> 0 > 
784, lim ~%2 ~ 
ren? y 


Solution. lim (1—cos x) cot x=lim (1 —cos x) cos x __ 43, (1 —cos x) +1 
X90 x-70 


SUL X x >0 Sin zr 
= lim sin ¥ 
x0COSt 
788. lim (1—.x) tan = 3 ; 792. lim x” sin —, n>. 
X->1 X—>wd. 
789. limare sin xcot x. 793. lim in x In (x—1). 
xXx->0 Y->!1 
. ] 
790. lim (x"e7*), n>>0. 794. lim (a7 im) . 
1 ¢ ) voy 47! Ins 


791. lin x sin — — 


XY?>D 


Solution. wn (2, x )= lim 78 eax! _ 
a>) 


a—l Inx (x—NInv 


1 
av— + Inx—! — 


5 Ina x 
= lin —————. = lim ————— = hm i i= 3° 
X->!1 lt. __ X>!1 © ee oe . ¥vrl_ — 
Ina rac 1) Inx x +. ] 5 +3 
l 5 
795. lit (<> - ) 
vos (X73 XP? —A—6 


l 
in| Sao sac |: 


; x nt 
797 lim (ago rani) * 


ron 
2 
798. limx*, 
x0 
Solution. We have x*=y; Iny=xInx: lim Iny=lim x Inx= 


x¥—>0 x~>0 


1 
Inx . x 
= lin—- = lim—> =Q, whence limy=1, that 1s, bma*=1, 
— —— x->0 x0 


x x? 
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1 1 
799. limx*. 804. lim x'-*, 
x—>+ 0 Y—>1 nx 
8 tan — 
800. lim x4+!" x, 805. lim( tan | ° 
x0 x1 4 
b | 
801. lim xsia x, 806. lim (cot x)!" *. 
Xx~—>0 x—>0 
TTX 
802. lin(I—x)" =. 807. lim(—)""*. 
x1 x»o \ * 
1 
803. lim (1 -++ x?)*. 808. lim (cot x)", 
x—>0 x->0 


809. Prove that the limits of 


i; x sin — 

Im ° 
a) x>0 SiNX 0; 
-  X—Sin x 
b) [im x+sinx — 


cannot be found by the L’Hospital-Bernoulli rule. Find these 
limits directly. 


Fig. 20 


810*. Show that the area of a circular segment with minor 
central angle a, which has a chord AB=6 and CD=h (Fig. 20), is 
approximately 


Sx bh 


with an arbitrarily small relative error when a—0. 
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THE EXTREMA OF A FUNCTION AND THE GEOMETRIC 
APPLICATIONS OF A DERIVATIVE 


Sec. 1. The Extrema of a Function of One Argument 


_F®. Imcrease and decrease of tunctions. The junction y=f(x) is called 
increasing (decreasing) on some interval if, fo. any points x, and x, which 
belong to this interval, from the inequality x,<x, we get the inequality / (x,)< 
</(x,) (Fig 21a) [f(x,)>/(a,) (Fig. 216)]. if f(x) is continuous on the 
interval [a, 6) and f’(x)>0 [f’ (x)<O] for a<.<b, then / (a) increases (de- 
creases) on the interval [a. 5}. 


Fig. 2] Fig. 22 


In the simplest cases, the domain of definition of f(x) may be subdivid- 
ed into a finite number of intervals of increase and decrease of the func- 
tion (intervals of monotonicity). These intervals are bounded by ciitic~ 
points x [where /’ (x)=0 or f’ (x) does not exist]. 

Example 1. Test the following function for increase and decrease: 


y= x? —2x +5. 
Solution. We find the derivative 
y’ = 2x —2=2 (x—1). 


Whence y’=0 for x=1. Ona number scale we get two intervals of monot- 
onicity: (—oo, 1) and (1, + 0). From (1) we have: 1) if —o<x<l, then 
y’<0, and, hence, the function / (x) decreases in the interval (— 0, 1); 2) 
if l<x< +0, then y’>0, and, hence, the function f(x) increases in the in- 
terval (1, +0) (Fig. 22). 
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Example 2. Determine the intervals of increase and decrease of the func- 


l 
cr 


tion 


Solution. Here, x==—2 is a discontinuity of the function and y’= 
= ——y<? for x#—2, Hence, the function y decreases in the intervals 


—o<x<c—2 and —2<x< +o. 
Example 3. Test the following function for increase or decrease: 


— l 5 1 8 
Y=— x 3 x". 
Solution Here, 
y’ = xt*— x’, (2) 
Solving the equation x*—x?=0, we find the points x,=—1, x,=0, x,=1 


at which the derivative y’ vanishes. Since y’ can change sign only when 
passing through points at which it vanishes or becomes discontinuous (in the 
given case, y’ has no discontinuities), the derivative in each of the intervals 
(—o, —l), (—1, 0), (0,1) and (1, +0) retains its sign; for this reason, the 
function under investigation is monotonic in each of these intervals. To 
determine in which of the indicated intervals the function increases and in 
which it decreases, one has to determine the sign of the derivative in each 
of the intervals. To determine what the sign of y’ is in the interval (—o, 
—1), it is sufficient to determine the sign of y’ at some point of the inter- 
val; for example, taking x= —2, we get from (2) y’=12>0, hence, y’>0 in 
the interval (—oo, —1) and the function in this interval increases Similar- 
ly, we find that y’<0O in the interval (—1, 0) (as a check, we can take 


x== — >), y°<0 in the interval (0,1) 


(here, we can use x=1/2) and y’>0 in the 
interval (1, -+ 00). 

Thus, the function being tested in- 
creases in the interval (— oo, —1), decreases 
in the interval (—1, 1) and again increases 
in the interval (1, + 00). 

2°. Extremum of a function. If there 
exists a two-sided neighbourhood of a point 
x, such that for every point xx, of this 
neighbourhood we have the _ inequality 
f (x)>f(x,), then the point x, is called the 
minimum point of the function y-==f (x), 
while the nuinber f (x,) is called the muni- 
mum of the function y=f (x). Similarly, if 
for any point xx, of some neighbourhood of the point x,, the inequality 
f (x)</(x,) is fulfilled, then x, is called the maximum point of the function 
f(x), and f(x,) is the maximum of the function (Fig. 23). The minimum 
point or maximum point of a function is its extremal point (bending point), 
and the minimum or maximum of a function is called the extremum of the 
function. If x) is an extremal point of the function f(x), then /’ (x,)=0, or 
f’ (%)) does not exist (necessary condition for the existence of an extremum). 
The converse is not true: points at which f’ (x)=0, or f’ (x), does not exist 
(critical points) are not necessarily extremal points of the function f(x). 
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The sufficient conditions for the existence and absence of an extremum of a 
continuous function f (x) are given by the following rules: 

1. If there exists a neighbourhood (x,—6, x,+6) of a critical point x, 
such that f’ (x)>0 for x»—d<x<x, and f’ (x)<0 for x.<x<x,+6, then x, is 
the maximum point of the function f(x); and if f’ (x)<0 for x,—d<x<x, 
and f’ (x)>0 for x,<x<x,+6, then x, is the minimum point of the function 
f (x). 

Finally, if there is some positive number 8 such that f’ (x) retains its 
sign unchanged for 0<|x—x, |<6, then x, is not an extremal point of the 
function f (x). 

2. If f’(x%))=0 and f’(x,)<0, then x, is the maximum point; 
if f’(x))=0 and f’(x,)>0, then x, is the minimum point; but if f’ (x,)=0, 
f’ (Xo) =0, and f’”’ (x,)#40, then the point x) is not an extremal point. 

More generally: let the first of the derivatives (not equal to zero at the 
point x ) of the function f(x) be of the order &. Then, if & is even, the 
point x, 1s an extremal point, namely, the maximum point, if f (x,)<0; 
and it is the minimum point, if f®(x,)>0 But if & 1s odd, then x, is not 
<n extremal point. 

Example 4. Find the extrema of the function 


y= 2x +3 // x2. 
Solution. Find the derivative 


, 2 2 3/— 
Vx J x 
Equating the derivative y’ to zero, we get: 


VV «tl=0. 


Whenee, we find the critical point x,=—1. From formula (3) we have: if 
x=—: -h, where fis a sufficiently small positive number, then y’>0; but 
if x-=—I+h, then y’<0*). Hence, x,=—1 1s the maximum point of the 


function y, and ymax = 1. 
Equating the denominator of the expression of y’ in (3) to zero, we get 


VA y= 0; 


whence we find the second critical point of the function x,=0, where there 
is no derivative y’ For x:=—h, we obviously have y’<0; for x=h we have 
y’>0. Consequently, x,=0 is the minimum point of the function gy, and 
ymin==O (Fig. 24). [t is also possible to test the behaviour of the function 


at the point x= —1 by means of the second derivative 
2 
y’ = ————— . 
3x VV x 
Here, y’<0O for x,=—1 and, hence, x,=—1 is the maximum point of the 
function. 


3°. Greatest and least values. The least (greatest) value of a continuous 
function f(x) on a given interval fa, 6] is attained either at the critical 
points of the function or at the end-points of the interval fa, bj. 


*) If it is difficult to determine the sign of the derivative y’, one can 
calculate arithmetically by taking for ha sufficiently small positive number. 
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Example 5. Find the greatest and least values of the function 


y=xF—3x+3 
on the interval —1'/,<x«<2'),. 
Solution. Since 


y’ = 3x?.—3, 


it follows that the critical points of the function y are x,=—I1 and x,=1. 


Y 


Fig. 24 


Comparing the values of the function at these points and the values of the 
function at the end-points of the given interval 


] l l l 
yiN=s9(=lw(—1z)=4g: ¥(2z)aug, 

we conclude (Fig. 25) that the function attains its least value, m=1, at 
the point x=1 (at the minimum point), and the greatest value M=i+ 


at the point x=2'/, (at the right-hand end-point of the interval). 


Determine the intervals of decrease and increase of the func- 
tions: 


811. y= 1—4x— x*, 1 
812. y= (x—2)’. S16. I= GT’ 
813. y = (x +- 4)’, x 

814. y= x? (x— 3). 817. 4 = 2 —6x—16 * 
815. y=— 5. 


818. y=(x—3)) x. 
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819. y=—j/ x. 823. y= 2e**-**, 
820. y=x+sinx. 824. y= oe 
821. y=xInx. ex 

822. y=arc sin(1 +x). 825. y=: 


Test the following functions for extrema: 

826. y=x*+ 4x 4-6. 

Solution. We find the derivative of the given function, y’=2x+ 4, 
Equating y’ to zero, we get the critical value of the argument x= —2. 
Since y’<0 when x<—2, and y’>0 when x>—2, it follows that x= —2 is 
the minimum point of the function, and ymin=2. We get the same result 
by utilizing the sign of the second derivative at the critical point y”=2>0. 

827. y=2+x—x’. 

828. y= x’ — 3x" + 3x 4-2. 

829. y= 2x' + 3x?— 12x+5. 


Solution. We find the derivative 
y’ = 6x? + 6x — 12 =6 (x? + x— 2). 


Equating the derivative y’ to zero, we get the critical points x,=—2 
and x,=1. To determine the nature of the extremum, we calculate the 
second derivative y”==6(2x+1). Sinee y” (—2)<0, it follows that x,=——2 
is the maximum point of the function y, and ymax =25. Similarly, we have 
y’ (1)>0; therefore, x,=1 is the minimum point of the function y and 
Ymin = —2., 


830. y= x* (x— 12)’. 


840. y=2cos = +3cos~. 
831. y= x (x—1)* (x—2)’. 4 27 3 


832. Y= BT: 841. y=x—In(1+4). 
833, y= St? 842. y=xInx. 

934, y= EOE) 843, y =x In" x, 

835. Y=: 844, y=coshx. 

836. Y= a 845. y = xe*. 

837. y = 77 846. y=x'e-*. 

838. y= i/(—1). 847, y=“ 

839. y=2 sin 2x + sin 4x. 848. y=x—arctan x. 


Determine the least and greatest values of the functions on the 
indicated intervals (if the interval is not given, determine the 
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greatest and least values of the function throughout the domain 
of definition). 


849. Y= Ti 853. y=x°* on the interval [—1,3]. 
850. y=) x (10—x). 854. y= 2x° 4-3x*—12x+ 1 
851. y= sin‘ x + cos‘ x. a) on the interval [—1,5]; 


b) on the interval [— 10,12]. 
852. y= arc COs x. 


855. Show that for positive values of x we have the inequality 
x-+ - => 2. 


856. Determine the coefficients p and q of the quadratic tri- 
nomial y=x°*+px-+q so that this trinomial should have a min- 
imum y=3 when x=1. Explain the result in geometrical terms. 

857. Prove the inequality 


e*>>1-+x when «<0. 
Solution. Consider the function 
f (x) =e* —(1 +4). 


In the usual way we find that this function has a single minimum f (0) =O. 
Hence, 
f(x)>f(0) when «x 40, 
and so e*>1+x when x #0, 


as we set out to prove. 


Prove the inequalities: 


858. x—% <sinx<x when x > (0. 
859. cosx > 1—* when x0. 
860. x—o <In(1 +x)<x when x>0. 


861. Separate a given positive number a into two summands 
such that their product is the greatest possible. 

862. Bend a piece of wire of length / into a rectangle so that 
the area of the latter is greatest. 

863. What right triangle of given perimeter 2p has the great- 
est area? 

864. It is required to build a rectangular playground so that 
it should have a wire net on three sides and a long stone wall 
on the fourth. What is the optimum (in the sense of area) shape 
of the playground if / metres of wire netting are available? 
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865. It is required to make an open rectangular box of greatest 
capacity out of a square sheet of cardboard with side a by cutting 
squares at each of the angles and bending up the ends of the 
resulting cross-like figure. 

866. An open tank with a square base must have a capacity 
of uv litres. What size will it be if the least amount of tin is used? 

867. Which cylinder of a given volume has the least overall 
surface? 

868. In a given sphere inscribe a cylinder with the greatest volume. 

869. In a given sphere inscribe a cylinder having the greatest 
lateral surface. 

870. In a given sphere inscribe a cone with the greatest volume. 

871. Inscribe in a given sphere a right circular cone with the 
greatest lateral surface. 

872. About a given cylinder circumscribe a right cone of least 
volume (the planes and centres of their circular bases coincide). 

873. Which of the cones circumscribed about a given sphere 
has the least volume? 

874. A sheet of tin of width a has to be bent into an open 
cylindrical channel (Fig. 26). What should the central angle @ be 
so that the channel will have maximum capacity? 


Fig. 26 Fig. 27 


875. Out of a circular sheet cut a sector such that when made 
into a funnel it will have the greatest possible capacity. 

876. An open vessel consists of a cylinder with a hemisphere 
at the bottom; the walls are of constant thickness. What will the 
dimensions of the vessel be if a minimum of material is used for 
a given capacity? 

877. Determine the least height h=OB of the door of a ver- 
tical tower ABCD so that this door can pass a rigid rod MN of 
length 7, the end of which, M, slides along a horizontal straight 
tine AB. The width of the tower is d<c/ (Fig. 27). 
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878. A point M,(x,, y,) lies in the first quadrant of a coordi- 
nate plane. Draw a straight line through this point so that the 
triangle which it forms with the positive semi-axes is of least area. 

879. Inscribe in a given ellipse a rectangle of largest area with 
sides parallel to the axes of the ellipse. 

880. Inscribe a rectangle of maximum area in a segment of 
the parabola y?=2px cut off by the straight line += 2a. 

881. On the curve Y=73 find a point at which the tangent 
forms with the x-axis the greatest (in absolute value) angle. 

882. A messenger leaving A on one side of a river has to get 
to B on the other side. Knowing that the velocity along the bank 
is k times that on the water, determine the angle at which the 
messenger has to cross the river so as to reach B in the shortest 
possible time. The width of the river is A and the distance be- 
tween A and B along the bank is d. 

883. On a straight line AB=a connecting two sources of light A 
(of intensity p) and B (of intensity q), find the point M that 
receives least light (the intensity of illumination is inversely pro- 
portional to the square of the distance from the light source). 

884. A lamp is suspended above the centre of a round table 
of radius r. At what distance should the lamp be above the table 
so that an object on the edge of the table will get the greatest 
illumination? (The intensity of illumination is directly proportion- 
al to the cosine of the angle of incidence of the light rays and 
is inversely proportional to the square of the distance from the 
light source.) 

— 885. It is required to cut a beam of rectangular cross-section 
ont of a round !og of diameter d. What should the width x and 
the height y be of this cross-section 
so that the beam will offer maximum 
resistance a) to compression and b) to 
bending? 


Note. The resistance of a beam to compres- 
sion is proportional to the area of its cross- 
section, to bending—to the product of the 
width of the cross-section by the square of 
its height. 


Fig. 2 886. A homogeneous rod AB, which 

can rotate about a point A (Fig. 28), 

is carrying a load Q kilograms at a distance of acm from A 

and is held in equilibrium by a vertical force P applied to the 

free end B of the rod. A linear centimetre of the rod weighs 

q kilograms. Determine the length of the rod x so that the force P 
should be least, and find P,,,,. 
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887*. The centres of three elastic spheres A, B,C are situated 
on a single straight line. Sphere A of mass M moving with ve- 
locity v strikes B, which, having acquired a certain velocity, 
strikes C of mass m. What mass should B have so that C will 
have the greatest possible velocity? 

888. N identical electric cells can be formed into a battery 
in different ways by combining n cells in series and then combin- 


ing the resulting groups ( the number of groups is x in par- 
allel. The current supplied by this battery is given by the formula 


l= Nn& 
~~ NR+n?r? 


where @ is the electromotive force of one cell, 7 is its internal 
resistance, and R is its external resistance. 

For what value of n will the battery produce the greatest 
currenf{? 

889. Determine the diameter y of a circular opening in the 
body of a dam for which the discharge of water per second Q 


will be greatest, if Q=cy Vh—y, where h is the depth of the 
lowest point of the opening (4 and the empirical coefficient c are 
constant). 

890. If x,, x,, ..., x, are the results of measurements of equal 
precision of a quantity x, then its most probable value will be 
that for which the sum of the squares of the errors 


o=> (x—x;)’ 


is of least value (the principle of least squares). 
Prove that the most probable value of x is the arithmetic mean 
of the measurements. 
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1°. The concavity of the graph of a function. We say that the graph of a 
differentiable function y=f (x) is concave down in the interval (a,6) [concave 
up in the interval (a,,6,)] if for a<x< 6b the arc of the curve is below (or 
for a,<x<b,, above) the tangent drawn at any point of the interval (a,6) 
or of the interval (a,,6,)] (Fig. 29). A sufficient condition for the concavity 
downwards (upwards) of a graph y=f (x) is that the following inequality be- 
fulfilled in the appropriate interval: 


F" (x) <0 [f" (x) > 0). 
2°. Points of inflection. A point [x9, f (x))] at which the direction of con- 


cavity gl the graph of some function changes is called a point of inflection 
(Fig. 29). 


92 Extrema and the Geometric Applications of a Derivative [Ch. 3 


For the abscissa of the point of inflection x, of the graph of a function 
y=f (x) there is no second derivative f’(x,.)=0 or f’(x,). Points at which 
f’ (x) =0 or f’ (x) does not exist are called critical points of the second kind. 
The critical point of the second kind x, is the abscissa of the point of inflec- 
tion if f’(x) retains constant signs in the intervals x,—d<x< x, and 
Xy <x <x, +6, where 6 is some posi- 
tive number; provided these signs are 
opposite. And it is not a point of 
inflection if the signs of f’ (x) are the 
same in the above-indicated iritervals. 

Example 1. Determine the inter- 
vals of concavity and convexity and 
also the points of inflection of the 
Gaussian curve 


ye *, 


Solution. We have 
bz, Qy b, y’ = —2xe~* 


and 
Fig. 29 yf = (4x2— 2) en x? 


Equating the second derivative y’ to zero, we find the critical points of tHe 
second kind 


l 
x,=-—--—— and =~. 
V9 ev V9 


These points divide the number scale —o <x<-+o into three intervals: 
I (—o, x,), IT (x,, x,), and II] (x, -+ 00). The signs of y” will be, respec- 


Fig. 30 Fig. 31 


tively, +, —, + (this is obvious if, for example, we take one point in each 
of the intervals and substitute the corresponding values of x into y") Therefore: 


1) the curve is concave up when —o< x <— "eT and t+ cxcto: 2) the 


V2 
l I +1 I 
curve is concave down when——z— < x < ——. The points {| ——, —— ) are 
V2’ Ve 


V2 V2 
points of inflection (Fig. 30). 
It will be noted that due to the symmetry of the Gaussian curve about 
the y-axis, it would be sufficient to investigate the sign of the concavity of 
this curve on the semiaxis 0< x < +o alone. 
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Example 2. Find the points of inflection of the graph of the function 
y= j/x+2. 


Solution. We have: 
5 
2 3 —2 
== — —(x-+9 ——___ 1 


It is obvious that y’ does not vanish anywhere. 

Equating to zero the denominator of the fraction on the right of (1), we 
find that y” does not exist for x== —2. Since y” >0 for x <—2 and y’<0 for 
x >—2, it follows that (—2,0) is the point of inflection (Fig. 31). The tan- 


gent at this point is parallel to the axis of ordinates, since the first derivative y’ 
is infinite at x= —2. 


Find the intervals of concavity and the points of inflection 
of the graphs of the following functions: 


891. y= x'—6x*°4+12x+-4. 896. y=cosx. 


892. y= (x+1)*. 897. y= x—sinx. 
&93. y= ; 898. y=x* Inx. 

894. Y= a7: 899. y= arc tanx—x. 
895. y= j/4x* — 12x. 900. y=(1 + x’) e*. 
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1°. Definition. If a point (x,y) is in continuous motion along a curve 
y=-f (x) in such a way that at least one of its coordinates approaches infinity 
(aud at the same time the distance of the point from some straight line tends 
to zero), then this straight line is called an asymptote of the curve. 
2°. Vertical asymptotes. If there is a number a such that 
lim f (x)= +0, 


xa 


then the straight line x=a is an asyinptote (vertical asymptote). 
3° Inclined asymptotes. If there are limits 


lim i) _ 
x>+o0 * 
and 
lim [f (x)—2,x] =6,, 
XP+H 
then the straight line y=k,x-+0, will be an asymptote (a right inclined 


asymptote or, when k,=0, a right horizontal asymptote). 
If there are limits 
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and 
lim [f (x) kx] = 6, 


then the straight line y=&,x-+0, is an asymptote (a left inclined asymptote 
or, when k,=0, a left horizontal asymptote). The graph of the function y =f (x) 
(we assume the function is single-valued) cannot have more than one right 
(inclined or horizontal) and more than one left (inclined or horizontal) asymptote. 

Example 1. Find the asymptotes of the curve 


x? 
Vel | 


Solution. Equating the denominator to zero, we get two vertical asyimp- 
lotes: 


x=—1 and x=1. 
We seek the inclined asymptotes. For x > -+- 0 we obtain 


-2 
k,= lim J tim = 


K>to* xotoyr V e—1 


2 2_ 
b,== lim (y—x) = lim tax VPA 
X>+ ¥ Xx>+0 V e—1 


== |, 


0, 


Y 
7 ~ 
WY WA 
‘ AN 7 1 
VN 7® 


y 
TATA 
wa 
\ 
~ ALLL LL LL 


Fig. 32 


hence, the straight line y= x is the right asymptote. Similarly, whenx —+>— 0, 
we have 


ky= lim 2=~-1, 
X>-@ * 

b,= lim (y+x)=0. 
X>— @ 


Thus, the left asymptote is y= —x (Fig. 32). Testing a curve for asymp- 
totes is simplified if we take into consideration the symmetry of the curve. 
Example 2. Find the asymptotes of the curve 


y=x-+inx, 
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Solution. Since 


lim y=—o, 
x->+0 


the straight line x=0 is a vertical asymptote (lower). Let us now test the 
curve only for the inclined right asymptote (since x > 0). 


We have: 
k= lim 2=1, 
X>+a * 
b= lim (y—x)= lim Inx=o. 
X>+ @ X>+ on 


Hence, there is no inclined asymptote. 

If a curve is represented by the parametric equations x=@ (¢), y= (ft), 
then we first test to find out whether there are any values of the parameter ¢ 
for which one of the functions @ (t) or tp (¢) becomes infinite, while the other 
remains finite. When @(t,)=0oo and ‘p(f,)=c, the curve has a horizontal 
asymptote y=c. When (t,)=0o and @(f,)=c, the curve has a vertical 
asyinptote x=c. 

If @ (to) =p (t,) = 00 and 

pt) 


in 7) =k; iim Uy (£)—ke@ (f)] =, 


then the curve has an inclined asymptote y= kx-+ b. 

If the curve is represented by a polar equation r=f(q), then we can 
find its asymptotes by the preceding rule after transforming the equation of 
the curve to the parametric form by the formulas x=rcos p= (@) cos 9; 
y=rsin p=f (@) sing. 


Find the asymptotes of the following curves: 


l x 
901. Y= G9) * 908. Y= X— 2 +S 
902. Y= Bra: 909. y=e-+2, 
903. y= 4". 910. y= 7. 
x’ i 
904. 4= ATO ° 911. y=e*. 
905. y=V x*—1. 912. y=, 
906. Y= a 913. y=In(1 -4-x). 
907. yao. 914. x=t; y=t+2arctant, 


915. Find the asymptote of the hyperbolic spiral rae 
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Sec. 4. Graphing Functions by Characteristic Points 


In constructing the graph of a function, first find its domain of definition 
and then determine the behaviour of the function on the boundary of this 
domain. It is also useful to note any peculiarities of the function (if there 
are any), such as symmetry, periodicity, constancy of sign, monotonicity, etc. 

Then find any points of discontinuity, bending points, points of inflection, 
asymptotes, etc. These elements help to determine the general nature of the 
graph of the function and to obtain a mathematically correct outline of it. 

Example 1. Construct the graph of the function 


_ x 
5733 

Solution. a) The function exists everywhere except at the points x= +1. 

The function is odd, and therefore the graph is symmetric about the point 


0(0, 0). This simplifies construction of the graph 
b) The discontinuities are x=—1 and x=1; and lim y=+ oo and 


X->1+0 
lim y=-+-0; hence, the straight lines x= +1 are vertical asymptotes of the 
X¥>-1+0 
graph. 
c) We seck inclined asymptotes, and find 


k,= lim 4 _9, 


x>to * 


b,= lim y=o, 
X>+n 


thus, there is no right asymptote. From the symmetry of the curve it follows 
that there is no left-hand asymptote either. 

d) We find the critical points of the first and second kinds, that is, 
points at which the first (or, respectively, the second) derivative of the given 
lunction vanishes or does not exist. 

We have: , 

, x?—3 


7371p 
” 2x (9— x?) 
==. 2 

9 V/ (e— 1)? ) 

The derivatives y’ and y” are nonexistent only at x= +1, that is, only at 

points where the function y itself does not exist; and so the critical points 


are only those at which y’ and y” vanish. 
From (1) and (2) it follows that 


y’=0 when x=+ V3; 
y”=0 when x=0 and «= +3. 


(1) 


Thus, y’ retains a constant sign in each of the intervals (—o, —V3), 
(—V3, —1), (—1, 1), (1, V3) and (V3, +0), and y”—in each of the 
intervals (—o, —3), (—3, —1), (—1, 0), (0, 1), (1, 3) and (3, + 0), 

To determine the signs of y’ (or, respectively, y”) in each of the indicated 
intervals, it is sufficient to determine the sign of y’ (or y”) at some one point 
of each of these intervals. 
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It is convenient to tabulate the results of such an investigation (Table 1), 
calculating also the ordinates of the characteristic points of the graph of the 
function. It will be noted that due to the oddness of the function y, it is 
enough to calculate only for x20; the left-hand half of the graph is con- 
structed by the principle of odd symmetry. 


Table I 


F Function Function Function | point | Function 

Point : Oo Func tion 

Con- Oo decreases, [piceon-| decreases, Min increases; of increases; 
- i ny . aph 
clu inflee- | @raph ts tinuit, graph ts puint graph inflec- is gr ph 

sions tion | (Ooncave concave IS CONCAVE | ton jis concave 
down up up own 


e) Using the results of the investigation, we construct the graph of the 
function (Fig 38). 


4_1900 
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Example 2. Graph the function 


Solution. a) The domain of definition of the function is O<*«<+ 0. 
b) There are no discontinuities in the domain of definition, but as we 
approach the boundary point (x=0) of the domain of definition we have 
limy=lim ™*__ o. 
x¥—>0 x30 X 


Hence, the straight line x=0 (ordinate axis) is a vertical asymptote. 
c) We seek the right asymptote (there is no left asymptote, since x can- 
not tend to — oo): 
XA+ao X 


Xx 7+ 


The right asymptote is the axis of abscissas: y=0. 
d) We find the critical points; and have 


, i—Inx 
=a 
/ 9Inx—3 
f =—~3— > 


y’ and y” exist at all points of the domain of definition of the function and 
y’=0O when Inx=1, that is, when x=e; 


y'=0 when Inx=s, that is, when x =e*??, 


We form a table, including the characteristic points (Table II). In addition 
to the characteristic points it is useful to find the points of intersection of 


Fig. 34 


the curve with the coordinate axes. Putting y=0, we find x=1 (the point 
of intersection of the curve with the axis of abscissas); the curve does not 
intersect the axis of ordinates 

e) Utilizing the results of investigation, we construct the graph of the 


function (Fig. 34). 
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Graph the following functions and determine for each function 
its domain of definition, discontinuities, extremal points, inter- 
vals of increase and decrease, points of inflection of its graph, 
the direction of concavity, and also the asymptotes. 


916. y= x? — 3x’. 
6x? — x4 
917. y= > 
918. y=(x—1)*(x+4+2). 
919 y = Ee) 
. <<. 
__ (x?— 5)8 
920. y= 15e 
_ #P— 2x4 
921. y= —j 
922, y=*—* 
923, y= 2+? 
924. yax' t=, 
I 
925. y #13 
926. y 4 
4x 
927. Y= TTR 
4x—12 
928. Y= (Gop: 
x 
929. Y=a7 
16 
930. y “PELs 
931. yo 
932. y=V x+ V4—x. 
933. y= V8 4+-x—V 8—x. 
934. y=xVx+ 3. 
935. y=V x — 3x, 
936. y= j/1—x’. 
937. y= j/1—x'. 
938. y= 2x+2—3)/ (x +1)’. 


939. y=Px+1—Yx—l. 
940. y=j/ (x+4)?>—// (x—4)* 
941. y=j/ (x—2)°+// (x—4)? 
4 
942. = I. 
4 V 4—2 
943. y= —-~ 
xVx2—4 
944. y= —— 
/ @—l 
945. y=—— 
V (x—2) 
946. y= xe~*. 
947. y=(a+5 ef, 
948. y=e°*-*°-"4, 
949. y=(2+x*)e-*, 
950. y=2|x|—x’ 
Inx 
1 = 
95 V5 
2 
952 y= 5 In= 
x 
954. y= (x4 1) In? (x + 1). 
2 | I 
955. y=In(x —l)+a-.- 
956. y= in Yetta 
957. y=In(1 +e77%). 
_ l 
958. y=In (e+—). 
939. y=sinx+cos x. 
960. y= sin xe, 
961. y=cos x—cos’ x, 
962. y=sin*x+ cos’ x. 
1 
963. Y= sinx cosa" 
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964. 


965. 
966. 
967. 
968. 


969. 
970. 
971. 
972. 


and 
973. 


974. 
975. 


Differential of an Arc. Curvature 


sin x 


y=—T— 7 
sin («+7 ) 


976. y= arccosh (x +=) . 


). 


y= sin x-sin 2x. 977. y= emt, 

y = COS X- C05 2x. 978. y= earc sin Vix. 

y=x+ sinx. 979. y= eare tanx, 

y =arc sin (1 —j/x*). 989. y= Insinx. 

y= a. 981. y=Intan (F—-F 
Vi— 4 5 

y= 2x an &. 982. y = In x—arc tan x. 


y=xarctanx. 


983. y=cosx—Incosx. 


l 
y= xarc tan — when x40 gg4 


y=0 when x=0. 985 
y =x—2arccot x. 


. y=arc tan(in x). 


x 986. y= x”. 
y= + arc tan x. 1 
y = Insinx. 987. y= x". 


. y=arc sin In (x’ +1). 
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A good exercise is to graph the functions indicated in Exame 
ples 826-848. 
Construct the graphs of the following functions represented 
parainetrically. 


988. 
989. 
990. 
991. 
992. 


x=t?—2t, y=:t? +42. 

x=acos*t, y=asint (a>Q0). 

x= tel, y=te-'. 

x=f+e7', y=2t+er7" 

x=a (sinhf—ft), y=a(cosht—1) (a>0O). 


Sec. 5. Differential of an Arc. Curvature 


1°. Differential of an arc. The differential of an arc s of a plane curve 
represented by an cquation in Cartesian coordinates x and y is expressed by 
the formula 


ds = V (dx)? + (dy)?; 


here, if the equation of the curve ts of the form 


dy \? 
a) y=f (x), then ds = V 1+(%) dx; 
dx \? 
b) x=f,(y), then ds= V 1+(2) dy; 


c) x= Q(t), y= p(t), then ds= V (SY + (2) an 
dl al 


VFteF? VFO Fe 


d) F(x, y)=0, then ds = —-—--—— dx = —_—__—“ dy, 


|, | F, | 
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Denoting by a the angle formed by the tangent (in the direction of 
increasing arc of the curve s) with the positive x-direction, we get 


cos @ = d. 
ds’ 
; dy 
sing=—. 
ds 


In polar coordinates, 
ds=Varnrardgi= V+ (5) 49 
Denoting by B the angle between the radius vector of the point of the 
curve and the tangent to the curve at this point, we have 
COS p= 2 ; 


sin =r . 


2°. Curvature of a curve. The curvature AK of a curve at one of ifs 
points M is the limit of the ratio of the angle between the positive direc- 
tions of the tangents at the points M and MN of the curve (angle of contin- 


~~” 
gence) to the leneth of the arc MN-=As when N—M (Fig. 35), that ts, 


—= 


AK = lim Ad da 
As oo AS @s 


where ais the angle between the positive directions of the tangent at the 
point MP and the x-axis. 


The radius of curvature R is the reciprocal of the absolute value of the 


curvature, i. e., 
l 
R=—. 
| K | 


The circle K=—, where a is the radius of the circle) and the straight 


line (K=Q are lines of constant curvature. 
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We have the following formulas for computing the curvature in rectan- 
gular coordinates (accurate to within the sign): 
1) if the curve is given by an equation explicitly, y=f (x), then 


” 


— 4 : 
(1-2) 
2) if the curve 1s given by an equation implicitly, F(x, y)=0, then 
Fry Fry Fy 
Fyn Py Fy 
F. F, 0 


x y 


Kk =o 3 
(FY + F7) la 


3) if the curve is represented by equations in parametric form, x= (ft), 
y= (t), then 
x’ y’ 
\ | 


(xf? y!2)'ha 
where 
,_ax ,_dy 


. _d’x , ay 
at 7 at? 


= YY =>=- 7. 


In polar coordinates, when the curve is given by the equation r=f (9), 
we have 


oP Or? —rr" 
(pr? 
where 
pa and pao 
dp dp 

3°. Circle of curvature. The circle of curvature (or osculating circle) of a 
curve at the point M 1s the limiting position of a circle drawn through M 
and two other poimts of the curve, P and Q, as P—>M and Q—>M. 

The radius of the circle of curvature is equal to the radius of curvature, 
and the centre of the circle of curvature (the centre of curvature) lies on the 
normal to the curve drawn at the point M in the direction of concavity of 
the curve. 


The coordinates X and Y of the centre of curvature of the curve are 
computed from the formulas 


, 12 
X ay Or! ) 


I+y" 
) Y=y+ y" . 

The evolute of a curve is the locus of the centres of curvature of the 
curve. 

If in the formulas for determining the coordinates of the centre of curva- 
ture we regard X and Y as the current coordinates of a point of the evo- 
lute, then these formulas yield parametric equations of the evolute with 
parameter x or y (or f, if the curve itself is represented by equations in 
parametric form) 

Example 1. Find the equation of the evolute of the parabola y =x’, 
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. 1+ 6x? gs 
Solution. X =— 4x°, Y= 7 Eliminating the parameter x, we find 
| X \2/8 
the equation of the evolute in explicit form, Y=ot3 (F) . 


The tnvolute of a curve is a curve for which the given curve is an 
evolute. 
The normal MC of the involute Tf, is a tangent to the evolute [f,; the 


length of the arc CC, of the evolute is equal to the corresponding increment 


in the radius of curvature CC,--M,C,— MC; 
that is why the involute [, is also called the 
evoluent of the curve I, obtained by unwinding 
a taut thread wound onto [, (Fig. 36). To each 
evolute there corresponds an infinitude of invo- 
lutes, which are related to different initial 
lengths of thread. 

4°, Vertices of a curve. The vertex of a curve 
is a point of the curve at which the curvature 
has a maximum or a minimum. To determine 
the vertices of a curve, we form the expression 
of the curvature AK and find its extremal points. 
In place of the curvature K we can take the 


radius of curvature R=" and seek its extremal 


points if the computations are simpler in this case. 
Example 2. Find the vertex of the catenary 


y =a cosh —(a > 0). 


Solution. Since y’ = sinh — and yf =— cosh = , it follows that K= 


— | and, hence, R =a cosh? =, We have aX sinh 2~ Equating 


u cosh? ~ dx 
a 
.,. GR , x 
the derivative Ie to zero, we get sinh 2——=0, whence we find the sole 
2 
critical point x=Q Computing the second derivative ms and putting into 
, d*R 2 x 2 
it the value x=0, we get ie c= 0 g osh2 FG r=07 a > 0. Therefore, 


x=0 is the minimum point of the radius of curvature (or of the maximum 
of curvature) of the catenary. The vertex of the catenary y=acosh— is, 
thus, the point A (0, a). 

Find the differential of the arc, and also the cosine and sine 


of the angle formed, with the positive x-direction, by the tangent 
to each of the following curves: 


993. + y =a’ (circle). 
994. ates I (ellipse), 
995 y*=2px (parabola), 


Sec, 5] Differential of an Arc, Curvature 105 


996. x2/§ + y?/* = aq?!* (astroid). 
997. y=acosh — (catenary). 


998. x=a(t—sin?); y=a(1—cosf?) (cycloid). 

999. x=acos’t, y=asin’t (astroid). 

Find the differential of the arc, and also the cosine or sine 
of the angle formed by the radius vector and the tangent to each 
of the following curves: 

1000. r==aq (spiral of Archimedes). 


1001. r=— (hyperbolic spiral). 
1002. r=a sec? = (parabola). 


1003. r=acos’ * (cardioid). 


1004. r=a® (logarithmic spiral). 

1005. r* =a’ cos 29 (lemniscate). 

Conipute the curvature of the given curves at the indicated 
points: 

1006. y= x*—4x*— 18x’ at the coordinate origin. 

1007. x xy ty =3 at the point (1, 1). 


1008. “tel at the vertices A(a, 0) and B(0, b). 


1009. x=/°, y= at the point (1, 1). 

1010. r*= 2a’ cos 2g at the vertices p=O and p=n. 

1011. At what point of the parabola y*=8x is the curvature 
equal to 0.128? 

1012. Find the vertex of the curve y= e”. 

Find the radii of curvature (at any point) of the given lines: 

1013. y=x° (cubic parabola). 


1014. =;+5,=1 (ellipse). 

1015. x =: 4. 9° 

1016. x=acos’?; y=asin’t¢ (astroid). 

1017. x=a(cost4 ¢sin?t); y=a(sinft—fcost) involute of a 
circle). 

1018. r=ace®® (logarithmic spiral). 

1019. r=a(l+4+cosq@) (cardioid). 

1020. Find the least value of the radius of curvature of the 
parabola y* = 2px. 

1021. Prove that the radius of curvature of the catenary 


x ; 
y=acosh— is equal to a segment of the normal. 


Compute the coordinates of the centre of curvature of the 
given curves at the indicated points: 
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1022. xy=1 at the point (1, 1). 
1023. ay?’=x° at the point (a, a). 
Write the equations of the circles of curvature of the given 
curves at the indicated points: 
1024. y=x’—6x+10 at the point (3, 1). 
1025. y=e”* at the point (0, 1). 
Find the evolutes of the curves: 
1026. y?=2px (parabola). 
1027. =+o=! (ellipse). 
1028. Prove that the evolute of the cycloid 
x=a(t—sinf), y=a(l—costf) 
is a displaced cycloid. 
1029. Prove that the evolute of the logarithmic spiral 
r= aer? 
is also a logarithmic spiral with the same pole. 
1030. Show that the curve (the involute of a circle) 
x=a(cost+ftsinf), y=a(sinf—fcost) 


is the tnvolute of the circle x=acost,; y=asint. 


Chapter [V 
INDEFINITE INTEGRALS 


Sec. 1. Direct Integration 


1°. Basic rules of integration. 
1) If F’ (x)==f (4), then 


| f(x) dx =F 4x) EC, 
where C is an arbitrary constant. 


2) ( Af (x) dx--A \ f (x) dx, where A is a constant quantity. 
3) Vth ds fe (olds - | A @dxt| fax. 
4) lf \ f(x)dx--F(v)--C and u-—-q (vx), then 


\ f (u) du = F (a) -i- C. 


In particular, 
VF (as i by dv F(a 1 b) 1-C (a329), 


2°. Table of standard integrals. 


» ” gt LC 
l. \ vd ay '".C, nA—t. 
Il. | stn |x 3 C 
i gx arctan -coa=— 1 t~+¢C 0 
; Voce a arc tan — {- =— arc co Zt (a ~£ 0). 
dx l x—a 
IV eons In| el+e (a # 0). 
dx __ 1 ore 
\ ata In +C (a 4 Q). 
. dx 
V. —_—___ = =-In|x — |- a C a Q). 
{ Taegan let |4c (a0) 


ax . _ x 
VI. c= sin = +C= are cos — ++ C (a> 0). 


VII. \a a*dx-: 24 (a > 0); Vetdxe* +0. 
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sin x dx=—cosx+C. 


J 
IX. \c OEE ETE 


a =tanx+C 
XI. = — cote +6. 
XI] Se In tan + |+C=In | cosec x—cotx/+C. 
X III. ——=ln tan (5+ +Z) [+C=In| tans +seex|+6, 


XIV. { sinh x dx= cosh x +C. 
XV. { cosh x dx= sinh x+C. 


XVI. | 5a tanh x4. 


.) cosh? x 
dx 
XVII. \ = cothe +6, 
Example 1. 


\ (ax? + bx+-c) dx= \ ax?dx -+ ( bx dx -++- \ cdx= 


=a det | xde- +e | dx= aX -|- bX. cx 4-C. 


Applying the basic rules 1, 2, 3 and the formulas of integra- 
tion, find the following integrals: 


1031. § 5atx*dx. 1040. | ee. dx, 
2 ‘ | nt n . 
1032. | (6x? + 8x-+3) dy. toa, (a 
1033. | x (x-+ a) (x + b)dx. | ys , ys 
. 1042. | (Van VN ay. 
1034. | (a+ bx')* dx. Var 
1035. | V2px dx. 1043. \ ay. 
dx dx 
1036. \ a= 1044. \ xn 
n x? — 10 
ve, 1045, (—“* 
1037. { (nx) n dx. ) W447" 
2 2\8 dx 
1038. {(ae—a¥) dx. 1046. \ye= 


1047. j bee V 2-+ x -- x? —V2—x? 


VR dx. 


1039. \(Vx-+1)(« —V +1dx. 
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1048*. a) | tan? x dx; 1049. a) { cot? x dx; 
b) \ tanh’ x dx. b) ( coth? x dx. 
1050. ( 3%e%dy. 
3°. Integration under the sign of the differential. Rule 4 considerably 
expands the table of standard integrals: by virtue of this rule the table of 
integrals holds true irrespective of whether the variable of integration is an 


independent variable or a differentiable function. 
Example 2. 


1 
{ Tis =t \ (Sx—2) 2 d (5x2) = 


1 1 
1 — — 
ee ee ee ee) Le 
2 2 


where we put u=5x—2. We took advantage of Rule 4 and tabular integral I. 
~ xdx = 1 ( d(x’) 1 : ____. 
Example 3. | Vine 9 \ Vita: 3 In (x? +- V1+x*)+C. 
We implied u=x?, and use was made of Rule 4 and tabular integral V. 
Example 4. ( xe dx =: z| e*' d (x°) = rere by virtue of Rule 4 and 


tabular integral VII. 
In examples 2, 3, and 4 we reduced the given integral to the following 
form before making use of a tabular integral: 


(ieee! @)dx={ 7 (u) du, where u=@ (2). 


This type of transformation is called integration under the differential sign. 
Some common transformations of differentials, which were used in Exaim- 
ples 2 and 3, are: 


a) dx= — d (ax b) (a9); b) xdx= > d(x) and so on. 


Using the basic rules and formulas of integration, find the following in- 
tegrals: 


routs, | 2. 1055. | Sei ax, 
c 2x -- 3 x?+ | 
rosae*, | SE dx. 1056, | 2" dx. 
1—23r x24 5x +7 
1053. \ 3 dx, 1057. {EE ae. 


1054, (=< ross. {42 ay, 


a-+ bx° 


110 


1059. | (a4 p \de, 


x—a 


Xx 
1060°. \ oy dx. 


b dy 
1061. | ay 
V i—y 


1062. | Va—bxdx. 
1063*. \ dx. 


x 
Ver) 
1064. {Pete ay, 


dx 
1065. oe 


dx 
1066. | —.. 


1067 dx 
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1078. 
1079. 
1080. 


1081. 


1082. 


1083. 


1084. 


1085. 


1086 


" J (a4 6)—(a—6) x? 


(O<b<a). 


x? 


1069. \a5 dx 
Qa 


— x? ° 


1070. (Pe ae. 


dx 
1071. | oe 
J) V7+8x 
dx 
1072. — = @ 
( V 7—5x? 
2x —5 
3x? —-2 


1074. $= 2K ty 
1075. \ 3x+1 ay 


1073. dx. 


1076, ( ~+2 ay 


1077. \ eS | 


1087. 
1088. 


1089. 


1090. 


1091 


1092. 


1093. 


1094. 


1095. 


1096. 


1097. 


| x— V arc tan 2x 
1+ 4x? 
| dx 


JV Wee inet VI) 


dx. 


(RO ay 
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1098. | e* Va— be* dx. 


x 1 x 
1099. \(,a | 1); e"dx, 
dx 

2* +3" 

a* dx 
1101. \ Soe oe 
1102. ( Soar ae 
dt 
V i—et 
sin (a + bx) dx. 


1100*. 


1103. 
1104. 
1105. 


1106. 
1107. | cos Vx. 
; x 


Caen ae tee CL, 


1108. { sin (gx). 
1109*. | sin? xdx. 
1110*. | cos? x dx. 
1111. | sec? (ax | 6) dx. 
1112. 


cot? ax dx. 


Ilisd. 


\s 
dx 
| ; 


dx 
1115. \ aura: 


x dx 


1116. | soe 
COS” Xx 
1117. | + sin (1-2! ) dx. 


1118. ya ye!) ae. 


(cos ax -+ sin ax)’ dx. 


1119. 
1120. 
1121. 


1122. 


1123. 


1124. 
1125. 


1126. 


1127. 
1128. 


1129. 


1130. 


1131. 
1132. 


1133. 


1134. 


1135. 


1136. 


1137. 


1138. 
1139. 


Ait 


( tan x dx. 
\ cot x dx. 


x 
| a—b 
dx 
\ianz 
— dx 
{ tan Vere. 
{ x cot (x* + 1) dx. 


, dx 
sin x COS x" 


Xx . xX 
\ cos — sin — dx. 
a a 


\ sin® 6x cos 6x dx. 


COS ax 
\ dx. 


sind ax 
sin 3x 
3-- COS eos ax! 


\ Sin A cOS x 


— UX, 
V cos? X—sil? x 
\ V 1-3 cos? x sin 2x dx. 

Xx x 

tan*® — sec? —dx. 
3 3 

; V tan x 
dx. 


cos? x 


2 
cot? x 
—— dx. 
sin? x 


\ 1 -+- sin 3x 


dx. 


cos? 3x 
cos ax + sin ax)? 
(cos ax F sin ax)" 4 
Sill ax 


cosec? 3x 
| Soh b—acot 3x 
( (2 sinh 5x—3 cosh 5x) dx. 
\ sinh’ x dx. 
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1140. ae 1143. | tanh x dx. 
114i, (= , 1144. ( coth x dx. 
dx 
1142. \ anes 
Find the indefinite integrals: 
1145. | x §/5—# dx. 1163. ( a 
e— | COs ~~ 

1146, | =F dr. — 
1147 | x* dx 1164, [bein ay 

-\ apg 
1148. { xe-** dx. 1165. 

_Von3e 

1149. (ieee dx. 1166. (=. 
1150. (> dx. 1167. [ee td ay, 

dx . 
1151. | — =. sin x —cos x 

Ver 1168, \ oyrenes dt. 
1152. oe de, (1—sin 5) 
1153. tan 3x —cot 3x dx 1169. Oo dx. 

\_ ae sin 3x ; 1 5 
1154. J sin 1170. \ woe. 

sec? x 
Ido. Te tan? x-—2 1171. {A de. 
Xx dx 
1156. \(2- ym Oa 1172. ee nade 
1157. jana 1173. (Fe == dx 
J 4 x? 
1158. (7 a . 1174, ( 
, dx 

1109. \re 1175. Wesjestesr 
1160. \ ta an’ ax dx. (O<b<a). 
1161. \ sin? 5 dx, 1176. yal 


V 4— tan? x sin ax COS ax ° 


1162. _Secta dx 1177 \ dx 
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1178. | sin(F +@,) dz, 1185. \ Sa 
dx 
1179. | ra) 1186, [5 2 dx. 
{ere 8 > dk 
1180. \ a= de. 1187, | 7, 
1181. | e-tan sec? x dx. 1188 \yf nes Ver) | 
1182. Va I fea? Oe 
V2— sat 1189. \ x? cos (x° + 3) dx. 
* J cosh? x 7°" 


are sim aes 
1184. pe “VY to dx. 


Sec. 2. Integration by Substitution 
1°. Change of variable in an indefinite integral. Putting 


x ==¢p (f), 


where ¢ is a new variable and @ is a continuously differentiable function, we 
will have: 


J F@dx=( Tle mle’ wa. ) 


The attempt is made to choose the function @ in such a way that the right 
side of (1) becomes more convenient for integration. 


Example 1. Find 


\ x Vi—1 dx. 


Solution. It is natural to put t= Vx—I1, whencex=¢?+1 and dx=2t dt. 
Hence, 


(x Vx—1 dx = | (t2-|- 1) ¢-2¢ dt =2 ( (t8-4 £2) dt = 
5 3 


2 2 2 7 2 2 
5_ ae - . 
=e SEC Hel)? + 5-46. 
Sometimes substitutions of the form 


= @ (x) 
are used. 
Suppose we succeeded in transforming the integrand f (x) dx to the form 


f (x) dx=g(u) du, where u=9Q (x). 
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If \ g(u) du is known, that is, 
{ g(u) du=F (u) +4, 
then 
(FG) dr=F [9 @)+C. 


Actually, we have already made use of this method in Sec. 1,3°. 
Examples 2, 3, 4 (Sec. 1) may be solved as follows: 


Example 2. u=5x—2; du=5dx; dx=-—du. 


5 
a 
dx 1 du lu? 2 .-=— 
2 


Example 3. w= x?; du = 2x dx; vdx= 


xd _! du _ i ——— _1 . 
J Vite?) yrre a et Vi-ut)+C=5 in(@t+ VIFK) +C. 
du 


Example 4, u=x*; du=3x? dx; x?dx= 3° 
1 | | 
2x3 — u — i —_— xs 
{ se dx== \e du = e +C=7e +C, 


2°. Trigonometric substitutions. 


1) If an integral contains the radical V a?—x?, the usual thing 1s to put 
x=asint; whence 


V a?—x?=acos t. 


2) If an integral contains the radical V x?—a?, we put x=usecf, 
whence 


VY x?—a?=a tant. 
3) If an integral contains the radical Vx.?--. a2, we put x=atan{; whence 
V +a? =asect. 


It should be noted that trigonometric substitutions do not always turn 
out to be advantageous. 

It is sometimes more convenient to make use of hyperbolic substitutions, 
which are similar to trigonometric substitutions (see Example 1209). 


s ro more details about trigonometric and hyperbolic substitutions, see 
ec. 9. 


Example 5, Find 


\ om 


2 
as dx, 
x 
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Solution. Put x=tan?t. Therefore, dr= —O 
Vx?+! wt a= | Pian V tan? ?+-1 sec t cos? f _ 
fae ie sin? t ms t 
“hit sin? t 4- cos? t cos’ t dt cos ft 
at i> Sint Ecos cos t a \ 5 d= 
=-In|[tan?--seci? I- +C= In| tan ¢ -- V i --tan?¢t -t-{an? t|— 


Vis tan to linpe 4 VET Vert +C, 


tan ft 


1191. Applying the indicated substitutions, find the following 
integrals: 


d) \ x av te=-Vxil: 
V - 


cos x dx 


°) \ Ve + sin? x 


f=. sinx. 


Applying suitable substitutions, find the following integrals: 


1192. | «(2x 4-5)" dx. 1197. \ — dx. 
1193. | 1198. \ p= 
Jd- x 
t dv 
1194. | —S.. 
9 \ ai 1199 | sin? x dx 
1195 | dx e Vcosv 
Vea 
In 2x dx 1200*. dx 
1196. \ In4dxx ° xVi+n2— 


Applying trigonometric substitutions, find the following in- 
tegrals: 


1201. \ 7 1203. | VX=a dx, 
—xX xX 
x? dx , dx 
ox) e 1204*. eee 8 
1202 \7S | ,Vxr—!1 
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dx 
x V4— x2" 


1207, | Vi-# ax, 


1205. (Ve#tiy, 1206". | 
x 


ve 


1208. Evaluate the integral 


‘ ax 
| V x(1—x) 
by means of the substitution x= sin’ ¢. 
1209. Find 
( V a? +x? dx, 


by applying the hyperbolic substitution x=asinht. 


Solution. We have: V a +. x? == V @ + a? sinh? t=acosh t and dx=acosh tat. 
Whence 


( VY @+x? dx= ( acosh f-acosht dt = 


. _ 2 
=a! \ cosh?t dt =at (ON A =F (5 sinh 4 +1)+C= 


2 2 
a? 
=F (sinh ¢ cosh ¢-+ ¢)-+C, 


Since 
V a? + x? 


; x 
sinh ¢=—, cosht= 
a a 


and 
2). v2 
ef = cosh ¢+-sinh t= r+ Votes 


we finally get 
2 _———— 
| VeFFPdr=S VeFELS inet VPC, 
2 
where C,=-Cc—— Ina is a new arbitrary constant. 


1210. Find 
x? dx 
Vena’ 


putting x=-acosht. 
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A formula for integration by parts. If u=q (x) and v=‘ (x) are differen- 
tiable functions, then 


| udv=uo—( v du. 
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Example 1. Find 


{ xin xdx. 
. dx x? 
Putting u=Inx, du=xdx, we have du=—-, v= 5 Whence 
x? x? dx 
[einsae=4 ne—| 5S Fine 4. 


Sometimes, to reduce a given integral to tabular form, one has to apply the 
formula of integration by parts several times. In certain cases, integration 


by parts yields an equation from which the desired integral is determined. 
Example 2. Find 


( e* cos x dx. 
We have 
( e* cos x dx = ( e*d (sin x) = e* sin x— ( e* sin x dx = e* sin x +- 
+- \ e* d (cos x) ==e* sin x- e* cos x—{ e* cos x dx, 
Hlence, 


( e* cos x dx == e* sin x + e* cos x—| e* cos x dx, 
whence 


e~ | 
\ex COS v dx == > (sill x + COS N+C, 


Applying the formula of integration by parts, find the following 
integrals: 


tat. | In xdx. 1221. | x sin x cos xda 
1212. { arc tan xdx. 1222* \ (x?+5x-+6) cos 2x dx. 
1213, | are sin xdx. 1223, | x7 Inxdx. 

1214. | x sin xdx. 1224. \ In’ x dx. 

1215. { xcos3xdx, 1295. ete 

1216. \ dx, 1296. \ oe 

1217.  x-2- * dx. 1227. \ x xarctan x dx. 
1218**. { x? e** dx. 1228. { x arc sin x dx. 

1219, ((x'—2x45)e-*dx, 1299. | In(x+V1IF x) dx. 


3 x dx 
1200", | xtc”? dx. 1230. | oF. 
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1231. \ Sars dr. 1234. ( e** sin bx dx. 
1232. ( e sin x dx. 1235. \ sin (In x) dx. 


1233. ( 3* cos x dx. 


Applying various methods, find the following integrals: 


1236. [ xe-™ dx. 1246. \SS aresin VX ay, 

V ]—-x 
1237. |e” ‘dx. (247. | xtan® 2x dx. 
1238. J —2x-+3) In xdx. 1248. (rae. 

1239. | 1249. { cos* (In x) dx. 
1240. tae 1250**, \ oa 
In (In x) dx 

raat. (LED ay, 151%. | oe 
1242. (x arc tan 3x dx. 1252*. \Va—x dx 
1243. { x (arc tan x)* dx. 1253*. (VA - x? dx 
1244. | (arc sin x)? dx. 1254*, [ 
1245. \= SINE dx, ao 

Xx 


Sec. 4. Standard Integrals Containing a Quadratic Trinomial 


1°. Integrals of the form 


mx-+-n 
ax? -| bx-+c dx. 


The principal calculation procedure is to reduce the quadratic trinomial to 
the form 


ax* +-bx+c=a(x+k)? +i, (1) 
where k and / are constants. To perform the transformations in (1), it is 
best to take the perfect square out of the quadratic trinomial. The follo- 
wing substitution may also be used: 

2ax+b=t. 


If m=0, then, reducing the quadratic trinomial to the form (1), we get 
the tabular integrals III or IV (see Table). 
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Example 1. 


dx _ dx _ 
3 FT~T | 5 “/7 25\ 
\ G eget ie) +(5~76] 


bel 


=> =~ —— are tan ——— + C= 
2 x2 *, 31 2 V3i V 
‘ 4x—5 
=—— arc tan ——-4+C 
V V3 


If m0, then from the numerator we can take the derivative 2ax+ 6 
out of the quadratic trinomial 


5 
(2ax -|- b) +(n-3) 
\ mx --n sco: \% 2 


ax? -+- OX -- ¢ ax* +- bx -+¢ dx == 
_ 2 . __mob dx 
= 9, (nl ax fosbel+(n oa Vote ’ 
and thus we arrive at the integral discussed above. 
Example 2. 
. 1. 
| ‘ll d \2eois dv In| x? — x—1]/— 
vor 1 y?—x—] | 
’ I 
d(x— >) = 
_t _\ 2) a= Inj y?—xy—1 ]}—-—L In 2x—I—V 8 +C, 
2)/, 1\7_ 5 2 2V5 |%x—1+V5 
ev 2 4 


mx-+-n 


V ar?+bx-+e 
are similar to those analyzed above. The integral is finally reduced to tabu- 
lar integral V, if a>0, and VI, ifa< 0. 


2°. Integrals of the form \ dx. The methods of calculation 


Example 3. 
dx dx ! u—3 
————— = _j/e 7 37 Vo . C. 
| V2raae val VEE -( ay ya 5 + 
x—— 
16 4 
Example 4. 
ee eee 
| vara?) VerET V titi 


= V x24 24242 1n (x+14+ Vxt+ Qe +9) 46. 
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dx 
(mx + n) V ax? + bx-+e 


1 
mxt+n 


3°. Integrals of the form | . By means of the in- 


verse substitution 


these integrals are reduced to integrals of the form 2°, 
Example 5. Find 


dx 
(x+1)V 241. 
Solution. We put 
l 
X-+ ] as ’ 
whence 
dx:=— + . 
We have: 
a dt 


dx _ {2 dt 


+l)V etl iV (2 2 — | Wi=wror 
JF (po) 4 ; 


t 
_ I dt _ 1 ; 1 
~ V3\V7(—tyat Speer yal at VV ett alt 
(ia) +4 
_ J—x4+ yore) 
FOS ay In y+ +C., 


4°. Integrals of the form ( V ax? + bx+cdt. By taking the perfect square 


out of the quadratic trinomial, the given integral is reduced to one of the 
following two basic integrals (see examples 1252 and 1253): 


1) \ V @—x? dxe= =~ Varo,” arc Sill aan C; 
2 2 a 
(a > 0); 
2) \ V 2®+A dr= > Vx*+A +4 In| x+ Ve+Al4+c. 


Example 6. 
iy Vi—2x—xdr= { VI—(i+x'd(l+x)= 
ait V 1—2x—x? + arc sin pete. 

Find the following integrals: 

x 
1255. | ara: 1257. | gay 

x dx 
1256. \ ao 1258. | =. 
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3x —2 dx 
1259. | pear, 1269. \ ES 
(x — 1)? t dx 
1260. \ sara 1270. aS 
x” dx ; dx 
1261. \ wert +10 1271. \onyese WeaeT 
1262. ( ——“____. 1272, | Ve Fort ae. 
V 2+3x—2x? 
1263 | dx 1273. \ V x —x? dx 
” |) Ven 
1274. \ V 2—x— x dr. 
1264 dx 
° Pare cet x dx 
P+ px 1275 \ ace 
° 3x —6 "xt — 42x? 4-9 
1265. | Pasa 1276, | —*** _ 
ox —8 ; ae *. 
1266. | —2*—2—- ar. eXdx 
Vi-x—¢ 1277. \ tree ee 
1267. \y dy, 7 sim Vda 
Vox — 2 HI 1278. } Veos?x ¢4doosx 1 
1268. | a Inxds 
rV1l—x?- 1279. \ yee 


Sec. 5. Integration of Rational Functions 


1°. The method of undetermined coefficients. Integration of a rational 
function, after taking out the whole part, reduces to integration of the proper 
rattonal fractton 


P (x) 
; 1 
@ (x) (1) 
where P(x) and Q(x) are integral polynomials, and the degree of the nume- 
rator P(x) is lower than that of the denominator Q (x). 
If 


Q (x) =(x—a)*.. .(x—D)', 


where a, ..., / are real distinct roots of the polynomial Q(x), and a, . 
A are natural numbers (root multiplicities), then decomposition of (1) into 
partial fractions . justified: 

P (x) A, 

Ta) iaat Goat Gt 


Ly 
+oh+o pe =e +oopr @ 


To calculate the undetermined coefficients A,, A,, ..., both sides of the 
identity (2) are reduced to an integral form, and then the coefficients of 
like powers of the variable x are equated (first method). These coeffi- 
cients may likewise be determined by putting {in equation (2) or in an equi- 
valent equation] x equal to suitably chosen numbers (second method). 
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Example 1. Find 


(= x dx 
(—IN +i? 
Solution. We have: 
— x A, 8 Be 
(x—1) (x +1)? x—1 °° xt] ¢ (x+1)?° 
Whence 
x== A (x-+ 1)? -+ By (x— 1) (x + +B, (x—)). (3) 
a) First method of determining the coefficients. We rewrite identity (3) in 


the form x= (A+ B,)x?+(2A+8B,)x+(A—B,—B,) Equating the coeffici- 
ents of identical powers of x, we get: 


O=A+B; 1=2A+B,; 0=A—B,—B,. 
l 
A=7: By=—7F; B.a=5 - 


b) Second method of determining the coefficients. Putting x=1 in identity 
(3), we will have: 


Whence 


1=A-A, i.e, A="). 
Putting x= —1, we get: 
—l=—B8,-2, i.e, B,="/,. 
Further, putting x=0, we will have: 
0=A--B,—B,, 


or B, =A—B,== —"',. 
Hlence, 


| dx l dx ] dt 


f= 7 x—1 4 rt1' yd (+1? 
=) inpx—1j—t ___! _ 
= In| x 1 | q inix+t| Tare 
] 
~sqaits 4|+¢. 
Example 2. Find 
\ dx —] 
x8 —DQx2?-+ 4 — 
Solution. We have: 
1 ] A B C 
Oe px x(x—le x bx=1 Gop 
and 
= A (x—1)*?-+ Bx (x— 1) 4-Cx. (4) 


When solving this example it is advisable to combine the two methods 
of determining coefficients. Applying the second method, we put x=O in 
identity (4). We get 1=A. Then, putting x=1, we get 1=C. Further, app- 
lying the first method, we equate the coefficients of x? in identity (4), and 


get: 
O=A+B, i.e., B=—l. 
A=1, B=—1, and C=1, 


Hence, 
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Consequently, 


ax dx 1, 
=(S_-( 2 + \ = pe infx{—Infx—l]— a4 re. 


If the polynomial Q(x) has complex roots a + 1b of multiplicity &, then 
partial fractions of the form 


A,x+B, A px 4-Bp 


- 5 
+ Px+q (x? + px-b yy ©) 


will enter into the expansion (2). Flere, 
x? + px + q = [x—(a-}- 1b)] [x —(a—-1b)] 


and A,, B,, .., Ag, By, are undetermined coefficients which are determined 
by the methods ‘given above For k==1, the fraction (5) 1s integrated direct- 
ly; for R>4J1, use is made of the reduction method; here, it is first advi- 


sable to represent the quadratic trinomial x?-+px-+q inthe form ( x-+ 3) + 


2 
+( — =) and inake the substitution xp Ema, 
Example 3. Find 
x+] 7 
(Par pep" 


Solution. Since 
a? dy | O-- (x + 2/41 


then, putting v-+-2--2, we pet 


> z—1 z dz (1 -- 27) —2? 
Sari 7 a i 7\ era = 
= _) —-- \4 4-4 zd —_ | — _ 
v7 (22-4 1) z || 2 (2-+4 1) 2(z22+1) 
—-dic fan z—--- zt ufetanz=— .- a - 
2(22-+-1) 5 2 2 (22-- 1) 1) 


l , 1+3 l 
— — { 4-C a2 ~~ 
9 arc tan2- Tae L divas) 2 


2°. The Ostrogradsky method. If Q (A) has multiple roots, then 


Pix) X() CY 
ant ae) laut (9) 


where Q, (x) is the greatest common divisor of the polynomial Q(x) and its 
derivative Q’ (x); 
Q, (x) =Q (x):Q, (x); 
X (x) and Y (x) are polynonials with undetermined coefficients, whose degrees 
are, respectively, less by umty than those of Q, (x) and Q, (x). 
The undetermined coefficients of the polynomials X (x) and Y (x) are 
coinputed by differentiating the identity (6). 


Example 4. Find 
| dx 
(x°— 1)?" 


are tau (x 4-2) -]-C, 
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Solution. 


_ Ax? + Bx+C Cee T Eas 
oi — 3 _T SS 
Differentiating this identity, we get 
] (2Ax + B) (x8 — 1) —3x? (Ax?+ Bx+C) , Dx?+Ex+F 
a Cs | rr 
1 = (2Ax-+ B) (x8—1)—3x? (Ax? + Bx+C) + (Dx? + Ex-+ F) (x8 — 1). 
Equating the coefficients of the respective degrees of x, we will have: 
D=0; E—A=0; F—2B=0; D+3C=0; E+2A=0; B+F=—1; 
whence 
A=0; B=—z; C=0; D=0; E=0; F=—4 


and, consequently, 
dx 1 x 2 dx 


(é—1? 3x—1 3 )x—I (7) 
To compute the integral on the right of (7), we decompose the fraction 


into partial fractions: 


1 Ff , Me+N 
xS—1oox—1' x24+x41? 


| 
xi— | 


that is, 
L=L(x?+x+1)4+ Mx (x—1)4+N (x—1). (8) 
Putting x=1, we get La. 
Equating the coefficients of identical degrees of x on the right and left 


of (8), we find 
L+M=0; L—N=1, 


l 2 
M=—az; N=— a. 


Or 


Thereiore, 
{ dx 1c dx 1 x+2 dx= 
xe—1 3 )x—1 ~3\ a 


=a Injx—l|—2 Ing?-+etl) — arc tan Zt! 


V3 V3 


dx _ x x?tx+]1 2 
Jae aean tg Gai Tey seen ys te 


Find the following integrals: 
dx 
1280. J eran (x-+ 6)° 1282. \ a 1) (x -+ 2) (x-#3)° 


x? vO t9 2x? +-41x— 91 
1281 | erp 1283. | yar ua 
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1284. 
1285. 
1286. 
1287. 


1288. 


1289, 


1290. 


1291. 
1292. 
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5x? +2 
| x8 — 5a? + 4x dx. 


\ ma. 


4x8— x 
\os lat +6 | 
61? -+ 12x—8 
5x?7-+6x+9 dx. 
(x — 3)? (x + 1)? 


x?—8x4+-7 
| GP 3x10: 


\ are =e 
\ Tard dx. 
\ ae. 


x4— ] 


dx 


298. GPa ES) OP ESET 
dt 


1294, \n- 


1295. | oN. 
dx 
1296. | 9. 
dx 
3x-+- 5 
(x? + 2x +2)? 
dx 
1299. \ er Dot Pele 


xi+ 1 
1300. \ wtp 


1297. 


1298. | dx. 


Applying Ostrogradsky’s method, find the following integrals: 


1301 


_ dx 
ean; Corns 
1302. 


Jp 


dx 
1303. \ aii 
1304. \ Goode. 


Applying different procedures, find the integrals: 


1305. 
1306. 


2 x5 
\ GE 


2 xi 
\ maa 
x?—_-y+14 


1307. \ (x—4)* (x—2) dx. 


1308. 
1309. 


dy 
\ O° $1? 


dx 
x8 — 4x? 4-5 —2° 


‘ke dx 
1310*, \ ah | 


d\ 
1311. (a. 
dx 
1312. | GpaTy TTS 
x7d\ 


1313. \e=ie 7 
1314, \aqo 


Sec. 6. Int2grating Certain Irrational Functions 


1°. Integrals of the f.rm 


p 
ax+b\% 
{R E (Seo 


Pa 
ax+b\q, 
att) 9 |x (1) 


where R is a rational function and p,, Qy, Pg, 9, are Whole numbers. 
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Integrals of form (1) are found by the substitution 
ax-+b _ 
cxt+d 


where n is the least common multiple of the numbers q,, q,, ... 
Example 1. Find 


n 


po 
| V 2x=1— f/2x—1- 
Solution. The substitution 2.—1l—2z? leads to an integral of the form 
— dx _ ” O28dz 9 * 2?d2 _ 
V2x—1—f/ar—1 Je? z—| 
=2((2+1+-5] dz =(z-+1)?+2Injz—!]/4+C= 


= (1+ / 2x—1)?-F ln (j/2x—1—1)?-+€. 


Find the integrals: 


1315. | SS 1321, | VX dy 

J) Vx—1 x42 
; » _ x dx ‘ ax 
1316. | Taste: 1322. ony: 

: dx ; ~ ~| 
1317. | 1. EEE a 1323. Xt dx 

\ Vet VR \ Vs 
1318. | =“ 1324, | f/f Ltue 

° | Vr Vx’ t ° | // CTT av, 

‘ ty r —| 1325 ' xt 3 ly 
1349. | ae, £0. \ e Vora . 

Vx+i+2 
1320. ee 

\e 12 — Vx 1 
2°. Integrals of the form 

_ Pr (x) 
Vastpoepe.” ©) 
where P,, (x) is a polynomial of degree n 
Put 
Py (xX) 3 
ys == Q,_, (x) V axt+ bx Foren | pa bribe’ (3) 


where Q,_,(x) is a polynomial of degree (n—1) with undetermined coeffi- 
cients and A is a number. 

The coefficients of the polynomial Q,_,(x) and the number A are found 
by differentiating identity (3). 
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Example 2. 
—__— xi 4x" 
2 2 _— A= 
{s V t4+4dx= Vez’ 


_ dx 
== (Ax? + Bx?-+ Cx-+ D) Vitra +a | awe 
Whence 
att 4x —— _, (Ax®?+ Bx? +Cx+D) A 
= (3Ax?+2Bx+C 24.4 4. te ao 
Vara OA FOB OV EEA Vea 


Multiplying by Vx?+4 and equating the coefficients of identical degrees of 
x, we obtain 
J | 


A=—; B=0; CHa) D=--0; A=—2 


Hence, 
\eVer dx = E We T4—2 in (x + VF FA) +C. 


3°. Integrals of the form 


\eercr eceecee Vatth +e (4) 
They are reduced to integrals of the form (2) by the substitution: 
=f, 
’—a 
Find the integrals: 
306, ( a __ 1329, (Wess a 
1326. | an We 
d\ 
1327. | 72a, 1330. | 
\yiz Jel) Wak fae 
-6 “ x? +x + ] 
1328. _ dx. 1331. | 
\ V 1+ JxVe—x41 
4°. Integrals of the binomial differentials 
\ x” (a 4- bv")? dx, (5) 


where m, n and p are rational numbers. 
Chebyshev’s conditions. The integral (5) can be expressed in terms of a 
finite combination of elementary functions only in the following three cases: 
1) 1f p is a whole number; 


2) if at l 


= 25, where s is the denominator of the fraction p; 
3) if mt. 


is a whole number. Here, we make the substitution a+ bx” = 


+p is a whole number. Here, use is made of the substitution 
ax~"+6=2°", 
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‘ene ee, Wee: 


Example 3. Find 


pyrys 


= dx= TI, 
xX 
| 
— t,t. td mt 2 
Solution. Here, m= > 3 n= ,p= 3) = T 2. Hence 
4 
we have here Case 2 integrability. 
The substitution 
1 
I+x* =2 


yields x= (z?—1)*; dx=122? (z2*—1)'dz_ Therefore, 
1 
2? (z*— 1)3 
3 —_— —_. 
=(x rigs v)F dx= 12 | DE dz = 
=12 | (22%) dz =i 713246, 


where z=4/ 1+ J *. 


Find the integrals: 


_ 2 . dx 
1332. \ xe (1-+2x?) ? dx. 1335. \ x S/T Px 
. dx 
1333. are me | OF 
V/1+4 x? (2+x3)° 
. dx 
. 1337. OS TF > 
1334. |S \ Vx 1+) x’ 


Sec. 7. Integrating Trigonometric Functions 
1°. Integrals of the form 
\ sin™x cos"x dx =:In, ns (1) 


where mand n are integers. 
1) If m=:2k-+1 is an odd positive number, then we put 


l 2, n= \ sin?” x cos” xd (cos x) = — \ (1 —cos? x)* cos” xd (cos x). 


We do the same if n is an odd positive number. 
Exainple 1. 


{ sin’? x cos8x dx = \ sin’? x (1 — sin? x) d (sin x) = 


sin)! x a : 


il “+6. 


— 
_— 
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2) If m and n are even positive numbers, then the integrand (1) is trans- 
formed by means of the formulas 


sin? x= - (1—cos 2x), cos? x= - (1+ cos 2x), 


sin x COS X= d sin 2x. 


2 
Example 2. ( cos? 3x sin? 3x dx = { (cos 3x sin 3x)? sin? 3x dx = 
2 __ ° 
=| sin’ 0x +08 Oe dx =5 \ (sin? 6x — sin? 6x cos 6x) dx = 


l I—cosi2x_ sy _ 
=f (Hsin 6x cos 6x ) d= 


_1lfx  sinld 1, 
= 3 (5-5 6x) +6. 


3) If m=—p and n 


== — v are integral negative numbers of identical 
parity, then 


dx 
I = | —_——__-- cosec’ x sec’ 7? xd (tan x) = 
myn sin® x cos’ xX ( )= 


# perv, 
_ 1 a _C(i+tan? x) ? 
=((14 as 2) (14- tan? yF ” (tan y= ar d (tan x). 
In particular, the following integrals reduce to this case 

Q x Si 

de 1 a( >] ang f at = d(x+ 5) 

\ sey a x x cosy x 
sin’ — cos? 


oy nm \" 
5 5 sin’ (x4 = | 


Example 3. i ign) sec? xd (tan y= Vc +-tan?x) d (tan x)= 


lane t+ tan? x+C. 


I dx _ i 9 © og Xe 
Example 4. \ ars <= 5 \ sn * oak 8 {tan > sect 5 dx = 
2 2 
(1+ tan' ) 
+ sec? — dx = — tan-? = + 2 4. 
° tan? = tan ~ 
2 2 


x yw) , tan? > 
Hang (a )=a[-Zy 7 +2In|tan 5 |4+—5 \+¢ 
2 2 4 
2tan?*— 
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4) Integrals of the form \ tan” xdx (or \ cot” x dx), where m is an ine 
fegral positive number, are evaluated by the formula 
tan® x = sec? x —1 


(or, respectively, cot? x =cosec? x— 1). 
tan x 


Example 5. \ tan*xdx= \ tan? x (sec?x—1) dx= — { tan? x dx= 


ty 
fan — ( (sectx—1) dv= *—tan x+x+C. 


5) In the general case, integrals Im, of the form (1) are evaluated by 
means of reduction formulas that are usually derived by integration by parts. 


Example 6. dx = a dx= 
COs cos 
si sv x4 COs xa dx _ 
=|s nx dx + \ oe COS x sin « 2 “ots _) 5 | re ae cos x 
sin x 


costx A injtanspseee| +6 


Find the integrals: 


1338. \ cos’ x dx. 1352. Peeper: 

1339. ( sin’ x dx. ne cost 

1340. ( sin*® x cos* x dx. 1353. \ ar stosg a: 
1341. \ sin’ s cos* 5 dx. 1354. \ oS 

1342. (ode 1355. { sec* 4x dx. 

1343, | sin‘ xdv. 1356. | tan? 5x dx. 

1344. ( sin’ x cos’ x dx. 1357. ( cot’ x dx. 

1345. ( sin? x cos‘ x dx. 1358. ( cot* x dx. 

1346. { cos* 3x dx. 1359. {( tan’ = +tan' 7) dx, 
1347, ( 1360. ane xt dx. 
1348, (4 1361. ( S= de 

1349. \ Gare dx. 1362. ( sin’ x j/cos x dx. 
1350. \ ae 1363. joie 
1351. | areas 1364. a 
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2°. Integrals of the form ( sin mx cos nx dx, ( sin mx sin nx dx and 
{ cos mx cos nx dx. [n these cases the following formulas are used: 
1) sin mx cos nay [sin (m+ n) x +sin (m—n) x]; 
2) sin mx sin n= a [cos (m—n) x—cos (m+n) x]; 
3) COS mxcos nem > [cos (m—n) x -+-cos (m-+-n) x]. 
Example 7. ( sin Ox sin x dx = | > {cos 8x —cos 10x] dx= 
1, |. 
=F, sin 8x — 55 sin 10x -+-C, 


Find the integrals: 


1365. \ sin 3x cos 5x dx, 1369. ( cos(ax + b)cos(ax—b)dx. 
1366. \ sin 10x sin 15 x dx. 1370. \ sin wf sin (wt + @) dé. 
1367. { cos 5 cos 3 dx. 1371. ( cos X cos? 3x dx. 

1368. sin a sin a dx. 1372. ( sin x sin 2x sin 3x dx. 


3°. Integrals of the form 
( R (sin x, cos x) dx, (2) 


where R is a rational function. 
1) By means of substitution 


x 
lan-> =6, 
whence 
. 2t 1—?? 2dt 
sine Toe » COs = Te’ dt= Th ’ 


integrals of form (2) are reduced to integrals of rational functions by the 
new variable f¢. 
Example 8. Find i 
x 


1+ sin x + cos gel 


Solution. Putting tan ~ ust, we will have 


2 
2dt 
2 
It ato + ° 
1+f2 5 148 


5* 
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2) If we have the identity 


R(—sinx, —cos x)= R (sin x, cos x), 


then we can use the substitution tan x=? to reduce the integral (2) fo a 


rational form. 
Here, 


and 


Example 9. Find 


\ aaa 


Solution. Putting 


tanx=f, sin?x= 


we will have 


l= dt 


j 
V2 


Jasmin rae V2 


arctan (t V 2)+C= 


l 
V2 


1 
cos X= 
Vi+é 
dt 
1+72 ° 
(3) 
t? dt 
ree WHT ER 


——_—_—_—————SOSE— OO 
TS 
—= 


dt i ( d(tV 2) 
1+(tV 2) 


arctan(V 2 tanx)+C. 


We note that the integral (3) is evaluated faster if the numerator and 
denominator of the fraction are first divided by cos? x. 
In individual cases, it is useful to apply artificial procedures (see, for 


example, 1379). 


Find the integrals: 


1373. \ Fes cos x * 


1374. (Ses 
1375. (2% de, 


+ Cos x 


1376. | sind ay. 


{—sin x 
dx 


1377. | S—asne pT es 


x 
1378. \axcsee- 


3 sin x +2 cos x 
nw 
1379 FsinxL3cos x @ 


1380. ij tan 


1381*, 


\ror TP Scots ; 


dx 
* — 
1382". \; sin? x ++ 5 cos? x 


1383*. \ dx 


sin? x -++- 3sin xcos x—cos? x ° 
1384", \ 


dx 
1385. \ (Say sinx dy. 


sin? x —5sin x cos x ° 
cos x)° 


sin 2x 
1386. \ esas Salt. 


1387. \ area, 


cos* x -+- sin4 x 
1388. | sin? 7 an x+5 dx. 
1389*, \Vessccesvessrcs 
tao, J -aeestses 
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Sec. 8. Integration of Hyperbolic Functions 


Integration of hyperbolic functions is completely analogous to the inte- 
eration of trigonometric functions. 


The following basic formulas should be remembered: 
1) cosh? x—sinh? x= 1, 
2) sinh? x= + (cosh 2x— 1); 


3) cosh? x= + (cosh 2x + 1); 


4) sinh x cosh x =+ sinh 2x, 


Example 1. Find 
( cosh? x dx. 
Solution. We have 


{ cosh’ x ax=| 5 (cosh 2x + 1) dx=- sinh Wet art C. 


Example 2. Find 


\ cosh® x dx. 
Solution. We have 


{ cosh? x dx = ( cosh® xd (sinh x)= \ (1+ sinh? x) d (sinh x) = 
_ x 


= sinh x-+—z— + C, 
Find the integrals: 
1391. | sinh? x dx. 1397. | tanh’ x dx, 
1392. | cosh* x dx, 1398. \ coth* x dx, 
1393. | sinh* x cosh x dx. 1399. | 
1394. \ sinh? x cosh? x dx. 1400. \ saape pune * 
1395. \ sare omre 1401*, \ meet: 
1396. | rar 1402. \ — = 


Sec. 9. Using Trigonometric and Hyperbolic Substitutions for Finding 
Integrals of the Form 


( R(x, V ax® + bx-+¢) dx, (1) 


where R is a rational function. 
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Transforming the quadratic trinomial ax*-++bx-+-c¢ into a sum or difference 
of squares, the integral (1) becomes reducible to one of the following types 
of integrals: 


1) ( R (2, V m? — 22) dz; 
2) { R (2, V m+ 2’) dz; 
3) (Re, Ve—m de. 


The latter integrals are, respectively, taken by means of substitutions: 


1) z=msint or z=m tanhf, 
2) z=mtant or z2=msinht, 
3) z==msect or z=m coshf?. 


Example 1. Find 
dx 
$$$ = |, 
\cm V P+ 2x2 
Solution. We have 
x?+Q2x4+2=(x+1)?+1. 


Putting x-+1=tanz, we then have dx=sec*zdz and 


dx i sec? z dz COS z 
L=\ oF ienreei= | 9 2 dz= 
(x+ 1)? V (x+1)?+1 tan* zsec2 sin? 2 


1 _ Vx Foe +2 
=—~sn2t = ay, te 
Example 2. Find 
(xv x?txy+tidx=!]. 
Solution. We have 
; 2 
tetl=(s+ 5] +3. 
Putting _ 
rtgay sinht and dx= ys cosh ¢ dt, 
we get 
V3. 2 V3 V3 
[= \(4 sinh ¢— ry a7 cosh t. 5 cosh ¢ dt = 
rx 
—9 r 3 { sin cosh? t dt —3 ( cosh? dt = 
_3V 3coshtt 3/1, i 
= Sas sinh ¢ cosh b> t) + C. 
Since 
sinh f= 2 («+ 3) , cosh f= t= Vx+x+1 
; V3 2 V3 
an 


2 


t= In («+ st V8 Fal) +n Vs" 


Sec. 11] Using Reduction Formulas 
we finally have 
paterpern?—t (44) fap 
TE Sin (x+ 5 y+ Vet) +C¢ 
Find the integrals: 
1403. | V3—2x— 4 dx. 1409. | Vx —6x—T ade. 


1404. Vie dx. 1410. § (4x41)? dx. 


1405. VT-€; 
iV 


1411. | —__ 
\ SS 


1406. (Vx oe 1412. \———- 
(x#—2x 4.5)? 

—~— dx 

4 7. 74d e e Ee a 

1407. | Vx¥—4 dx 1413, (a 
— dx 

408. 74x dx, . | ———__—., 

1 \ Vx +-x% dx 1414 jams Vice 


Sec. 10. Integration of Various Transcendental Functions 
Find the integrals: 


1415. | (x? + 1) e** de. 1421. \ are: 

1416. \ x* cos* 3x dx. 1422. aS 

1417. \ x sin x cos 2x dx, 1423. \x In ES de. 

1418. | e* sin? x dx. 1424. {Int (x +V1 + x*) dx. 
1419. \ e* sin x sin 3x dx. 1425. { x arc cos (5x—2) dx. 
1420. \ xe* cos x dx. 1426. \ sin xsinh x dx. 


Sec. 11. Using Reduction Formulas 
Derive the reduction formulas for the following integrals: 
d ; 
1427. l= \ oreonr find /, and /,. 
1428. I, =| sin" xdx; find /, and /,. 


135 
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1429. 1, = { —*_; find J, and /,. 
1430. 1,=§ x"e-*dx; find J,,. 


Sec. 12. Miscellaneous Examples on Integration 
48. x dx 
1431. la 3: 1448 \acs a 
x—5 x dx 
1432. ( 5" 5d 1449 = 
1433 ede 1450. (EL dx 
ae) (x2+ 1)? 
dx * dx 
1434 \ rT 1451". (x? + 4x) V 4—x2° 
dx 
1435. (e+ 2)? (x +3) . 1452. \ Vx? —9 9 dx. 
ax 1453. \ Vx— 4x? dx. 
1436. la 1)? (x?-++ 1) ° dv 
1454. =a e 
1437. \ wtp xVxee+x4+1 
_ oF 1455. 7 49x+2 dx, 
1438. (soar \xV2 + 2x+ 
x dx 1456. \aS ; 
1439. \ errr +1) ° x4 yea 
Sate 1457, | —=—.. 
1440. \ a V x)? dx. F vi — x 
~ x 
1441, {Yee ay 1458. \ ree 
dx 5x 
.|\—__—.. 1459. dx. 
We \ wee \ 7a * 
1443. \i= VV 2x dx. 1460. \ cost x dx 
dx 
1444 ax 1461. \ sz sin’ x * 
SORT age, VE, 
2x -+- | 
1445. ———_——_——— d . in3 
VGe—nbiy 1463. Fe 
COs 
1446. pS = 
/5—x+ Vb—x 1464. \ cosec® 5x dx, 


1447, \ se dx. sin? x 
V t= 1) 1465. | cos* x dx. 


Sec, [2] 


1466. {sin (F —«)sin( + x) dx. 
1467. 
1468. 
1469. 
1470. 
1471. 


1472. 


1473. 
1474, 


1475. 
1476. 


1477. 
1478. 
1479. 


1480. 
1481. 
1482, 
1483. 


J 


J 
J 


J 


J 


Je 
) x 
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x, 
tan? ($+4) dx 
dx 
2sinx+3cosx—5° 
dx 
2+3cos? x ° 
dx 


cos? x +2 sin x cosx-+2 sin? x ° 


dx 


sin x sin 2x ° 


dx 
(2 -+ cos x) (3-+cos x) ° 
sec? x 


V tan?x+4tanx+1 


COS AX 


V a?+ sin? ax 


x dx 


cos? 3x ° 


x sin’? x dx, 


2x dx. 


x? InVl—xdx. 
x arctanx 


Vi+x 


\ sin’ + cos de. 


dx 
(sin x-+ cos x)? ° 
dx 


(tan x-+ 1) sin? x 


1484. 
1485. 
1486. 
1487. 
1488. 
1489. 
1490. 


1491. 


1492. 
1493. 
1494. 


1495. 
1496. 


1497. 
1498. 
1499. 
1500. 


( sinh x cosh x dx. 
sinh V 1—x dx. 
V1 —X 
sinh x cosh x 
\ sinh? x -+cosh? x 
xX 
| sinh? x dx. 
dx 
e2* _.Do* * 


e* 
\ cee te 


\ al _ dx. 
(e* +1)4 


Q* 
\ ioe 


(x? —1) 10-** dx. 
Ve* + ldx. 


(a are tan xy 
J 


ax, 


x* arc sin + dx, 


cos (In x) dx. 
( (x* — 3x) sin 5x dx. 
\ x arc tan(2x+3)dx. 
\ arc sin Vx ax. 
( | x | dx. 


Chapter V 
DEFINITE INTEGRALS 


Sec. 1. The Definite Integral as the Limit of a Sum 


1°. Integral sum. Let a function f(x) be defined on an interval axx<b, 
and @=X,)<%,;<... <%,=6 is an arbitrary partition of this interval into 
n subintervals (Fig. 37). A sum of the form 


t (om | 
S,= >) FG) Ax, (1) 
i=0 
where 
xpSEiSxjpays ApH Xj4 1 — XH 
i=0, 1, 2, ... (n—1), 


is called the integral sum of the function f(x) on fa, b]. Geometrically, S 


is the algebraic area of a step-like figure (see Fig. 37). " 


2°. The definite integral. The limit of the sum S,, provided that the 
number of subdivisions n tends to infinity, and the largest of them, Ax,, 
to zero, is called the definite integral of the function f(x) within the limits 
from x=a to x=); that is, 
b 


lim FG) Ay=J fae. (2) 


max Axj>0 j= 9 5 
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If the function f (x) is continuous on [a, 6], it is integrable on [a@, 5]; i.e., 
the limit of (2) exists and is independent of the mode of partition of the 
interval of integration [a, 6] into subintervals and is independent of the 
choice of points &; in these subintervals. Geometrically, the definite integral 
(2) is the algebraic sum of the areas of the figures that make up the curvilin- 
ear trapezoid aABb, in which the areas of the parts located above the x-axis 
are plus, those below the x-axis, minus (Fig. 37). 

The definitions of integral sum and definite integral are naturally gen- 
eralized to the case of an interval [a, b], where a> 6b. 

Example 1. Form the integral sum S,, for the function 


f(xy=1 tx 


on the interval [1,10] by dividing the interval into m equal parts and choos. 
ing points & that coincide with the left end-points of the subintervals 
[x;, X;4,]. What is the lim S, equal to? 
fl—> © 
10—1 9 ; 9i ; 
— = — and biti X%y tiAxjy=1+—. Whence 


Solution. Here, Ax, = 


(Ej) =1+-1 +2 ao4e, Hence (Fig. 38), 


n=-1 n-1 
S,= Di dx =D) (245) a pataOtlt... $0) 


n 


i=o f=0 
ig 8ln(n—l)_,, , 8l 1\ 1 81 
= 184+—5 9 =184+5(1——)=s8 5-5, 
lim S,==58 4. 
n> ow 2 


Example 2. Find the area bounded by an arc of the parabola y=x?, the 
x-axis, and the ordinates x=0, and x=a (a> 0). 
Solution. Partition the base a into n equal y 


parts Axa, Choosing the value of the func- 


tion at the beginning of each subinterval, we will 
have 


wot e(S)in=[(8)] 5 
Yn = [ine 


The areas of the rectangles are obtained by mul- @ 


tiplying each y, by the base Ax=— (Fig. 39). 
Summing, we get the area of the step-like figure Fig. 39 


2 
S,=— (=) [1 +2?+-3°+...+(n2—1)*]. 
Using the formula for the sum of the squares of integers, 


Yea tt) Cnty 
6 ® 


R= 
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we find 
__ a'n (n—1) (2n—1) 


Sn 6n3 


and, passing to the limit, we obtain 


S== lim S,= lim 


n~> @ n> @ 


a(n—1)n(2n—1)_ a 
6n? ~ 3° 


Evaluate the following definite integrals, regarding them as the 
limits of appropriate integral sums: 
b 


1501. { dx. 1503. | x*dx. 


T 10 
1502. { (o, +g) de, 1504. | 2*dx, 


5 
v, and gareconstant. 1505*. ( x’ dx. 


1506*. Find the area of a curvilinear trapezoid bounded by 
the hyperbola 


x[— 


y= 


> 


by two ordinates: x=a and x=b (Q<ca<b), and the x-axis. 
1507*. Find 


x 


f(x) =) sin tae. 


) 


Sec. 2. Evaluating Definite Integrals by Means of Indefinite Integrals 


1°. A definite integral with variable upper limit. If a function f(¢) is 
continuous on an interval [a, 5}, then the function 


x 


F(x) = \ f(t) dé 


a 
is the antiderivative of the function f(x); that is, 
F’ (x)=f (x) for acxeo. 
2°. The Newton-Leibniz formula. lf F’ (x) =/ (x), then 


oO 


( f (x) dx =F (b) —F (a). 


a 


Sec. 2] Evaluating Definite Integrals by Indefinite Integrals 14t 


The antiderivative F (x) is computed by finding the indefinite integral 
(i ()de=F(y te. 
Example 1. Find the integral 


\ x4 dx. 
3 - 13 
lt 3 (—1)F _ 4g 4 
Solution. | #ar=% = s7 3 = 48 
-1 
1508. Let 
b 
[=| (b>a>1) 
Find a 
dl | dl 
) aa? 2% 


Find the derivatives of the following functions: 


x x3 


1509. F(x)=JIntdt (x>0). 1511. F(xy=Je-" ade. 


1 x 


0 Vx 
1510. F(xy=\ VI Peat, 1512. 1 = \ cos(t*)dét (x>0). 


1513. Find the points of the extremum of the function 
(= . . 
y=\-—— dt in the region x>0. 
0 


Applying the Newton-Leibniz formula, find the integrafss 


1514. \ . 1516. fe dt. 


-1 x 
515. (4%. 1517. cos sade, 
3 0 


Using definite integrals, find the limits of the sums: 
1518**, lim (stat. +t). 


n* 
sig". lim (5 +o5t+..-+74;). 
"ewe NAH S n+2 n+n 


- 12 +2P4-... +n? 
1520. lim a (p> 0). 
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Evaluate the integrals: 


2 
1521. { (x?—2x +3) dx. 


| V2x-+ x) dx. 


0 


1522. 


1523. 


1524. 


1525. 


1526. 


1527. 
1528. 
1529. lass: 
1530. 


1531. 


1532. 


1533. dx 


1534. 


1535. 


1536. 


1537. 


1538. 


1539. 


1540. 


1541. 


1542. 


1543. 


1544. 


1545. 


[Ch. 5 


a.) 


oCley5 

Sis 

+= 
> 


a) Se> wl 2 Se e|a 
PZ, 
a, 
a) 
a 
S 


4a ela 
a9 
— 
bas 
&. 
x 


e 


a 
x 


3 Ces 5S Sten OOD» e(ac [a 
+ 
ot 
re 
* 
QQ. 
= 


( sinh? x dx, 
1) 


Sec. 3] Improper Integrals 143 


Sec. 3. Improper Integrals 


1°. Integrals of unbounded functions. If a function f(x) is not bounded 
in any neighbourhood of a point c of an interval (a, 6] and is continuous 
for aswx<c and c<x<«&8, then by definition we put 


6 c-e b 
( F()dx= lim ( f(x) dx-+ lim ( F(x) dx. (1) 
a @e-0o0 a e-> 0 te 


If the limits on the right side of (1) exist and are finite, the improper inte- 
gral is called convergent, otherwise it is divergent. When c=a or c=), the 
definition is correspondingly simplified. 

If there is a continuous function F(x) on fa, bj] such that F’ (x) =f (x) 
when x #c (generalized antiderivative), then 


b 
(f(x) de =F (6)—F (@). (2) 


b 
If | f (x) | < F(x) when aajxeod and \ Fe) dx converges, then the in- 


a 

tegral (1) also converges (comparison test). 

If f(x) 0 and lim f(x) |c—x|*=AZ#o, AF), ie., f(x)~ a 

x->C — 

when x—> c, then 1) for m<1 the integral (1) converges, 2) for m=>1 the 
integral (1) diverges. 

2°. Integrals with infinite limits. If the function f(x) is continuous when 
ax=x< oo, then we assume 


re b 
( f(e)de= lim ( f (x) dx (3) 


and depending on whether there is a finite limit or not on the right of (3), 
the respective integral is called convergent or divergent. 


Similarly, 
b b o 5 
( playde= tim (pied and | pexydx= tim | p(nyae. 
a--~— @ a--@ 
~* a ad b>++ a 4 


ceo] 
If | f(x)|< F(x) and the integral | Fi) dx converges, then the infe- 
a 


gral (3) converges as well, 
If f(x)S0 and lim f(x) x7=Ax~o, AF), ie, he~S when 
x-> © 


x—» oo, then 1) for m> 1 the integral (3) converges, 2) for m«1 the inte- 
gral (3) diverges. 
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Example 1. 


j Seam fem fan (8) 9,(E-1)=0 


and the integral diverges, 
Example 2. 


te] 


dx . dx ; _n 
Toa, im \ Toe =, tm (arc tan b—arc tan 0) = 5° 
0 0 


Example 3. Test the convergence of the probability integral 


iv 9) 


{ e~** dx, (4) 
0 
Solution. We put 
@ 1 {> @] 
( e~* dx= ( e~* dy ( e~** dx, 
0 0 1 


The first of the two integrals on the right is not an improper integral, while 
the second one converges, since e~x” <e~* when x>=1 and 


0 b 
| en* dx= lim (e-* de= lim (—e78+e7})=e7! 
i b> @ b> 


hence, the integral (4) converges. 
Example 4. Test the following integral for convergence: 


i 9) 
\ 7 (5) 
aS fT ® 
VY +1 
Solution. When x—+ +0, we have 


—- ——- 
ae —_—_————————— ee ey eee 


Since the integral 


converges, our integral (5) likewise converges. 
Example 5, Test for convergence the elliptic integral 


1 


\ dx 
) Vi—x | ©) 
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Solution. The point of discontinuity of the integrand is x=1. Applying 
the Lagrange formula we get 


Vi-# ad r- a 
(1 —x)-4x, (i—x)* ox? 


where x <x, <1. Hence, for x-» 1 we have 


] l | \’ 
V i—<xé Q\t1—x/] ° 


1 i 
l 4 
\ (iss) ax 
0 


converges, the given integral (6) converges as well. 


Since the integral 


Evaluate the improper integrals (or establish their divergence): 


fe) 


1546. \ 1554. \ +e. 
x 
0 -— © 
A dx 0 dx 
1547. \<. 1555. \ oF 
i548, (5. 1556. | sin xdx. 
0 
ae 
1549 f dx 1557 f dx 
"J «e—)?' " J) xinx ° 
0 0 
a 
1 2 
dx dx 
1550. | aa 1558. \ sae 
0 0 
1551. \=. 1559. \am (a> 1). 
1 a 
1552. (=. 1560. \ ams (a> 1), 
1 Qa 


mo | 33 


i553. (5. 1561. § cot xdx, 
i 0 
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we 


°° d 
1562. \ e* dx (k>>0). 1565. \ aor: 
0 


x? + 1 —5x*° 


@ 1 
tanx dx 
1563, | —="* dx. 1566. |, 
j; 
Cdk 
1564. | gon 


Test the convergence of the following integrals: 


dx ; dx 
1567. \ yeqa tte 1571. \ Sz 
+o 2 
dx dx 
1568. ) miyete |= (17 ) a 
rs dx re sin x 
1569. j grat 1573. J a dx. 
P | 


1574*, Prove that the Euler integral of the fiist kind (bela- 
function) 
B(p, g)=) -* (l— x)?" de 


0 


converges when p>0O and q>0. 
1575*. Prove that the Euler integral of the second kind (gam- 
ma-function ) 
lr (p) = ( xP—"e-* dx 


converges for p>0. 


Sec. 4. Change of Variable in a Definite Integral 


If a function f (x) is continuous over acjx<cb and xq (?) is a function 
continuous together with its derivative gp’ (t) over a<jt<cf, where a=9Q (a) 
and b= (§), and f (@ (¢)] is defined and continuous on the interval acct, 
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then , ; 
(riode=(FloMle Hae. 
a a 


Example 1. Find 
a 
\ x? V at—x? dx (a> 0). 
0 


Solution. We put 
x=asinf; 
dx=acost dt. 


1, x , 
Then ¢=arc sin — and, consequently, we can take a=arcsin0=0, 


= arc sin lat . Therefore, we shall have 


rif 
a 2 
\ 2 V a—xdx= ( a? sin? t V a? —a? sin? ft acos ¢ df= 
0 0 


os Ps § +2 8 


2 a 2 at 2 
=at| sint f cost tat = | sin? 2 at =F \ (cos 4) dt= 
0 0 0 

x 


2 
a‘ l . na* 
=> (+ —| sint ) | —=——, 


1576. Can the substitution x=cost be made in the integral 


2 


( V 1—x? dx? 


) 


Transform the following definite integrals by means of the 
indicated substitutions: 
: x 


(Vx+ idx, x=2t—1. 
1577 \Vx+ x, x 1580. \ f(x) dx, = arc tan ¢. 


1 
dx . 
1578. | Viow’ x= sin f, 


1581. For the integral 
b 


‘ \ F(x)dx (b>a) 
1579. ( a _ x= sinht. " 
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indicate an integral linear substitution 
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as a result of which the limits of integration would be 0 and 1, 


respectively. 
Applying the indicated substitutions, evaluate the following 


integrals: 


1582. 


1583. 


1584. 


1585. 


1586. 


Bolen 
+ 
~|* 

| 


— 
3 « 
Ld 


3+2cost’ 


w 1S © Cun OC» 
= 


ea 1 Ee sin? x 


Evaluate the following integrals by means of appropriate 
substitutions: 


Evaluate the ee 


1591. 


iF eT 


1592. | wt a 


1595. Prove that if f(x) is an even function, then 


( ydx=2( fdr, 


-@a 


e 
ot. A 


” gi Ver—l yy x. 


e* +3 


dx 


; 2x +- V 3x+1- 


V ax—x" dx. 


Sec. 5] Integration by Parts 


But if f(x) is an odd function, then 


\ f (x)dx =0. 
1596. Show that : 


( ode =2 ( eMde = ( e— 


- © 0 0 


1597. Show that 


Bs 


1 2 
dx sin x 
——__—- = | —dx. 
arc COS X x 
0 0 


1598. Show that 


Steals 


Sec. 6. Integration by Parts 


Va dx. 


f (sin x) dx = [ (cos x) dx. 


149 


If the functions u(x) and v(x) are continuously differentiable on the 


interval [a, bj, then 


b b 


a 


b 
(u(x) v’ (x) dx =u (x) v (x) | —{ v (x) u’ (x) dx. 


(1) 


Applying the formula for integration by parts, evaluate the 


following integrals: 


1599. (. cos x dx, 1603. xe~*dx. 
1600. fin x dx, 1604. l 

1601. feta, 1605. 

1602. e* sin x dx. 


e- 9% cos bx dx 


e-~%sin 0x dx 


(a> 0). 


(a >). 
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1606**. Show that for the gamma-function (see Example 1575) 
the following reduction formula holds true: 


P(p+1)=pl(p) (p>). 


From this derive that [ (n+1)= a1, if n is a natural number. 
1607. Show that for the integral 


the reduction formula 


holds true. 

Find /,, if nm is a natural number. Using the formula obtained, 
evaluate /, and /,,. 

1608. Applying repeated integration by parts, evaluate the 
integral (see Example 1574) 


B(p, q)= \ xP~" (1—x)@-1dx, 


where p and g are positive integers. 
1609*. Express the following integral in terms of B (beta- 
function): 


In.m= \ sin” x cos" x dx, 


ot anf 


if m and n are nonnegative integers. 


Sec. 6. Mean-Value Theorem 
1°. Evaluation of integrals. If f(x) <F (x) for acx<b, then 


b b 
\ f(x)dxe< ( F (x) dx. (1) 
If f(x) and @ (x) are continuous for a<x<b and, besides, p(x) =>0, then 
b b b 
m\ p(x) dea | F(x) p(x) dx<M | 9 (x) de, (2) 


where m is the smallest and M is the largest value of the function f (x) on 
the interval [a, 6}. 
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In particular, if m(x)=1, then 
b 
m(b—aj< ( f (x) dx <= M (6—a). (3) 


a 


The inequalities (2) and (3) may be replaced, respectively, by their equiva- 
ent equalities: 


b b 

I Fee@dr=fo | ode 
a a 

and 


b 
{ f(x) de=F&) (6-0), 


where c and € are certain numbers lying between a and 0. 
Example 1. Evaluate the integral 


-~ 


pf 
2 ] 
_ —— sin? 
r= | V l+5 sin? x dx. 
0 
Solution. Since 0 <sin?x<1, we have 


Rep ct ys, 


that is, 
157<72< 1.91. 


2°. The mean value of a function. The number 


b 

1 

p= saz | Fae 
a 


is called the mean value of the function f(x) on the interval aeix<ob. 


1610*. Determine the signs of the integrals without evaluating 
them: 


a) ( x* dx; a) (as dx. 
0 


ef 
b) ( x cos x dx; 
Q 
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1611, Determine (without evaluating) which of the following 
integrals is greater: 


a) (Vi +x?dx or \ dx; 
b) x? sin? xdx or \ x sin’? x dx; 
Cc) ewdx or e“dx. 


Find the mean values of the functions on the indicated inter- 
vals: 


1612. f(x)= x’, O<x<l. 

1613. f(x)=a+0)cosx, —NoX<N. 

1614. f(x) = sin’ x, O<x<n. 

1615. f{ (x) = sin* x, O<x<n. 

1616. Prove that \ Se lies between % ~ 0.67 and Tt. w 
, V 24-x—x? 3 V2 


~ 0.70. Find the exact value of this integral. 


Evaluate the integrals: 


1617. | VF4x dx. 1620*, \ x /tanx. 


ot—>3 pla 


uv 


1621. |S ax. 
Hy 4 


1618. 


1622. Integrating by parts, prove that 


200I1 


COS x ] 
O< \ S-de< ing: 
1007 
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Sec. 7. The Areas of Plane Figures 


1°. Area in rectangular coordinates. If a continuous curve is defined in 
rectangular coordinates by the equation y=f(x) [f (x) 20], the area of the 
curvilinear trapezoid bounded by this curve, by two vertical lines at the 


a 


Fig. 40 Fig. 41 


points xa and x=6 and by a segment of the x-axis asqx<qb (Fig. 40), 
is given by the formula b 


S=\ fxyax. l) 


2 
Example 1. Compute the area bounded by the parabola y=, the 
straight lines x=1 and x=3, and the x-axis (Fig. 41). 2 


Fig, 42 


Solution. The sought-for area is expressed by the integral 


3 
2 
\ 5a 4a. 
| 
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Example 2. Evaluate the area bounded by the curve x=2—y—y? and 
the y-axis (Fig. 42). 


Solution. Here, the roles of the coordinate axes are changed and so the 
sought-for area is expressed by the integral 


1 
S= | (2—-y—ydy=4 5 
—2 


9! 
where the limits of integration y,=—2 and y,=1 are found as the ordinates 
of the points of intersection of the curve with the y-axis. 


Fig. 44 


In the more general case, if the area S is bounded by two continuous 


curves y=/, (x) and y=f,(x) and by two vertical lines x=a and x=0, where 
f.(*) Sf. (x) when axx<b (Fig. 43), we will then have: 


b 
s= | Fa (x) —F,(x)] dx. (2) 


Example 3. Evaluate the area S contained between the curves 


y=2—x? and y? =x? 


(3) 
(Fig. 44). 

Solution. Solving the set of equations (3) simultaneously, we find the 
limits of integration: x,=—1 and x,=1. By virtue of formula (2), we obtain 
1 35 Q 
= 2— x? — "la d = —* _Y 8 =Z75. 
s= | aI) dx = ( 25 se) 25 

—1 


If the curve is defined by equations in parametric form x= Q(t), y= (t), 
then the area of the curvilinear trapezoid bounded by this curve, by two 
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vertical lines (c—=a and x=6), and by a segment of the x-axis is expressed 


by the integral ; 
2 


S=\ p(t) Wade, 


ty 


where ¢, and ¢, are determined from the equations 
a=q@(t,) and b=@(t,) [p(t)=0 on the interval [¢,, ¢,]]. 
Example 4. Find the area of the ellipse (Fig. 45) by using its parametric 
equations 
{ x=acost, 
y=obsint. 


Solution. Due to the symmetry, it is sufficient to compute the area of a 
quadrant and then multiply the result by four. If in the equation «=acost 


we first put x=0 and then x=a, we get the limits of integration L=> and 


t,=0. Therefore, 
at 


| nab 


2 
S = \ bsina(—sin ¢) at =ab | sin? ¢ dt = 4 
9 


wlAC—a, 


and, hence, S=zxab. 

2°. The area in polar coordinates. If a curve is defined in polar coordi- 
nates bv the equation r-=f (9), then the area of the sector AOB (Fig. 46), 
bounded by an arc of the curve, and by two radius vectors OA and OB, 


Fig. 46 Fig. 47 


which correspond to the values g,=a@ and @,=f6, is expressed by the 
integral 


B 
s=z | @rrde. 


a 


Example 5. Find the area contained inside Bernoulli’s lemniscate 
r? =a" cos 2p (Fig. 47). 
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Solution. By virtue of the symmetry of the curve we determine first one 
quadrant of the sought-for area: 


rf 


a n 
1, 1, _a fl rn 
q5=5 \4 cos 29 dp =-5 EB sin 29| = T° 
0 


Whence S =a’, 


1623. Compute the area bounded by the parabola y= 4x—x’ 
and the x-axis. 

1624. Compute the area bounded by the curve y=Inx, the 
x-axis and the straight line x=e. 

1625*. Find the area bounded by the curve y=x (x— 1) (x—2) 
and the x-axis. 

1626. Find the area bounded by the curve y*=x, the straight 
line y=1 and the vertical line x=8. 

1627. Compute the area bounded by a single half-wave of the 
sinusoidal curve y= sinx and the x-axis. 

1628. Compute the area contained between the curve y= tan x, 


the x-axis and the straight line x== . 
1629. Find the area contained between the hyperbola xy =m’, 
the vertical lines x=a and x=3a (a>O0) and the x-axis. 


1630. Find the area contained between the witch of Agnesi 
y= ss ra and the x-axis. 


1631. Compute the area of the figure bounded by the curve 
=-x*, the straight line y=8 and the y-axis. 

1632. Find the area bounded by the parabolas y*=2px and 
x? = 2p 
1633, Evaluate the area bounded by the parabola y=2x—x’ 
and the straight line y=— x. 

1634. Compute the area of a segment cut off by the straight 
line y=3—2x from the parabola y=x’. 

1635. Compute the area contained between the parabolas y= x’, 


=~ and the straight line y=2x. 
1636. Compute the area contained between the parabolas 
y=* and y=4—F x, 
1637. Compute the area contained between the witch of 
Agnesi y= and the parabola y=*. 


cs: 2 
1638. Compute the area bounded by the curves y=e*, y==g@-* 
and the straight line x=1. 
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1639. Find the area of the figure bounded by the hyperbola 
5 —f=1 and the straight line x= 2a. 


a? 
1640*. Find the entire area bounded by the astroid 


1641. Find the area between the catenary 


x 
y=acosh—, 


the y-axis and the straight line y=5 (e* +1). 


1642, Find the area bounded by the curve ay’ = x? (a? — x’). 
1643. Compute the area contained within the curve 


1644. Find the area between the equilateral hyperbola x?—y? = 
= 9, the x-axis and the diameter passing through the point (5,4). 


1645. Find the area between the curve y=) the x-axis, 

and the ordinate x=1 (x>1). 
3 

1646*. Find the area bounded by the cissoid y =5— 

and its asymptote x=2a (a> 0). 
2 

1647*, Find the area between the strophoid yt = 2-9) and 
its asymptote (a> 0). 

1648. Compute the area of the two parts into which the 
circle x’?- y’= 8 is divided by the parabola y* = 2x. 

1649. Compute the area contained between the circle x? + y* = 16 


and the parabola x* = 12(y—1). 
1650. Find the area contained within the astroid 


x=acos’t; y=Dbsin't. 


1651. Find the area bounded by the x-axis and one arc of 
the cycloid 


\ x=a(t—sinf), 
y=a(l—cos/). 
1652. Find the area bounded by one branch of the trochoid 


aa sin f, 


y=a—bDcost (0< 6 <a) 


and a tangent to it at its lower points. 


158 Definite Integrals (Ch. 5 


1653. Find the area bounded by the cardioid 
\ x =a(2 cos t—cos 21), 
y=a(2 sin¢t— sin 2¢). 
1654*. Find the area of the loop of the folium of Descartes 


_ sat , __ Sat? 
~T+e8? ITER 


1655*, Find the entire area of the cardioid r=a (1+ cosq). 
1656*. Find the area contained between the first and second 
turns of Archimedes’ spiral, r=aqg 
(Fig. 48). 

1657. Find the area of one of the 
leaves of the curve r=acos 29. 

1658. Find the entire area bound- 
ed by the curve r* =a’ sin 49. 

1659*. Find the area bounded by 
the curve r=asin dg. 

1660. Find the area bounded by 
Pascal’s limacgon 


r=2+ CcosQ. 


1661. Find the area bounded by the parabola r=a sec? + 


and the two half-lines e= > and => 


1662. Find the area of the ellipse =e (e<l). 


1663. Find the area bounded by the curve r=2acos3q and 
lying outside the circle r=a. 
1664*. Find the area bounded by the curve x*+y*=x*+¥y’, 


Sec. 8. The Arc Length of a Curve 


1°. The arc length in rectangular coordinates. The arc length s of a curve 
y =f (x) contained between two points with abscissas x=a and x=b is 


6 
= { Vi+ydx. 
a 


Example 1. Find the length of the astroid eit ye al (Fig. 49). 
Solution. Differentiating the equation of the astroid, we get 
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For this reason, we have for th2 arc engin o} of a quarter of the astroid: 


13 alt 3 
_ y nd 
is [fk dx = a, ax = 5 2. 
Whence s= 6a. 


2°. The arc length of a curve represented parametrically. If a curve is 
represented by equations in parametric form, x=q(t) and y=vp(t), then the 
arc length s of the curve is 
ty 


S=( Vxrey" dt, 
ty 


where ¢, and ¢, are values of the parameter that correspond to the extremities 
of the arc. 


Fig 49 Fig. 50 


Example 2. Find the length of one arc of the cycloid (Fig. 50) 


x =a (t—sin 2), 
y=a(l—cosf). 


Solution. We have dx a (1—cos t) and — dy 


qi Wit asint. Therefore, 


270 


=f V a? (1—cos 1)? Fa¥sintt dt =20 | sin + dé =8a. 


Oo 
The limits of integration t;=0 and ¢,=2n correspond to the extreme points 
of the arc of the cycloid. 


If a curve is defined by the equation r=f(q) in polar coordinates, then 
the arc length s is 


c= Vi +r*dg, 
Qa 


where a and § are the values of the polar angle at the extreme points of 
e arc. 
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Example 3. Find the length of the entire curve r=asin*® —— (Fig. on. 
The entire curve is described by a point as @ ranges from 0 to 30 


xy 


Fig. 51 


Solution. We have r'=asin? 2 cos - , therefore the enfire arc length of 
the curve is 
37U $i 
— 26:76 Po pe cint & ogc? & ay — an? Po dy Oe 
s \ a sin® ~> +a? sin* = cos’ = ip =a | si? = dp =. 
0 
1665. Compute the arc length of the semicubical parabola 
y*=x* from the coordinate origin to the point x=4. 


1666". Find the length of the catenary y =acosh — from the 


vertex A (0, a) to the point B(b,h). 

1667. Compute the arc length of the parabola y=2Vx from 
x =0 to x= 1. 

1668. Find the arc length of the curve y=e* lying between 
the points (0,1) and (l,e). 

1669. Find the arc length of the curve y=Inx from x=V3 
to x= V8. 

1670. Find the arc length of the curve y=arcsin(e~*) from 
x=0 to x=1. 

1671. Compute the arc length of the curve x=Insecy, lying 


between y=0 and y=>. 


1672. Find the arc length of the curve xaqpy'—zlny from 
y=1 to y=e. 
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1673. Find the length of the right branch of the tractrix 


x=Var—yitaln|teeeo4 yorme 


“| from y= atoy=b(0<b<a). 


1674. Find the length of the closed part of the- curve 9ay*= 
= x (x — 3a)’. 
1675. Find the length of the curve y= In (coth =) from x=a 
to x=b 0<a< 5b). 
1676*. Find the arc length of the involute of the circle 
x=a(cosi+f¢sinf), _ _ 
y =a(sin t—tcosf) from ¢=0 to f=T, 


1677. Find the length of the evolute of the ellipse 


c? 3 4. ce. 2 2 2 
x=—cos*f; y= sin't (c? =a*— 0°). 


1678. Find the length of the curve 


x= a(2 cos t—cos 2f), 
y =a(2 sin ¢é—sin 2¢). 


1679. Find the length of the first turn of Archimedes’ spiral 
r= aw. 

1680. Find the entire length of the cardioid r=a(l-+cosq). 

1681. Find the are length of that part of the parabola 


r=asec? 3 which is cut off by a vertical line passing through 
the pole. 

1682. Find the length of the hyperbolic spiral rp=1 from the 
point (2,'/,) to the point (‘/,,2). 

1683. Find the arc length of the logarithmic spiral r= aemne, 
lying inside the circle r=a. 


1684. Find the arc length of the curve g= i (r 4 — ~ | from 
r=1tor=3. 


Sec. 9. Volumes of Solids 


1°, The volume of a solid of revolution. The volumes of solids formed by 
the revolution of a curvilinear trapezoid [bounded by the curve y <f (x), ‘the 
x-axis and two vertical lines x=a and x=6] about the x- and ‘y-axes are 


6 — 1900 
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expressed, respectively, by the formulas: 
b b 
1) Vy=n ( y2dx; 2) Vy=2n ( xy dx *). 
a 


a 


Example 1. Compute the volumes of solids formed by the revolution of a 
figure bounded by a single lobe of the sinusoidal curve y=sinx and by the 
segment O<¢x<cn of the x-axis about: a) the x-axis and b) the y-axis. 

Solution. 


rt - 
a) Vy=n \ sin’ x x= —- ; 
0 


TU 


b) Vy=2n ( x sin x dx = 2n (—x cos x+ sin x)” = 2Qn*, 
0 


The volume of a solid formed by revolution about the y-axis of a figure 
bounded by the curve x=g(y), the y-axis and by two parallel lines y=c and 
y=d, may be determined from the formula 

d 
Vy=n { x® dy, 


c 


obtained from formula (1), given above, by interchanging the coordinates 
x and y. 


y 
If the curve is defined in a different form (parametrically, in polar coor- 
dinates, etc.), then in the foregoing formulas we must change the variable of 
integration in appropriate fashion. 


In the more general case, the volumes of solids formed by the revolution 
about the x- and y-axes of a figure bounded by thecurves y, =f, (x) and y, =f, (x) 


{where f, (x) <f,(x)], and the straight lines x=a and x=b are, respectively, 
equal to 


b 
Vy=n \ (y3—yi) dx 
a 
and 
b 
Vy=2n | x y.—y,) de. 
a 


Example 2. Find the volume of a torus formed by the rotation of the 
circle x? + (y—b)? =a? (ba) about the x-axis (Fig. 52). 


*) The solid is formed by the revolution, about the y-axis, of a curvilinear 
trapezoid bounded by the curve y=f (x) and the straight lines xa, x=), 
and y=0. For a volume element we take the volume of that part of the solid 
formed by revolving about the y-axis a rectangle with sides y and dx ata 
distance x from the y-axis, Then the volume element dVy=2nxydx, whence 


Vy=2n ( xy dx. 
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Solution. We have . 
y,=b— V a®—x4 and y,=b+ V at —x?, 
Therefore, 
a 
Vy=n ( ((o+ V at&—x?)?—(b— V a?—x*)?] dx = 


—@ 


a 
= 4nb ( V a?§— x? dx = 2n? ab 
—@ 


(the latter integral is taken by the substitution x =a sin ft), 


Fig 52 


The volume of a solid obtained by the rofation, about the polar axis, of a 
sector formed by an arc of the curve r=F(q) and by two radius vectors 
(==, P=f may be computed from the formula 


This same formula is conveniently used when seeking the volume obtained 
by the rotation, about the polar axis, of some closed curve defined in polar 


coordinates. 
Example 3. Determine the volume formed by the rotation of the curve 


r=asin2q about the polar axis. 
Solution. 


at 
2 


od 
; 4 
Vp=2.5 n | sin 9 dg =z xa" | siu® 2m sin gp dg= 
t “ ‘ 
rd | 
2 


; 64 
4 -os* d = 3. 
Sint @ cos? dep = 7, na 


_32 
3 
6* 
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2°, Computing the volumes of solids from known cross-sections. If S=S (x) 
is the cross-sectional area cut off by a plane perpendicular to some straight 
line (which we take to be the x-axis) at a point with abscissa x, then the 
volume of the solid is 


V =: 6 S (x) dx, 


x, 


where x, and x, are the abscissas of the extreme cross-sections of the solid. 
Example 4. Determine the volume of a wedge cut off a circular cylinder 
by a plane passing through the diameter of the base and inclined to the base 
at an angle a. The radius of the base is R (Fig. 53). 
Solution. For the x-axis we take the diameter of the base along which 
the cutting plane intersects the base, and for the y-axis we take the diameter 


of the base perpendicular to it. The equation of the circumference of the base 
is x?+ y? = R?, 

The area of the section ABC at a distance x from the origin O is 
S (x)= area A ABC =- AB-BC= 5 yy tana =% tana. Therefore, the sought- 
for volume of the wedge is 


R R 
v=2-5 | y? tanadr—tana | (R?— x?) dx= = tana, 
0 0 


1685. Find the volume of a solid formed by rotation, about 
the x-axis, of an area bounded by the x-axis and the parabola 
y= ax—x* (a>0). 

1686. Find the volume of an ellipsoid formed by the rotation 


of the ellipse t4H=1 about the x-axis. 


1687. Find the volume of a solid formed by the rotation, about 
the x-axis, of an area bounded by the catenary y =acosh —, the 


x-axis, and the straight lines x= -La. 

1688. Find the volume of a solid formed by the rotation, about 
the x-axis, of the curve y=-sin’?x in the interval between x=0 
and x=n. 

1689. Find the volume of a solid formed by the rotation, about 
the x-axis, of an area bounded by the semicubical parabola y* = x’, 
the x-axis, and the straight line x=]. 

1690. Find the volume of a solid formed by the rotation of 
the same area (as in Problem 1689) about the y-axis. 

1691. Find..the volumes of ihe solids formed by the rotation 
of an area bounded by the lines y=e*, x=0, y=O0 about: a) the 
x-axis and b) the y-axis. 

1692. Find the volume of a solid formed by the rotation, about 


the y-axis, of that part of the parabola y*=4ax which is cut off 
by the straight line x=a. 
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1693. Find the volume of a solid formed by the rotation, about 
the straight line x =a, of that part of the parabola y* =4ax which 
is cut off by this line. 

1694. Find the volume of a solid formed by the rotation, about 
the straight line y=—p, of a figure bounded by the parabola 


y*® == 2px and the straight line rat . 

1685. Find the volume of a solid formed by the rotation, about 
the x-axis, of the area contained between the parabolas y= x° 
and y=)'x. 

1696. Find the volume of a solid formed by the rotation, 
about the x-axis, of a loop of the curve (x—4a) y’ =ax (x—3a) 
(a> 0). 

1697. Find the volume of a solid generated by the rotation 


soot about its asymplote x= 2a. 

1698. Find the volume of a paraboloid of revolution whose 
base has radius R and whose altitude is H. 

1699. A right parabolic segment whose base is 2a and altitude A 
is in rotation about the base. De‘ermine the volume of the result- 
ing solid of revolution (Cavalieri’s “lemon”). 

1700. Show that the volume of a part cut by the plane x=2a 
off a solid formed by the rotation of the equilateral hyperbola 
x*— y’ =a" about the x-axis is equal to the volume of a sphere 
of radius a. 

1701. Find the volume of a solid formed by the rotation of a 
figure bounded by one arc of the cycloid x=a(t—sinf), 
y=a(l-—cost) and the x-axis, about: a) the x-axis, b) the y-axis, 
and c) the axis of symmetry of the figure. 

1702. Find the volume of a solid formed by the rotation of 
the astroid x=acos’t, y=6sin*t about the y-axis. 

1703. Find the volume of a solid obtained by rotating the 
cardioid r=a(l+cosq) about the polar axis. 

1704. Find the volume of a solid formed by rotation of the 
curve r=acos’@ about the polar axis. 

1705. Find the volume of an obelisk whose parallel bases are 
rectangles with sides A, B and a, 6, and the altitude is A. 

1706. Find the volume of a right elliptic cone whose base is 
an ellipse with semi-axes a and 0b, and altitude A. 

1707. On the chords of the astroid x7/s+ y’ls=a’ls, which are 
parallel to the x-axis, are constructed squares whose sides are 
equal to the lengths of the chords and whose planes are perpen- 
dicular to the xy-plane. Find the volume of the solid formed by 
these squares. 


of the cyssoid y? = 
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1708. A circle undergoing deformation is moving so that one 
of the points of its circumference lies on the y-axis, the centre 


describes an ellipse ~4h=1, and the plane of the circle is 


perpendicular to the xy-plane. Find the volume of the solid 
generated by the circle. 

1709. The plane of a moving triangle remains perpendicular 
to the stationary diameter of a circle of radius a. The base of 
the triangle is a chord of the circle, while its vertex slides along 
a straight line parallel to the stationary diameter at a distance h 
from the plane of the circle. Find the volume of the solid (called 
a conoid) formed by the motion of this triangle from one end of 
the diameter to the other. 

1710. Find the volume of the solid bounded by the cylinders 
x4-z?=a’ and y’?+27=a’. 

1711. Find the volume of the segment cut off from the ellip- 
tic paraboloid 5 -f- x by the plane x=a. 


1712. Find the volume of the solid bounded by the hyperbo- 
loid of one sheet Stes! and the planes z=0 and z=h. 


2 2 2 
1713. Find the volume of the ellipsoid +3,+5=1. 
Sec. 10. The Area of a Surface of Revolution 
The area of a surface formed by the rotation, about the x-axis, of an 


arc of the curve y=f (x) between the points xa and x=6, is expressed by 
the formula 


b b 
Sy=an | yF de on \y V ity dx (1) 
a a 


(ds is the differential of the arc of the curve). 


Fig. 54 


If the equation of the curve is represented differently, the area of the 
surface Sy is cbtained from formula (1) by an appropriate change of variables. 
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Example 1. Find the area of a surface formed by rotation, about the 
x-axis, of a loop of the curve 9y?=x (3—x)* (Fig. 54). 
Solution. For the upper part of the curve, when O<x¥<3, we have 


—+ (3 x) V x. Whence the differential of the arc ds= x41 dx. From for- 
3 2V x 
mula (1) the area of the surface 


x+] 
= dx=3n. 
29V x * 


3 
s=20| 78-9 VY x 


0 


Example 2. Find the area of a surface formed by the rotation of one are 
of the cycloid x=a (t—sint); y=a(l—cost) about its axis of symmetry 
(Fig. 55). 

Solution. The desired surface is formed by rotation of the arc OA about 
the straight line AB, the cquation of which is xa. Taking y as the inde- 
pendent variable and noting that the axis of rotation 
AB is displaced relative to the y-axis a distance ma, we 
will have 


2a 
ds 
§ =2n \ (ma — x) dy dy. 
0 


Passing to the variable ft, we obtain 
MA 4 


_ ; _ dx \? dy\? 
$=2n | (ma—at-+a sin ft) V (%) +(4) dt = 
0 


+1 4 
= on | (na—at +a sin?) 2a sin - dt = 
0 


B 


ut 
=4nat | (x sin + —fsin < + sin ¢ sin 5) dt= Fip. 56 
0 


= 4na? | —2 cos 52 cos 5—4sin gt zn ys |"=2(a—4) a?, 

1714. The dimensions of a parabolic mirror AOB are indicated 
in Fig. 56. It is required to find the area of its surface. 

1715. Find the area of the surface of a spindle obtained by 
rotation of a lobe of the sinusoidal curve y=sinx about the 
X-axis. 

1716. Find the area of the surface formed by the rotation of 
a part of the tangential curve y=tanx from x=0 to x= 


4 s 

about the x-axis. 
1717. Find the area of the surface formed by rotation, about 
the x-axis, of an arc of the curve y=e-*, from x=0 to x=-Loo, 
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1718. Find the area of the surface (called a catenoid) formed 


by the rotation of a catlenary y =acosh — about the x-axis from 
x=0 to xa. 

1719. Find the area of the surface of rotation of the astroid 
x? yy’? =a’? about the y-axis. 

1720. Find the area of the surface of rotation of the curve 
x=yyr—siny about the x-axis from y=1 to y=e. 

1721*. Find the surface of a torus formed by rotation of the 
circle x’?+(y— 6)?’=a’® about the x-axis (b>a). 

1722. Find the area of the surface formed by rotation of the 
ellipse - +5=1 about: 1) the x-axis, 2) the y-axis (a> b). 

1723. Find the area of the surface formed by rotation of one 
arc of the cycloid x =a(t—sin/) and y=a(l—cos¢) about: a) the 
x-axis, b) the y-axis, c) the tangent to the cycloid at its highest 
point. 

1724. Find the area of the surface formed by rotation, about 
the x-axis, of the cardioid 


x =a(2cos t—cos 22), 
y =a (2 sin f¢— sin 2f). 


1725. Determine the area of the surface formed by the rotation 
of the lemniscate r* =a’? cos 2p about the polar axis. 

1726. Determine the area of the surface formed by the rotation 
of the cardioid r= 2a(1+cosq@) about the polar axis. 


Sec. 11. Moments. Centres of Gravity. Guldin’s Theorems 


1°. Static moment. The static moment relative to the l-axis of a material 

point 4 having mass m and at a distance d from the l-axis is the quantity 
y= ma. 

The static moment relative to the /-axis of a system of n material roints 


with masses m,, m,, ..., m, lying in the plane of the axis and at distances 
d,, d,, ..., d, is the sum 


n 
Mim & mid;, (1) 
=1 


where the distances of points lying on one side of the J-axis have the plus 
sign, those on the other side have the minus sign. In a similar manner we 
define the static moment of a system of points relative to a plane. 

If the masses continuously fill the line or figure of the xy-plane, then the 
static moments My and My about the x- and y-axes are expressed (respective- 
ly) as integrals and not as the sums (1). For the cases of geometric figures, 
the density is considered equal to unity. 
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In particular: 1) for the curve x=x(s); y=y(s), where the parameter s 
is the arc length, we have 


L L 
Mx =\ y(s)ds; My= \ x(s)ds (2) 


(ds= V (dx)?-+ (dy)? is the differential of the arc); 


Fig. 57 


2) for a plane figure bounded by the curve y=y(x), the x-axis and two 
vertical lines x=a@ and y=6, we obtain 


b b 
] 2 
My=s \ yly lan My=\ xl yl] de. (3) 
a a 
Example t. Find the static moments about the x- and y-axes of a triangle 
bounded by the straight lines: ~4 f=, x==0, y=0 (Fig. 5/7) 


Solution. Here, y=) (1 —=) . Applying formula (3), we obtain 
and 


2°. Moment of inertia. The moment of inertia, about an I-axis, of a mife- 
tial point of mass m at a distance d from the /-axts, 1s the number /,=md?. 

The moment of inertia, about an /-axis, of a system of a material points 
with masses m,, mg, ..., mM, 1s the sum 


Ps 
Yo 
ly= > m djs 
é=1 
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where d,, d,..., d, are the distances of the points from the /-axis. In the 
case of a continuous mass, we get an appropriate integral in place of a sum. 

Example 2. Find the moment of inertia of a triangle with base b and 
altitude A about its base. 

Solution. For the base of the triangle we take the x-axis, for its altitude, 
the y-axis (Fig 58). 

Divide the triangle into infinitely narrow horizontal strips of width dy, 
which play the role of elementary masses dm. Utilizing the similarity of 
triangles, we obtain 5 

—Y 


and 
dly=y?dm= 2. y? (h—y) dy. 


Whence 
h 


b (* ] 
ly= => \ y* (h—y) dy = Fo bh?. 


0 


3°. Centre of gravity. The coordinates of the centre of gravity of a plane 
figure (arc or area) of mass M are computed from the formulas 
My Mx 
M’ M’ 
where My and My are the static moments of the mass. In the case of geomet- 
ric figures, the mass M is numerically equal to the corresponding arc or area. 


For the coordinates of the centre of gravity (x, y) of an arc of the plane 
curve y=f (x) (@a<x<b), connecting the points Ala, f(a)] and B[b, f(6)], 
we have 


—- 
—- 
— 


y VIF? dx 


(ed ¥ V t+(y')? dx 
A a 


—-, 


b> & 
~ 
a. 
7) 
Rea 


a) 


bo Y= — = 


fe 
V 1+ (y')? dx ( V i+’)? dx 


a 


The coordinates of the centre of gravity (x, y) of the curvilinear trapezoid 
adx<=b, Oy <f (x) may be computed from the formulas 


b 
{ ae x \ ya 
y=—_, 


b 
where S= ( ydx is the area of the figure. 


a 
There are similar formulas for the coordinates of the centre of gravity of 
a volume. 


Pp peat, (yO) Fig Be of gravity of an arc of the semicircle 


Sec 11) Moments. Centres of Gravity Guldin’s Theorems 171 


Solution. We have 


y= V ax: y’ = —* 
q?— x2 
and 
—_—__—— dx 
ds =VI+(y’ 2 dy -- SOK 
(y’) Vana 
Whence 
a a 
, ax 
My= \ x ds== ( Va = 
—-@ —-a 
a a d 
_ — ( ree Xin 
My= \ y ds ~- \ Vae—x Ta 
—-il -—a 
( d 
, a ax 
m— | V aha ta 
—-a 
Hence, 
x=.0; y= ea. 


4°. Guldin’s theorems. 

Theorem 1. The area of a surface obtained by the rotation of an arc of 
a plane curve about some axis lying in the same plane as the curve and not 
intersecting it is equal to the product of the length of the curve by the 
circumference of the circle described by the centre of gravity of the arc of 
the curve. 

Theorem 2. The volume of a solid obtained by rotation of a plane figure 
about some axis lying in the plane of the figure and not intersecting it is 
equal to the product of the area of this figure by the circumference of the 
circle described by the centre of gravity of the figure. 


Fig. 59 


1727. Find the static moments about the coordinate axes of 
a segment of the straight line 


lying between the axes. 
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1728. Find the static moments of a rectangle, with sides a and b, 
about its sides. 

1729. Find the static moments, about the x- and y-axes, and 
the coordinates of the centre of gravity of a triangle bounded by 
the straight lines x +y=a, x=0, and y=0. 

1730. Find the static moments, about the x- and y-axes, and 
the coordinates of the centre of gravity of an arc of the astroid 


lying in the first quadrant. 
1731. Find the static moment of the circle 


r=2asing 
about the polar axis. 


1732. Find the coordinates of the centre of gravity of an are 
of the catenary 


x 
y=acosh — 


from x= —a to xa. 
1733. Find the centre of gravity of an arc of a circle of radius a 
subtending an angle 2a. 


1734, Find the coordinates of the centre of gravity of the arc 
of one arch of the cycloid 


x=a(t—sin?t); y=a(l—cos/). 


1735. Find the coordinates of the centre of gravity of an area 
bounded by the ellipse 5 - n=l and the coordinate axes (x >0, 
y => 0). 

1736. Find the coordinates of the centre of gravity of an area 
bounded by the curves 


y= x’, y=)'x. 


1737. Find the coordinates of the centre of gravity of an area 
bounded by the first arch of the cycloid 


x=a(t—sin/), y=a(l—cosf) 
and the x-axis. 
1738**. Find the centre of gravity of a hemisphere of radius a 
lying above the xy-plane with centre at the origin. 
1739**. Find the centre of gravity of a homogeneous right 
circular cone with base radius r and altitude Ah. 
1740**. Find the centre of eravity of a homogeneous hemi- 


sphere of radius a lying above the xy-plane with centre at the 
origin. 


Sec. 12] Applying Definite Integrals to Solution of Physical Problems 173 


1741. Find the moment of inertia of a circle of radius a about 
its diameter. 

1742. Find the moments of inertia of a rectangle with sides 
a and 6 about its sides. 

1743. Find the moment of inertia of a right parabolic segment 
with base 26 and altitude A about its axis of symmetry. 

1744. Find the moments of inertia of the area of the ellipse 


x? y? . . oe . 
<a +5: =1 about its principal axes. 


1745**. Find the polar moment of inertia of a circular ring 
with radii R, and R, (R,<R,), that is, the moment of inertia 
about the axis passing through the centre of the ring and perpen- 
dicular to its plane. 

1746**, Find the moment of inertia of a homogeneous right 
circular cone with base radius R and altitude H about its axis. 

1747**, Find the moment of inertia of a homogeneous sphere 
of radius a and of mass M about its diameter. 

1748, Find the surtace and volume of a torus obtained by 
rotating a circle of radius a about an axis lying in its plane 
and at a distance b (b >a) from its centre. 

1749. a) Determine the position of the centre of gravity of 


an arc of the astroid x* +y* =a* lying in the first quadrant. 

b) Find the centre of gravity of an area bounded by the curves 
y®= 2px and x? = 2py. 

1750**. a) Find the centre of gravity of a semicircle using 
Guldin’s theorem. 

b) Prove by Guldin’s theorem that the centre of gravity of 
a triangle is distant from its base by one third of its altitude 


Sec. 12. Applying Definite I(ntegrals to the Solution of Physica) Problems 


1°. The path traversed by a point. [If a point 1s in motion along some 
curve and the absolute value of the velocity o=/(¢) is a known function of 
the time ¢, then the path traversed by the point in an interval of time 
[t,, t,] is 
te 


= \1inde 


Example 1. The velocity of a point is 


o=0.1t* m/sec. 


Find the path s covered by the point in the interval of time T=10 sec follow. 
ing the commencement of motion. What is the mean velucity cf motion 
during this interval? 
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Solution. We have: 
10 
{4 [10 
s= | 0.10! =0.1 7 = 250 metres 
0 
0 


and 


S 
Umean = a= 25 m/sec. 


2°. The work of a force. If a variable force X =f (x) acts in the direction 
of the x-axis, then the work of this force over an interval [x,, x,] is 


A=(joyde 


Example 2. What work has to be performed to stretch a spring 6 cm, if 
a force of 1 kgf stretches it by 1 cm? 

Solution, According to Hook’s law the force X kgf stretching the spring 
by x, is equal to X=&x, where k is a proportionality constant. 

Putting x=0.01 m and X=1 kgf, we get R=100 and, hence, X = 100x. 

Whence the sought-for work is 


0.06 0.06 
A= ( 100xdx=50x2| =0.18 kgm 
0 0 


3°. Kinetic energy. The kinetic energy of a material point of mass m and 
velocity uv is defined as 


mut 
=>: 
The kinetic energy of a system of n material points with masses 
M,, Mg, «es, Mm, having respective velocities v,, v,, ..., U,, iS equal to 


K= - mv; 
=i (1) 


t=1 


To compute the kinetic energy of a solid, the latter is appropriately parti- 
tioned into elementary particles (which play the part of material points); then 
by summing the kinetic energies of these particles we get, in the limit, an 
integral in place of the sum (1). 

Example 3. Find the kinetic energy of a homogeneous circular cylinder 
of density 6 with base radius R and altitude A rotating about its axis with 
angular velocity o. 

Solution. For the elementary mass dm we take the mass of a hollow 
cylinder of altitude A with inner radius r and wall thickness dr (Fig. 60). 

e have: 


dm = 2nr-hé dr. 


Since the linear velocity of the mass dm is equal to v=rw, the elementary 
kinetic energy is 
u?dm 


dK = 5 


= gur?w7hd dr, 
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Whence 


R 
K =207h6 \ dr = TOR 
0 


4°. Pressure of a liquid. To compute the force of liquid pressure we use 
Pascal’s law, which states that the force of pressure of a liquid on an area S 
at a depth of immersion A is 


p=yhs, 


where y is the specific weight of the liquid. 


Fig. 60 


Example 4. Find the force of pressure experienced by a semicircle of 
radius ¢ submerged vertically in water so that its diameter is flush with the 
water surface (Fig 61). 


Solution, We partition the area of the semicircle into elements—strips 
parallel to the surface of the water. The area of one such element (ignoring 
higher-order infinitesimals) located at a distance A from the surface is 


ds =: 2xdh =2 Vr? —h? dh. 
The pressure experienced by this element is 
dP = yh ds =2yh V r?—hi dh, 


where y is the specific weight of the water equal to unity. 
Whence the entire pressure is 


oa 2 2) 9 
p=2\t Viri—ht dh= —= (r?—h?)? =a. 
Q 


0 


1751. The velocity of a body thrown vertically upwards with 
initial velocity uv, (air resistance neglected), is given by the 
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formula 
v=v,—gt, 


where f is the time that elapses and g is the acceleration of grav- 
ity. At what distance from the initial position will the body 
be in ¢ seconds from ihe time it is thrown? 

1752. The velocity of a body thrown vertically upwards with 


initial velocity vu, (air resistance allowed for) is given by the 
formula 


o=c-tan(—£t-+arctan st), 


where ¢ is the time, g is the acceleration of gravity, and c is 
a constant. Find the altitude reached by the body. 

1753. A point on the x-axis performs harmonic oscillations 
about the coordinate origin; its velocity is given by the formula 


U= Uv, cos wf, 


where ¢ is the time and v,, are constants. 

Find the law of oscillation of a point if when ¢=0 it had 
an abscissa x=0. What is the mean value of the absolute magni- 
tude of the velocity of the point during one cycle? 

1754. The velocity of motion of a point is v=te-°°"! misec. 
Find the path covered by the point from the commencement of 
motion to full stop. 

1755. A rocket rises vertically upwards. Considering {hat when 
the rocket thrust is constant, the acceleration due to decreasing 


weight of the rocket increases by the law — (a— bt >0), 


find the velocity at any instant of time ¢, if the initial velocity 
is zero. Find the altitude reached at time t=1f,. 

1756*. Calculate the work that has to be done to pump the 
water out of a vertical cylindrical barrel with base radius R and 
altitude H. 

1757. Calculate the work that has to be done in order to pump 
the water out of a conical vessel with vertex downwards, the 
radius of the base of which is R and the altitude H. 

1758. Calculate the work to be done in order to pump water 
out of a semispherical boiler of radius R=10 m. 

1759. Calculate the work needed to pump oil out of a tank 
through an upper opening (the tank has the shape of a cylinder 
with horizontal axis) if the specific weight of the oil is y, the 
length of the tank H and the radius of the base R. 

1760**. What work has to be done to raise a body of massm 
from the earth’s surface (radius R) to an altitude A? What is 
the work if the body is removed to infinity? 
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1761**. Two electric charges e, = 100 CGSE-and e, = 200 CGSE 
lie on the x-axis at points x,=0O and x,=1 cm, " respectively. 
What work, will be done if the second charge is moved to point 

cm 

(762**. A cvlinder with a movable piston of diameter D= 20 cm 
and length !=80 cm is filled with steam at a pressure 
p= 10 kgf cm’. What work must be done to halve the volume of 
the steam with temperature kept constant (isothermic process)? 

1763**. De‘ermine the work performed in the adiabatic ex pan- 
sion of air (having initial volume v,=1 m’ and _ pressure 
p,=1 kgf/cm’) to volume v,=10 m’? 

1764**, A vertical shaft of weight P and 
radius a resis on a bearing AB (Fig. 62). 
The frictional force between a small part o 
of the base of the shaft and the surface of 
the support in contact with it is F=ppo, 
where p=const is the pressure of the shaft 
on the surface of the support referred to 
unit area of the support, while p is the coef- 
ficient of friction. Find the work done by the 
frictional force during one revolution of the 
shaft. 

1765**. Calculate the kinetic energy of a 
disk of mass M and radius R rotating with 

angular velocity w about an axis that passes through its centre 
perpendicular to its plane. 

1766. Calculate the kinetic energy of a right circular cone of 
mass M rotating with angular velocity about its axis, if the 
radius of the base of the cone is R and the altitude is H. 

1767*. What work has to be don2 to stop an iron sphere of 
radius R=2 me‘res rotating with angular velocity w=1,000 rpm 
about its diameter? (Specific weight of iron, y=7.8 gcm’.) 

1768. A vertical triangle with base b and altitude # is sub- 
merged vertex downwards in water so that its base is on the 
surface of the water. Find the pressure of the water. 

1769. A vertical dam has the shipe of a trapezoid. Calculate 
the water pressure on the dam if we know that the upper base 
a=70 m, the lower base 6=50 m, and the height A=>zO m. 

1770. Find the pressure of a liquid, whose specific weight is y, 
on a vertical ellipse (wiih axes 2a and 26) whose centre is sub- 
merged in the liquid to a distance A, while the major axis 2a 
of the ellipse is parallel to the level of ihe liquid (h = 8). 

1771. Find the water pressure on a vertical circular cone 
with radius of base R and altitude H submerged in wa‘e: verlex 
downwards so that ils base is on the surface of the waiver. 
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Miscellaneous Problems 


1772, Find the mass of a rod of length / = 100 cm if the linear 
density of the rod at a distance x cm from one of its ends is 


§=2+ 0.001 x* g/cm. 


1773. According to empirical data the specific thermal capacity 
of water at a temperature °C (0<¢< 100°) is 


c= 0.9983 —5.184 x 10-°#+ 6.912 x 10-7 2?, 


What quantity of heat has to be expended to heat 1 g of water 
from 0°C to 100°C? 

1774. The wind exerts a uniform pressure p g/cm’ on a door 
of width 6 cm and height A cm. Find the moment of the pressure 
of the wind striving to turn the door on its hinges. 

1775. What is the force of attraction of a material rod of 
length 7 and mass M on a material point of mass m lying on 
a straight line with the rod at a distance a from one of its ends? 

1776**. In the case of steady-state laminar flow of a liquid 
through a pipe of circular cross-section of radius a, the velocity 
of flow v at a point distant r from the axis of the pipe is given 
by the formula 

v= (0—1'), 
where p is the pressure difference at the ends of the pipe, p is 
the coefficient of viscosity, and / is the length of the pipe. 
Determine the discharge of liquid Q (that is, the quantity of 
liquid flowing through a cross-section of the pipe in unit time). 

1777*. The conditions are the same as in Problem 1776, but 
the pipe has a rectangular cross-section, and the base a is great 
compared with the altitude 26. Here the rate of flow v at a point 
M (x,y) is defined by the formula 


v=5,71b*—(b—y)'I. 


Determine the discharge of liquid Q. 

1778**. In studies of the dynamic qualities of an automobile, 
use is frequently made of special types of diagrams: the veloci- 
ties v are laid off on the x-axis, and the reciprocals of correspond- 
ing accelerations a, on the y-axis. Show that the area S bounded 
by an arc of this graph, by two ordinates v=v, and v=v,, and 
by the x-axis is numerically equal to the time needed to increase 
the velocity of motion of the automobile from v, to v, (accelera- 
tion time). 
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1779. A horizontal beam of length / is in equilibrium due to 
a downward vertical load uniformly distributed over the length 


of the beam, and of support reactions A and B(A=B=+) , 


directed vertically upwards. Find the bending moment M, in 
a cross-section x, that is, the moment about the point P with 
abscissa x of all forces acting on the portion of the beam AP, 

1780. A horizontal beam of length / is in equilibrium due to 
support reactions A and B and a load distributed along the 
length of the beam with intensity g=x, where x is the distance 
from the left support and & is a constant factor. Find the bend- 
ing moment M, in cross-section x. 


Note. The intensity of load distribution is the load (force) referred to 
unit length. 


1781*. Find the quantity of heat released by an alternating 
sinusoidal current 


[=], sin (Fie) 


during a cycle 7 in a conductor with resistance R, 


Chapter VI 
FUNCTIONS OF SEVERAL VARIABLES 


Sec. 1. Basic Notions 


1°. The concept of a function of several variables. Functional notation. 

A variable quantity z is called a single- valued function of two variables x, 

y, if to each set of their values (x, y) in a given range there corresponds a 

unique value of z The variables x and y are called arguments or independent 
variubles. The functional relation is denoted by 


z==f (x, y). 


Similarly, we define functions of three or more arguments. 


Fxample lt. Express the volume of a cone V as a function of ifs gen- 
eratrix x and of its base radius y 


- Solution. From geometry we know that the volume of a cone is 


where A is the altitude of the cone. But h= V x7— y2. Hence, 


Z ‘ Z=f(z,y) Van ny? V x?—y?. 


This is the desired functional relation. 

The value of the function z=} (x.y) at a 
point P(a.6), that is, when x=a and y=b), 
is denoted by /(a,o) or [(P) Generally speak- 
ing, the geometric representation of a func- 
tion like z=/ (x,y) in a rectangular coordi- 


Y nate system X, Y, Z is a surface (Fig. 63). 


Piz,y) Example 2. Find / (2, —3) and } (1, 4) if 
+? 
Fig. 63 fe=* oxy 
Solution. Substituting r=2 and y= —3, we find 


») __ 22 
i (2, ~ 9) =p tt) 8 _ 13 
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Putting x=1 and replacing y by Z, we will have 


y 2 
(12) -2t(2) wee 
x u 2xy 
2-1( | 


that is, (i. UY) Fix, y). 


2°. Domain of definition of a function. By the domain of definition of a 
function 2= f(x, y) we understand a set of points (x, y) in an xy-plane in 
which the given function is defined (that is to say, in which it takes on def- 
inite real values) In the simplest cases, the domain of definition of a func- 
tion is a finite or infinite part of the xy-plane bounded by one or several 
curves (the boundary of the domain). 

Sintilarly, for a function of three variables u=f (x, y, z) the domain of 
definition of the function 1s a volume in ayz-space. 

Example 3. Find the domain of definition of the function 


Vir 


Solution. The function has real values if 4—x?—y?>0 or x?+y? <4, 
The latter inequality is satisfied by the coordinates of points lying inside a 
circle of radius 2 with centre at the coordinate origin. The domain of defi- 
nition of the function is the interior of the circle (Fig 64). 


= 


Y 


Fig. 64 Fig 65 


Example 4. Find the domain of definition of the function 
z= are sin < +Viy 


Solution. The first term of the function 1s defined for —l<tc! or 


—2<—x<2. The second term has real values if xy=0, f.e., tn two cases: 


when yO or when ro . The domain of definition of the entire 


function is shown in Fig. 65 and includes the boundaries of the domain. 
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3°. Level lines and level surfaces of a function. The level line of a func- 
tion 2=f (x, y) is a line f(x, y)=C (in an xy-plane) at the points of which 
the function takes on one and the same value z=C (usually labelled in 
drawings). 

The level surface of a function of three arguments u=f (x, y, z) is a sur- 
face f(x, y, z)=C, at the points of which the function takes on a constant 
value u=C., 

Example 5. Construct the level lines of 
the function z=x’y. 

Solution. The equation of the level lines 


has the form x?y=C or y= . 


Putting C=0, +1, +2, ..., we get a family 
of level lines (Fig. 66). 


1782. Express the volume V of a 
regular tetragonal pyramid as a func- 
tion of its altitude x and lateral edge y. 

1783. Express the lateral surface S 
of a regular hexagonal truncated pyra- 

Fig. 66 mid as a function of the sides x and y 
of the bases and the altitude z. 
1784, Find /(1/2, 3), fl, —1), if 


R(x, y= xy ts. 
. 1 ] l . 
1785 Find f(y,x), f(—x, —y), aCe =), Fin)’ if 
f(x, y=. 
1786. Find the values assumed by the function 


f (x, yy=1+x-y 


at points of the parabola y=’, and construct the graph of the 
function 
F (x) =f (x, x’). 
1787. Find the value of the function 
x4 + 2x*y? + y@ 
rs cr a 


at points of the circle x°+y*?=R’. 
1788*. Determine f(x), if 


jf (4) = *¥ o> 0. 


1789*. Find f(x, y) if 
(x+y, x—y)=xy+y'*. 
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1790*. Let z=Vy-+f(V x—1). Determine the functions f and 
z if z=x when y=1. 


1791**. Let z= xf (+). Determine the functions f and z if 
z=Vi+y* when x=1. 


1792. Find and sketch the domains of definition of the fol- 
lowing functions: 


a) z=V1i—x— 7: i) z=Vysinx; 
b) z=1+V —(x—y)’; j) z=In(x* +); 
c) 2=In(x+y); k) z=are tang ——4 ; 
d) z=x-4-arccos y; i I + xy 
” 2=VI-# +V Io I) ER 
) 2=arc sin = ; M) 2 ei 
g) 2=Ve—4 4 V4—-¥; rt 
h) z=Vi(e + y* —a’) (2a* — x? —y?) n) eS oer 
(a> 0); 0) zV sin (x’ +-y*). 


1793. Find the domains of the following functions of three 
arguments: 


a)u=Vx+Vy+Vz;  c) u=aresinx-+arc siny+ arc sinz: 
b) a=In (xyz): d) u=V1I—x—y? — 2, 


1794. Construct the level lines of the given functions and de- 
termine the character of the surfaces depicted by these functions: 


a)z=xty, d) 2=Vxy; gz=4,; 
b) z=x*+y7; ec) z=(1-+x+y)'; h) z= 


che=xt—y’, fl z=1—|x/—lyhk i) z= asa. 


1795. Find the level lines of the following functions: 
a) z=In(x*+y); d) z=f(y—ax); 
b) z=arc sin xy; e) z=f (4). 
c) 2=f (Vx* + 9’); 


x 
1796. Find the level surfaces of the functions of three inde- 
pendent variables: 


a) U=X+Y-+-2; 


b)u=x ty +2’; 
C)u=x*4+ Y—2". 
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Sec. 2. Continuity 


1°. The limit of a function. A number A is called the /imit of a function 
z=f{(x, y) as the point P’(x, y) approaches the point P(a, 6). if for any 
e>0 there is a 6>0 such that when 0 < 0 < 6, where o = V (x—a)? + (y—b)? 
is the distance between P and P’, we have the inequality 


lf (x, y)—Al <e. 
In this case we write 

lim f(x, y)y=A 

Xx--a 

y>b 


2°. Continuity and points of discontinuity. A function z=f (x, y) is called 
continuous at a point P (a, b) if 


lim f(x, y)=f (a, 6). 
38 


A function that is continuous at all points of a given range is called 
continuous over this range 

A function [(x, y) may cease to be continuous either at separate points 
(isolated point of discontinuity) or at points that form one or several lines 
(lines of discontinuity) or (at times) more complex geometric objects. 

Example 1. Find the discontinuities of the function 


_ xy +i 


=o" 


Solution. Tne function will be meaningless if the denominator becomes 
zero. But x? —y=0 or y=x? is the equation of a parabola. Hence, the given 
function has for its discontinuity the parabola y= x?. 


1797*. Find the following limits of functions: 


. . | sin xy , . 
a) lin (x? + y*)sin—3; 3c) lin ; e) lin ° 
) ‘in ( +y) xy ) in x pny , 
yo) y>2 yo 
b) lin =; d) lin (144); f) lin 4 
fin are roe Ky , xoor ty’ 
Y >@ yok yo 


1798. Test the following function for continuity: 


J Vi-x?—y*? when +y? <1, 
I%, ¥) 0 when x+y’? > 1. 


1799. Find points of discontinuity of the functions: 


a) z=InVx'+y7; c)2z=— 


b) z= Gay d)z=cos—. 
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1800*. Show that the function 


2xy 
:=| + yp when x?+y* +0, 
0 when x=y=0 


is continuous with respect to each of the variables x and y sepa- 
rately, but is not continuous at the point (0,0) with respect to 
these variables together. 


Sec. 3. Partial Derivatives 


1°. Definition of a partial derivative. If z=f(x, y), then assuming, for 
example, y constant, we get the derivative 


Oz, ff (x + Ax, y)—f (x, , 
Or geese = fle 9) 


which is called the partial derivative of the function z with respect to the 
variable x. In similar fashion we define and denote the partial derivative of 
the function z with respect to the variable y It is obvious that to find partial 
derivatives, one can use the ordinary formulas of differentiation. 

Example 1. Find the partial derivatives of the function 


z=Intan—. 
y 


Solution, Regarding y as constant, we get 


Example 2, Find the partial derivatives of the following function of three 


arguments: 
u = x8y?z + 2x—3y 42-45, 
Solution. 4 = 3x*y?z 4-2, 
a7 2x®yz— 3, 


Ou sigs 
ee y°+1. 


2°, Euler’s theorem. A function f(x, y)is called a homo :eneous function of 
degree n if for every real factor k we have the equality 


f (ex, ky) == RF (x, ¥”) 
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A rational integral function will be homogeneous if all its terms are of one 
and the same degree. 

The following relationship holds for a homogeneous differentiable function 
of degree n (Euler’s theorem): 


xf, (x, 9) + yf, (% y) = nf (x, 9). 
Find the partial derivatives of the following functions: 


1801. z=x* + y’—3axy. 1808. z= x’. 
_x—y sin 2. 
1802. z= - 1809. z=e *. 
1803. zai, 1810. z= arcsin V 8. 
1804. z= Vi —y*. 1811. z=Insin ae 
1805. z=——-—. aed 
Ve+y 1812. w=(xy)’. 


1806. z=In(x+Ve+y%), 18138. u= 2%, 
1807. z=arctan= . 


1814. Find f,(2, 1) and f,(2, 1) if F(x, y)= V xy 4-7 = 
1815. Find fe (l, 2, 0), fd, 2,0), f&(, 2, 0) if 
i (x, y, z2)=In(xsy+2). 


Verify Euler’s theorem on homogeneous functions in Exam- 
ples 1816 to 1819: 


1816. f (x, y) = Ax*+ 2Bxy—Cy’. 1818. Mo n= Fe 
x+y 


x 
1817. PR 1819. F(x,y)=In . 
1820. Find (7): where r= x?+ y?+-2?. 
ly Ox 


1821. Calculate Sy ay ,ifx=rcos@ and y=rsing. 
or 30? 
1822. Show that 2 at 5 =2, if z=I1n(x* tate). 
1823. Show that rity a= +2 if = xy txe® 
1824. Show that 25 pt ay tam O if u=(x—y) (y—z) (z—x). 
1825. Show that ata te =1, ifu= =a. 
1826. Find z=z (x, y), it 2 


ay FP 
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1827. Find z==z(x, y) knowing that 


a . ~ and z(x, y)=siny when x= 1. 

1828. Through the point M(l, 2,6) of a surface z=2x?+¥y? 
are drawn planes parallel to the coordinate surfaces XOZ and 
YOZ. Determine the angles formed with the coordinate axes by 
the tangent lines (to the resulting cross-sections) drawn at their 
common point M. 

1829. The area of a trapezoid with bases a and 6 and alti- 
tude A is equal to S=*/,(a-+-b)h. Find S| ~, ~ and, using 
the drawing, determine their geometrical meaning. 

1830*. Show that the function 


2 1 2, ,,2 
f (x y)—4 pp if x+y 0, 
\ 0, if x=y=0, 


has partial derivatives fe (x, y) and iy (x, y) at the point (0, 0), 
although it is discontinuous at this point. Construct the geomet- 
ric image of this function near the point (0, 0). 


Sec. 4. Total Differential of a Function 


1°. Total increment of a function. The fofal increment of a function 
z==/ (x, y) is the difference 


Az— Af (x, y)-=f (xt Ax, y+ Ay)—f (x, Y). 
2°. The total differential of a function. The fotal (or exact) differential of 
a function z=f (x, y) is the principal part of the total increment Az, which 
is linear with respect to the increments in the arguments Ax and Ay. 
The difference between the total increment and the total differential of 


the function is an infinitesimal of higher order compared with g= V Ax?-+ Ay? 

A function definitely has a total differential if its partial derivatives are 
continuous. If a function has a total differential, then it is called differen- 
tiable. The differentials of independent variables coincide with their incre- 
ments, that is, dx=Ax and dy=Ay. The total differential of the function 
z=f (x, y) is computed by the formula 


2 
OX 
Similarly, the total differential of a function of three arguments u=f (x, y, z) 
is computed from the formula 


dz dx -}- dy. 


Example 1. For the function 


f(x, yy=x? -baxy—y’ 
find the total increment and the total! differential. 
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Solution. f (x+ Ax, y+ Ay) = (x-+ Ax)? + (x-+ Ax) (y+ dy)—(y + Ay)’; 
Af (x, y= et Axy Eat Ax) (y + Ay)—(y + Ay)*|—(? + xy—y’?) = 
== Qxe Ax + Ax? -+x-Ay + y-Ax + Ax- Ay -—2y-Ay— Ay? = 
= [(2x + y) Ax + (x—2y) Ay] + (Ax? + Ax- Ay— Ay’). 
Here, the expression df = (2x + y) Ax-+(x—2y) Ay is the total differential of 
the function, while (Ax?-+ Ax-Ay—Ay*) is an infinitesimal of higher order 


compared with V Ax? + Ay?. 
Example 2. Find the total differential of the function 


z= Vxtpy 
a x Oz y 
Solution. —=>=—_— ~—-=-—:"— 
vere Oy Vrt+y 
dz de-t yy __xae+ xdvtydy 
— —_*___ —_— 
Viiry Very Vstry 


3°. Applying the total differential of a function to approximate calculations, 
For sufficien‘ly small | Ax| and | Ay] and, hence, for sufficiently small 


= V A.?+ Ay?, we have for a differentiable function z=/ (x, y) the approx- 
imate equality ‘Az = dz or 


Oz Oz 
Az= Ox Arta Ay. 


Example 3. The altitude of a cone is H=30cm, the radius of the base 
R=10cm. How will the volume of the cone change, if we increase H by 
3mm and diminish R by 1 mm? 


Solution, The volume of the cone is V=a aH. The change in volume 
we replace *pproximanes by the differential 


AV = =3 | (QRH ee = 
= aH (—2-10-30-0.1 +4 100-0.3) = — 10x =—31.4 cm’, 


Example 4. Compute 1.02*°' approximately. 

Solution. We consider the function z-=x¥. The desired number may be 
considered the increased value of this function when x=1, y=3, Ax=0.02, 
Ay=0.01. The initial value of the function z=\|%= 


Az = dz= yx¥~! Ax+-x¥ Inx Ay =3-1-0.02-41-1n 1.0.01 =0.06. 
Hence, 1.029! ~ 1+0.06= 1.065. 


1831. For the function f(x, y)=.x’y find the total increment 
and the total differential at the point (1, 2). compare them if 

a) Ax=1, Ay=2; b) Ax=0.1, Ay=0.2 

1832. Show “that for the functions w and v of several (for 
example, two) variables the ordinary rules of differentiation holds 


a) d(u tu) = du + dv; b) d(uv) =udu+ovudu; 
—u 
c)d($)=2 ne 


uy? 
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Find the total] differentials of the following functions: 


1833, 2 = x! + y! — xy. 1841. z=Intan 4. 
1834. z=x’y’. x 
ey? 1842. Find df(1, 1), if 
1835. <= s7- 3 x 
uty i (x,y) =<. 
1836. z=sin’x-+cos’y. y 
1837. 2= yx’. 1843. u = xyz. 
1838. z=I1n (x? + y’). 1844. u =Vxi+y? +24, 
—Inf x —{ yy) 
1839. 7 (x, y)=In(1 +=), 1845. u \ xy =). 
1840. z=<arc tan “+ 1846. u = arctan. 


x 1847. Find dj (3, 4, 5) if 
+ arc tan—. 


f(x, 9, = 


1848. One side of a rectangle isa=10cm, the other b =24cm. 
How will a diagonal / of the rectangle change if the side a is 
increased by 4 mm and 6 is shortened by 1 min? Approximate 
the change and compare it with the exact value. 

1849. A closed box with outer dimensions 10 cm, 8 cm, 
and 6 cm is made of 2-mm-thick plywood. Approximate the 
volume of material used in making the box. 

1850*. The central angle of acircular sector is 80°; it is desired 
to reduce it by 1°. By how much should the radius of the sector 
be increased so that the area will remain unchanged, if the orig- 
inal leng:h of the radius is 20 cm? 

1851. Approx imate: 


a) (1.02)** (0.97)?; b) VW(4.05)? + (2.93)?: 

c) sin 382°-cos59° (when converting degrees into radius and 
calculating sin60° take three significant figures; round off the 
last digit). 


1852. Show that the relative error of a product is approxima- 
tely equal to the sum of the relative errors of the factors. 

1853. Measurements of a triangle ABC yielded the following 
data: side a=100m+2m. - side b=200m+3m, angle 
C=60°+1°. To what degree of accuracy can we compute thea 
side c? 

1854. The oscillation period T of a pendulum is computed 
from the formula 


oT 
T=2n —>. 
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where / is the length of the pendulum and g is the acceleration 
of gravity. Find the error, when determining 7, obtained as a 
result of small errors AJ=a and Ag=f6 in measuring / and g. 

1855. The distance between the points P,(x,, y,» and P(x, y) 
is equal to @, while the angle formed by the vector P,P with 
the x-axis is « By how much will the angle a change if the 
point P(P, is fixed) moves to P,(x+dx, y+dy)? 


Sec. 5. Differentiation of Composite Functions 


1°. The case of one independent variable, If z=/(x, y) is a differentiable 
function of the arguments x and y, which in turn are differentiable functions 
of an independent variable ¢, 


x=9 (A), y= (8), 


then the derivative of the composite function z=f[q (¢),  (¢t)] may be com- 
puted from the formula 


dz oOzdx , ozdy 
di dxdt ' dydt ' (1) 
In particular, if ¢ coincides with one of the arguments, for instance x, 
then the “total” derivative of the function z with respect to x will be: 


de _ de , dedy 2 
dx Ox dydx° 
Example 1. Find 2, if 
dt 
z=e'*t?2¥) where x=cost, y=-0?, 
Solution. From formula (1) we have: 
Bett 437.3 (—sint) + eo* +2¥.2.2¢ =e +? (4¢—3 sin t) nial, — 3sint). 
Example 2. Find the partial derivative and the total derivative 2 a 
XxX 


j z=e*Y, where y=Q (x). 
Solution. yer 
From formula (2) we obtain 


d 
|r + xe*Y op’ (x). 


2°. The case of several independent variables. If zis a composite function of 
several independent variables, for instance, z=f (x,y), where X= (u,v), 
y= (u, v) (u and vo are independent variables), then the partial derivatives z 
with respect to uw and vu are expressed as 
Oz Oz0x  dzdy 


du Ox du" dy Ou (3) 
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and 7 
z  ozdx , Ozdy 
dv dx dv * dy av * (4) 


In all the cases considered the following formula holds: 
Oz Oz 


(the invariance property of a total differential). 


Example 3. Find — and = , if 


Ou Ou 


z=f(x, y), where x=uuv, y=— . 
Solution. Applying formulas (3) and (4), we get: 


0 , ' 1 
sh (x, y)-ot+f, (x, N) — 


and 


Oz» u 
ap ix % YW) U—fy Oy Wa. 


Example 4. Show that the function z=q@(x*?+-y*) satisfies the equation 


Solution. The function @ depends on x and y via the intermediate argu- 
ment x?-+ y?=1¢, therefore, 


Oz dzot , 
TY (ty) ox 


and 


dz ot , 
fond (x? +- y?) 2y. 


Substituting the partial derivatives into the left-hand side of the equa- 
Hon, we get 
y Se Sy (xt + yt) De— x9" (x4 +9") 2y = Dey (x + y")—2ay (a? +") RO, 


that is, the function z satisfies the given equation. 


. dz ., 
1856. Find ai if 


z=7, where x=e', y=Int. 


1857. Find 2 if 


u=I\n sin where x= 377, y= V??+ 1. 


1858. Find if 
u=xyz, where x=?*+1, y=In¢t, z=tanf. 
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1859. Find if 
lak pcre t where x=Reost, y=Rsint, z=H. 
1860. Find & if 
z=u°, where u=-sinx, vu=cosx. 
1861. Find 2 and @ if 


1862. 


1863. 


1864. 


1865. 


1866. 


then 


1867. 


1868. 


where [ 


Ox dx 


z= arc tan4 and y=x’. 


. 02 dz . 
Find ay and a if 
z= x, where y= @ (x). 
. 02 Oz. 
Find a and ay if 
z=f(u, v), where u=x*—y*, v=e”. 
. O02 Oz. 
Find a and A if 


2=arctan—, where x=usinv, y=ucosv. 
. Oz Oz. 
Find = and — if 
Ox oy 


z=f(u), where u=xyt+4, 
Show that if 
u=@ (x? + y*+ 27), where x=Rcosq cosy, 
y=Rcosqsiny, z=Rsing, 
Ou Ou 
ap = 9 and ap = 0: 
Find & if 
x 
u==f(x, y, z), where y=@(x), z= (x, 9). 


Show that if 
z=f (x+y), 
is a differentiable function, then 
Gz Oz 
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1869. Show that the function 
w==f(u, v), 
where u=x-+at, v=y+6t satisfy the equation 
Ow Ow Ow 
af 8 a +8 a 
1870. Show that the function 


z=y 9 (x'—y’) 
satisfies the equation <5tT RR ra . 


1871. Show that the function 
2—w +x9(4) 


satisfies the equation retuS =XY +2. 
1872. Show that the function 


z=e'@ (yer) 


satisfies the equation (x*—y’) stay 5 xyz. 

1873. The side of a rectangle x--20 m increases at the rate 
of 5 m/sec, the other side y= 30 m decreases at 4 m/sec. What 
is the rate of change of the perimeter and the area of the rect- 
angle? 

1874. The equations of motion of a material point are 


x= t, y-=t*?, z=’. 


What is the rate of recession of this point from the coordinate 
origin? 

1875. Two boats start out from A at one time; one moves 
northwards, the other in a northeasterly direction. Their veloci- 
ties are respectively 20 km/hr and 40 km/hr. At what rate does 
the distance between them increase? 


Sec. 6. Derivative in a Given Direction and the Gradient of a Function 


1°. The derivative of a function in a given direction. The derivative of a 
—> 
function z=f (x, y) in a given direction l=PP, is 


Oz tim P(Pi)—T(P) | )—f (P) 
L P,P +0 P,P 


7~ 1900 
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where /(P) and f(P,) are values of the function at the points P and P, 
If the function z is differentiable, then the following formula holds: ” 


Oz Oz Oz. 
AT = Jy 608 a +5, sing, (1) 


where a is the angle formed by the vector / with the x-axis (Fig. 67). 


f Ps (Zys¥p) 


Fig. 67 


In similar fashion we define the derivative in a given direction 7 for a 
function of three arguments u=f (x, y, z). In this case 


du Ou Ou du 
af = 7 008 + 3, 608 B + 5 0S y, (2) 


where a, 8B, y are the angles between the direction 2 and the corresponding 
coordinate axes. The directional derivative characterises the rate of change 
of the function in the given direction. 

Example 1. Find the derivative of the function z=2x?—3y’ at the point 
P (i, 0) in a direction that makes a 120° angle with the x-axis. 

Solution. Find the partial derivatives of the given function and their 
values at the point P: 


Here, 


cos a = cos 120° = — 5 , 


sina = sin 120° = V3 . 
Applying formula (1), we get 


The minus sign indicates that the function diminishes af the given point and 
in the given direction. 

2°. The gradient of a function. The gradient of a function z=/(x, y) 1s 
a vector whose projections on the coordinate axes are the corresponding par- 
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tial derivatives of the given function: 
Oz Oz 
gradz= ait apd. (3) 


The derivative of the given function in the direction 2 is connected with 
the gradient of the function by the following formula: 


Oz : 
a7= pro jé grad z. 


That is, the derivative in a given direction is equal to the projection of the 
gradient of the function on the direction of differentiation. 

The gradient of a function at each point is directed along the normal to 
the corresponding level line of the function. The direction of the gradient of 
the function at a given point is the direction of the maximum rate of increase 


of the function at this point, th@t is, when Z=grad z the derivative 2 takes 
on its greatest value, equal to 


Oz \# 02 \? 
V (5) +(35) 
In similar fashion we define the gradient of a function of three variables, 
u—f(x, y, 2): 
Ou, , Ou Ou 
grad u=a ital ta F (4) 
The gradient of a function of three variables at each point is directed along 
the normal to the level surface passing through this point. 


Example 2. Find and construct the gradient of the function z= x?y af 
the point P(1I, 1). 


Fig. 68 


Solution. Compute the partial derivatives and their values at the point P. 


Hence, grad z=2i-+-/ (Fig. 68). 
7* 
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1876. Find the derivative of the function z=.«’?’—xy—2y’ 
at the point P(1, 2) in the direction that produces an angle 
of 60° with the x-axis. 

1877. Find the derivative of the function z=x *— 2x? y + xy’ th : 
at the point M(1l, 2) in the direction from this point to 
point N (4, 6). 

1878. Find the derivative of the function z=In/x?+y? at 
the point P(1,1) in the direction of the bisector of the first 
quadrantal angle. 

1879. Find the derivative of the function uw=x’—3yz+5 at 
the point M(1l, 2, —1) in the direction that forms identical 
angles with all the coordinate axes. 

i880. Find the derivative of the function uw=xy+yz+2zx at 
the point M(2, 1, 3) in the direction from this point to the 
point N(5, 5, 15). 

1881. Find the derivative of the function w=In (e*% +e +e’) 
at the origin in the direction which forms with the coordinate 
axes x, y, z the angles a, B, y, respectively. 

1882. The point at which the derivative of a function in any 
direction is zero is called the stationary point of this function. 
Find the stationary points of the following functions: 


a) 2=x°+xy4+-y’ —4x—2y; 

b) z=-x°+ y° — 3xy; 

Cc) a= 2y’ +. 27—xy— yz 4+ 2x. 

1883. Show that the derivative of the function za taken 


at any point of the ellipse 2x*+-y’—C* along the normal to the 
ellipse is equal to zero. 
1884. Find grad z at the point (2, 1) if 


z= x'+y*— d3xy. 
1885. Find grad z at the point (5, 3) if 


z=Vxi—y. 


1886. Find grad u at the point (1, 2, 3), if wu =xyz. 
4887. Find the magnitude and direction of grad wu at the 
point (2, —2, 1) if 


u=x' + y?-- 2’. 
1888. Find the angle between the gradients of the function 
z=In= at the points A (1/2, 1/4) and B(1, 1). 
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1889. Find the steepest slope of the surface 
z=x"+ 4y’ 
at the point (2, 1, 8). 
1890. Construct a vector field of the gradient of the following 
functions: 
ayz=xty: ¢c)z=x+y%, 


b) 2== XY, d) = Tea pat 


Sec. 7. Higher-Order Derivatives and Differentials 


1°. Higher-order partial derivatives. The second partial derivatives of a 
function z==/(x, y) are the partial derivatives of its first partial derivatives. 
For second derivatives we use the notations 


Of2z\ Oz» 

ax (ae) ath 

0 (dz 072 ” 

5, (ae) ~agay = he (x, y) and so forth. 
Derivatives of order higher than second are similarly defined and denoted. 
If the partial derivatives to be evaluated are continuous, then the result 

of repeated differentiation is independent of the order in which the differentia- 


fron ts performed. 
Example 1. Find the second partial derivatives of the function 


x 
z= arctan—, 
y 


Solution. First find the first partial derivatives: 
Oz I l y 


Ox , x yo a®+y?? 
y* 
zt (-=) x 
0 x? y? x? 4- 2 
U] lt y 7] 
Now differentiate a second time: 
az 0 ( y )= 2xy 
Ox? ~ Ox x? y? (x? + y?)? ’ 


ez 0 x _ dxy 

of 7 (— Fee) EE 

ez 0 y \_ 1e(x?t+y)—2y-y xP —y?’ 

ry 3y (FER) (yt (+ YP 
We note that the so-called “mixed” partial derivative may be found ina 
different way, namely: 

072 az a x 1. (x? + y?) —2x-x xv—y* 
(-atR) a ~ 


ew eee 
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2°. Higher-order differentials. The second differential of a function 
z=/f (x, y) is the differential of the differential (first-order) of this function: 
d*z=d (dz) 
We similarly define the differentials of a function z of order higher than 
two, for instance: 
d®*z = d (dz) 
and, generally, 
d"z=d(d"~'2). 
If z=f (x, y), where x and y are independent variables, then the second 
differential of the function z is computed from the formula 
07z 072 072 
2 te 2 __ __ 2 
d*z 5, aX +2 aay dx dy ar (1) 


Generally, the following symbolic formula holds true: 
Q 0 \” 
Ny . 
d z= (dx +dy | 2; 


it is formally expanded by the binomial law. 
If z=f (x, y), where the arguments x and y are functions of one or sev- 
eral independent variables, then 
072 02 


072 Oz Oz 
27 dy? Of ta atx 4. a 
d2n a dx +2 55, a dy +3 Y +9 Pet 5 FY. (2) 


If x and y are independent variables, then d?x=0, d?y=0, and formula (2) 
becomes identical with formula (1). 


Example 2. Find the total differentials of the first and second orders of 
the function 


z= 2x° — 3xy—y’. 
Solution. First method. We have 
Oz Oz 
ayo ky, dy X24: 


Therefore, 
Oz Oz 
z= = dx + By dy = (4x — 3y) dx — (3x + 2y) dy. 


Further we have 
2 2 2 
Om 4 9% 3 Pao 
Ox Ox Oy oy? 
whence it follows that 
O72 O72 


» 072 
d z= a dx? + 2 ay dx dy + a dy® = 4dx?—6 dx dy—2 dy’. 


Second method. Differentiating we find 
dz=4x dx—3 (ydx-+ x dy)—2y dy = (4x—3y) dx — (3x -+ 2y) dy. 


Differentiating again and remembering that dx and dy are not dependent on 
x and y, we get 


d?z = (4dx— 3dy) dx —(3dx + 2dy) dy =4dx*—6dx dy—2dy?, 
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. 072 02 Oz . 
1891. Find ax?’ Ox Oy ’ Oy? if 


z=cW % +2 roa 


072 0?z)—s« 2 


1892. Find ax?’ Ox dy’ dy? i 
z==In(x* +9). 
1893. Find 22 if 
. Fin ax dy | 
z= V Qxy + y’. 
. O7z . 
1894. Find Ox oy if 
z=are tan <4 . 
. Or . 
1895. Find Ont if 


r=Vxity+2*. 
1896. Find all second partial] derivatives of the function 
U= XY + Y2 + 2X. 
1897. Find ied 5 | 
ua x"yr2", 
1898. Find if 


a 
z= sin (xy). 


1899. Find f, (0, 0), Ff, (0, 9), 7, (0, 9) if 


XY yt 


I yy=(14+ x)" (1+ 9)". 


O7z. 
1900. Show that aan = 57 0x if 
z= arc sin Vj = . 
Xx 
072 O72, 
1901. Show that dx dy ay Ox if 
zZ2= x’, 


1902*. Show that for the function 


x—y? 
f(x, y= xy 54 
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[provided that f(0, 0)=0] we have 
Fey (9, 0)=—l, Fie (9, 0)= +1. 
072 O72 «OFz 
Ox?’ Ax dy’ dy? if 
z=f(u, v), 


1903. Find 


where u=x7+y’, vU=xy. 

1904. Find 54 if w=f(x, y, 2), 
where z=Q (x, 9). 

1905. Find 2 


072 OfFz Oz. 
dx?’ Sxdg? oy? if 

z=f(u, v), where u= q(x, y), v= (x, y). 
1906. Show that the function 
u=arctan# 


satisfies the Laplace equation 


1907. Show that the function 


1 
u=iIn—, 
r 


where r= Y (x—a)*+ (y—b)’, satisfies the Laplace equation 
Fu fu 9 
ant | aya = 
1908. Show that the function 
u(x, t)=A sin (aAt-+ q) sindx 
Salisfies the equation of oscillations of a string 
07u 2 O7u 


1909. Show that the function 


1 _(X~- Xo)? +(Y— Yo)? + (2 —Z)4 
u(x, y, z, t)=———-e 4art 
(x, y, 2, 2) QaV ab 


[Ch. 6 


(where x,, y,, 2, @ are constants) satisfies the equation of heat 


conduction 


_ 2 /Ou , Cu , Ou 
ag = 4 (Gt 5at ae) 
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1910. Show that the function 
u= gp (x—at) + p(x -+- at), 


where @ and w are arbitrary twice differentiable functions, satis- 
fies the equation of oscillations of a string 


1911. Show that the function 
s=ay(t) H¥(H 


xt 2 O72 
Stony se ty a2 =O. 


1912. Show that the function 
y 
9 (xy) + V xu (4) 


satisfies the equation 


satisfies the squation 
» O7u 20% 9 
Xx jx2 dy? . 
1913. Show that the function z=/[x-+@ (y)] satisfies the equa- 
lion 
dz 072 Oz 072 
Ox Ox dy dy Ox?" 


1914. Find uw-=wu(x, y) if 
071 
Ox dy 


1915. Determine the form of the function u=u(x, y), which 
satisfies the equation 


=(, 


Ou 

Fx? =O: 
1916. Find d’z if 

z= er 
1917. Find d’u if 

U = XYZ. 


1918. Find d’z if 
z=q(t), where ¢=x?--y’. 
1919. Find dz and d’z if 


z=u"” where u=— ,0u=xy. 


*~ 
y 
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1920. Find d’z if 
z=f[(u, v), where u=ax, v=by, 
1921. Find d*z if 
z=f(u, v), where w= xe’, v= ye*. 
1922. Find d*z if 
z=e* cosy. 
1923. Find the third differential of the function 
Z=xcosy-+y sin x. 
Determine all third partial derivatives. 
1924. Find df(1, 2) and d’f(1, 2) if 
f(x, yy=xePtaoyt+y?—4lnx—10Iny. 
1925. Find d?/(0, 0, 0) if 
f(x, y, 2) = x* + 2y? 4- 32°— xy 4- 4xz-+ yz. 


Sec. 8. Integration of Total Differentials 


1°, The condition for a total differential. For an expression P (x, y) dx +- 
+Q(x, y)dy, where the functions P(x, y) and Q(x, y) are continuous in a 
simply connected region D together with their first partial derivatives, to be 
(in D) the total differential of some function u(x, y), it is necessary and suf- 
ficient that 


Example 1. Make sure that the expression 
(2x 4- y) dx -+- (x + 2y) dy 
is a total differential of some function, and find that function. 
Solution. In the given case, P=2x+-y, Q=x-+-2y. Therefore, OQ _OP _ 
= 1, and, hence, 
(2x + y) dx + (x-+ 2y) dy = du == 2 dx 04 dy 
Ox Oy °° 
where uw is the desired function. 
It is given that OH oa Oe ty; therefore, 


u= | (2x + y) dx= x*-+ xy +9 (y). 


But on the other hand aE to W)= s+ 2p, whence Q’ (y) = 2y, p(y) =y?+C 
and 
ua x? + xy + y?+C. 


(2x + y) dx + (x + 2y) dy=d (x* + xy+y?+C). 


Finally we have 
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2°. The case of three variables. Similarly, the expression 
P (x, y, z)dx+Q(x, y, z)dy+R(x, y, z)dz, 


where P(x, y, 2), Q(x, y, 2), R(x, y, 2) are, together with their first partial 
derivatives, continuous functions of the variables x, y and 2, is the total 
differential of some function u(x, y, z) if and only if the following conditions 


are fulfilled: 
0Q OP OR__0Q OP __OR 


——w ome es eens ——e oS oe 


Ox oy’ dy Oz ' Oz Ox * 
Example 2. Be sure that the expression 


(3x? +-3y— 1) dx + (2? -+ 3x) dy + (Qyz +-1) da 


is the total differential of some function, and find that function. 
Solution. Here, P=3x?+3y—1, Q=2?+3x, R=2yz+1. We establish 
the fact that 


6Q_ OP, OR _dQ_. OP_aR_ 
Ox oy =3, dy Oz = 22, Oz =F" 


and, hence, 


(3x? 4- 3y — 1)dx + (2° + 3x) dy + (2yz+ 1) dz=du = nats dy +S dz, 


where uw is the sought-for function. 
We have 
Ou 


— 2 ~~ 
==3x?-+- 3y—1, 
hence, 


“= ( (3x? + 38y—1) dx = x8 + 3xy—x-+ 9 (y, 2). 


On the other hand, 


Ou op, 
oy 3+ a=? + 3x, 
u 
Oz = 5, ty2 + l, 
whence eae and oP = 2y2-+ 1. The problem reduces fo finding fhe function 


of two variables m(y, 2) whose partial derivatives are known and the condi- 
tion for total differential is fulfilled. 
We find gq: 
PY, z= z*dy = yz" + rp (2), 
0 
se Set W (2) = Bet, 
p' (z= 1, tp (2) =2+C, 
that is, p(y, ¢)=y22-+2+C. And finally, 


ux? + 3xy —x + y2?7-++-2+C, 
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Tlaving convinced yourself that the expressions given below 
are total differentials of certain functions, find these functions. 


1926. ydx-+<xdy. 
1927. (cos x+ 3x*y) dx-+ (x*°—y’) dy. 
1928. (x-+ 2y) dx + y dy 


(x 4-4)? 
X+2y ,. 2x-—y 
1929. ey ary dy. 
I x 


1931. ——_— dx + —_4— 
V2+y? v Vgpy 

1932. Determine the constants a and 6 in such a manner that 
the expression 


(ax? + 2x y + y*) dx—(x? + 2xy + by’) dy 
(x? + y?)? 
should be a total differential of some function z, and find that 
function. 
Convince yourself that the expressions given below are total 
differentials of some functions and find these functions. 
1933. (2x-+-y+ 2) dx + (x + 2y-+z) dy+(x-+ y + 2z) dz. 
1934. (3x* + 2y* + 3z) dx-+ (4xy + 2y—z) dy + (38x —y —2) dz. 
1935. (2xyz— 3y’*z + 8xy* + 2) dx + 
+ (x?z— 6xy2z + 8x? y 4-1) dy 4- (x? y— 3xy? -+ 3) dz. 
l 2 I x l y 
1937. xdx+ydy+zdz 


Vetere 
1938*. Given the projections of a force on the coordinate axes 
a = 
“=Geo Yara 


where A is a constant. What must the coefficient A be for the force 
to have a potential? 


1939. What condition must the function /(x, y) satisfy for the 
expression 
F(x, y) (dx + dy) 


to be a total differential? 
1940. Find the function w if 


du =| (xy) (y dx + x dy). 
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Sec. 9. Differentiation of Implicit Functions 


1°. The case of one independent variable. If the equation f(x, y)=0, where 
f(x, y) is a differentiable function of the variables x and y, defines y as a 
function of x, then the derivative of this implicitly defined function, provided 


that fy (x, y) #0, may be found from the formula 


dy f.% 9) 
TP me 1 
dx fy (x 9) ” 


Higher-order derivatives are found by successive differentiation of formula 
(1) 


dy d’y . 
Example 1. Find dx and qe if 


(x? + 9? PP — 3 (x? +y’)+1=0. 


Solution. Denoting the left-hand side of this equation by f (x, y), we find 
the partial derivatives 


Fe (xs y) = 3 (x? + y?)?- 2x —3-2x = 6x [(x? + y?)P— 1], 
fi (X.Y) = 3 (x? + y?)?- 2y—3- Dy = By [(x? + y?)?@—1]. 
Whence, applying formula (1), we get 


dy fy (x, y) 6x [(x? + y?)? — 1] x 


_—— ——. —— 
ad Ce 
— ST —= 


To find the second derivative, differentiate with respect to x the first deriva- 
tive which we have found, taking into consideration the fact that y is a func- 
tion of x 


2°. The case of several independent variables. Similarly, if the equation 
F (x, y, z)==0, where F(x, y, z) is a differentiable function of the variables 
x, y and 2, defines z as a function of the independent variables x and y and 


F, (x, y, 2) 40, then the partial derivatives of this implicitly represented 

function can, generally speaking, be found from the formulas 
dz Fy lt, 2) az Fy (%, y 2) 
Oc Fi, 2 YF (x,y, 2) 


Here is another way of finding the derivatives of the function z: differenti- 
ating the equation F(x, y, z)=0, we find 


(2) 


OF OF OF 
ag OX + 9, tu + ay 2 =0- 
Whence it is possible to determine dz, and, therefore, 
02 Oz 
— and = 


Ox Oy ° 
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. , OZ oz , 
Example 2. Find x and ay if 


x?— Dy? 4- 3z?— yz +y=0. 


Solution. First method. Denoting the left side of this equation by F (x, y, 2), 
we find the partial derivatives 


F(x, y, 2)=2x, F(x, y, z2)=—4y—2z+ 1, F, (x, y, 2)==62—y. 
Applying formulas (2), we get 


CER asm ed 
= — 


— Oe A 
— —— 


dz Fy (%, y, 2) ae az F, (%, 2) 1—4y—z 
Ox F; (x, y, 2) 6z—y oy Fi (x, y, 2) 6z—y 


Second method. Differentiating the given equation, we obtain 
Qx dx —4y dy + 62 dz—y dz—zdy+du=0. 


Whence we determine dz, that is, the total differential of the implicit func- 
tion: 
__ 2x dx + (1—4y —z) dy 


de y —6z 


Comparing with the formula d= Fe dx +5 dy, we see that 


3°. A system of implicit functions. If a system of two equations 


{ F(x, y, u, v)=0, 
G(x, y, u, v)=0 


defines u and v as functions of the variables x and y and the Jacobian 


OF OF 
D(F, G)__| Oudu 
D(u, 0) ~|9G 0G] * ® 
Ou dv 
then the differentials of these functions (and hence their partial derivatives 
as well) may be found from the following set of equations 


OF OF OF OF 

ax dx + ay dy * ou du+ au dv —0, 6) 
G G G G 

Ox dx + Oy dy + au ot 50 2” 0. 


Example 3. The equations 
uto=x-+y, xut+yuo=! 


define u and uv as functions of x and y; find ou du do nd ov 


dx’ dy’ ox“ Oy ° 
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Solution. First method. Differentiating both equations with respect to x, 


we obtain 
Ou . Ov 
ax ax | 
Ou Ou 
UTX sa Tyas =0, 
whence 


due uty ov _u+x 
Ox x—y’ Ox x—y" 


Similarly we find 


Second method. By differentiation we find two equations that connect the 
differentials of all four variables: 


du+dv=dx-+dy, 
xdutudx+tydu+udy=Q. 


Solving this system for the differentials du and dv, we obtain 


du— — ty) dx + (9 + 9) dy dy — Ub) det (0 +x) dy 
x—Y x—yY 
Whence 
Ou uj-y Ou u+y 
ox. x—y' dy x—y 
du _u+x du _u+x 


Ox x—-y’ Oy x—y" 


4°, Parametric representation of a function. If a function z of the varia- 
bles x and y is represented parametrically by the equations 


X=X(u, v), y=y(u, v), 2=—2(u, v) 
dx ax 
D(x, y)__|@udv 


Du, v) | oy ey 
Ou Ov 


and 


#0, 


then the differential of this function may be found from the following system 
of equations 


dx — du 4% dv, 
dy =H du +24 do, (4) 
do =F au 4.2 dv. 
Knowing the differential dz-==p dx+qdy, we find the partial derivatives 
=p and aot 
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Example 4. The function z of the arguments x and y is defined by the 


equations 

xX=u+v, y=u?+v*%, z=u?+u* (uv). 
. Oz Oz 
Find ay and ay 


Solution. First method. By differentiation we find three equations that 
connect the differentials of all five variables: 


dx=du-+dv, 
dy =2u du-+ 2u dv, 
dz = 3u? du + 3u7du. 
From the first two equations we determine du and dv: 
_ 20 dx—dy _ dy—2u dx 
au Fay? 9° 80 —u) 


Substituting into the third equation the values of du and du just found, we 
ave: 


2u dx—dy dy — 2u dx 
— 2 227 
a= 84" Fu) 1°” Be—a) 
_ Suv (u—v) dx+3 (u?—u?) dy _ . 3 
= opm) dx + 9 (u-+v) dy. 
Whence 7 ; 
2 z 3 
By BHU, ay (AT). 
Second method. From the third given equation we can find 
Oz, , Ou ,9v, Oz , , OU » OU 
an Oe jx 8? ax’ ay OH ay + 8e dy (5) 


Differentiate the first two equations first with respect to x and then with 
respect to y: 


Ou , Ov 
dx Ox’ O= 5 t oy: 
Ou Ov Ou du 
O=2us +25, b= 2u a teu Oy 
From the first system we find 


Ou U Ou u 
Ox vu—u’ Ox u—v' 


From the second system we find 


— 
— Cee Se 
— —__ 


dy 2(u—v)’ dy 2(v—ua)’ 


Substituting the expressions % and _ into formula (5), we obtain 


—_— — 2 2 u = 

ae Ju pay t 8? qu Buy, 

Oz 4, | 22 1 3 

ay Tuo)” ‘Q(0—a) gy 1). 
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1941. Let y be a function of x defined by the equation 


x y* 
a’ pe * 
. ,dy dy dy 
Find > ae and Ga 


1942. y is a function defined by the equation 
xv+yr?+axy=0 (a>}). 
Show that “4 0 and explain the result obtained. 
1943. Find ify=1-+y”%. 


dx 
. d d*y . 
1944, Find a and 4 if y=x-+Iny. 
. dy d*y . 
1945. Find te), and (4), if 


x?—Qxy+ty’?+x+y—2=0. 


Taking advantage of the results obtained, show approximately 
the portions of the given curve in the neighbourhood of the point 
x= 1. 

1946. The function y is defined by the equation 


InV x*4-y? =aarc tan= (a#0). 
. , dy d*y 
Find qx and ax 


d*y 
dx? 


1 +-xy— In (e*” --e-*”) =0. 


1947. Find 4 and 24 if 


1948. The function z of the variables x and y is defined by 
the equation 
x 4-2y° + 2°— 3xyz—-2y+3=0. 


. 02 Oz 
Find x and ay * 
1949. Find & and © if 
x Oy 
x cosy --ycosz+zcosx=1. 


1950. The function z is defined by the equation 
x?+ y®— z*—xy=0. 


Find 2 and 5 for the system of values x=—1, y=0, z=1. 
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oz ofFz OfFz OFz i, 
1951. Find 2 dy’ oxt’ Ody’ oy? if 
x? y* 2 | 
Stata = 
1952. f(x, y, 2) =0. Show that 50 52de 7 
1953. z= (x, y), where y is a function of x defined by the 
equation (x, y)=0. Find =. 
1954. Find dz and d’z, if 
rtyt2=a', 
1955. z is a function of the variables x and y defined by the 
equation 
2x* +. 2y* 4-27 --8xz—z+8=0. 
Find dz and d’z for the values x=2, y=0, z=1. 
1956. Find dz and d’z, if In z=x+y+z—1. What are the 


first- and second-order derivatives of the function z? 
1957. Let the function z be defined by the equation 


x? y’ + 2° =@ (ax + by +2), 


where ~ is an arbitrary differentiable function and a, b, c are 
constants. Show that 


Oz Oz 
(cy — 62) 5, + (az — ex) 5 = bx —ay. 
1958. Show that the function z defined by the equation 
F (x—az, y—6z)=0, 


where F is an arbitrary differentiable function of two arguments, 
satisfies the equation 


Oz Oz 
1959, F(, £)=0, Show that ety saz. 


1960. Show that the function z defined by the equation 
y= xq (z)-+(z) satisfies the equation 


0*z (dz \2 0z0z O7z  d0*z /dz\3 
Sei ( ag) —2 Gedy drdy tage (az) =° 
1961. The functions y and z of the independent variable x are 


defined by a system of equations x* + y*—2’ =:0, x° + 2y’? + 327 =4. 


. ,dy dz dy 
Find =, x? at’? De for x=1, y=0, z=1. 
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1962. The functions y and z of the independent variable x are 
defined by the following system of equations: 


xyz=a, xt+y+z=5. 
Find dy, dz, d’y, d’z. 
1963. The functions wu and v of the independent variables x and y 
are defined implicitly by the system of equations 


u=xX+Yy, u=y. 
Calculate 
Ou du Ou dau du dv dv Au au du 
Ox’ dy’ Ox®’ Oxdy’ Oy?’ Ox’ dy’ Or?’ Oxdy’ Oy? 
for x=0, y=1. 
1964. The functions uw and v of the independent variables x 
and y are defined implicitly by the system of equations 


utu=x, u—yv=0. 


Find du, dv, d’u, d’v. 

1965. The functions u and vu of the variables x and y are 
defined implicitly by the system of equations 

x=@Q(u, v), y=*p(U, v). 

5. Ou Ou dv du 
Find ax? Oy’ ax? ay * 

1966. a) Find x and a ifx—=ucosv, y=usinvu, z=cu. 

. Oz Oz 
b) Find > and Oy ifx=u+v, y=u—vd, 2==UDv. 
c) Find dz, if «=e"’+’, y=e"~?, z=uv. 


1967. z=F(r, o) where r and @ are functions of the variables 
x and y defined by the system of equations 


x=rcosqg, y=rsing. 
. 4 O2 Oz 
Find a and ay’ 
1968. Regarding z as a function of x and y, find a and x if 


x=acosgcost, y=b singcosy, z=csinyp. 


Sec. 10. Change of Variables 


When changing variables in differential expressions, the derivatives in 
them should be expressed in terms of other derivatives by the rules of differ- 
entiation of a composite function. 
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1°. Change of variables in expressions containing ordinary derivatives. 
Example 1. Transform the ae 


a? 
ot 4 a 2+ y=0 


putting x= >. 


Solution. Express the derivatives of y with respect to x in terms of the 
derivatives of y with respect to ¢. We have 


dy dy 
dy dt dt _ 2 
dx dx 1 dt ’ 
dt {? 
d dy 
dy a (2 dt \ dx _ dy | 424 2 3 4 
Teal) oa 2t 4 4 ee a (—t*) =2t a+! a 


Substituting the expressions of the derivatives just found into the given 


equation and replacing x by > we get 


get (241 S48) 42.4 (eG) + arty <0 


d? 
ae + a?y = 0, 


or 


Example 2. Transform the equation 


d*y _ (dy\* dy 
et (Ze =0, 


taking y for the argument and x for the function. 
Solution. Express the derivatives of y with respect to x in terins of the 
derivatives of x with respect to y. 


dy 1. 
dx dx’ 
dy 
d*x d*x 
d'y_d/i\_dsi\dy_ dy 1 dy? 
toa (ae )~ay (ae Jae ~ Tdx\? de /dx\s° 
dy dy (a) dy (i) 


Substituting these expressions of the derivatives into the given equation, we 
will have 


dx 
dy’ I 1 
LG Gy s 


dy 
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or, finally, 
d*x dx \2 
aa! +(q) = 
Example 3. Transform the equation 
dy x+y 


dx x—y’ 


by passing to the polar coordinates 
X=rcos@, y=rsing. (1) 
Solution. Considering r as a function of @, from formula (1) we have 


dx=cos@dr—rsingdg, dy-=singdr--rcos 9 dq, 
whence 
_. a7 . 
dy __ sin pdr+rcospdp ag" Peos 
dx cospdr—rsngdp dr 


COS @ en Sill @ 


dy 


Putting into the given equation the expressions for x, y, and dx’ 


we will have 
in ar pcos 
st ? dp . P rcos@4-rsing 


cos p ign" sin @ rcos @—rsin @ 


or, after simplifications, 
dr 
dp 


=-7. 


2° Change of variables in expressions containing partial derivatives. 
Example 4. Take the equation of oscillations of a string 


2 
ae ae = (a £0) 


and change it to the new independent variables a and B, where a=x—at, 
B==x--at, 

Solution. Let us express the partial derivatives of « with respect tox and ¢ 
in terms of the partial derivatives of u with respect to a and B. Applying 
the formulas for differentiating a composite function 


du_ouda du 0B Ou duda du op 
dt da dt ‘OB dt ’ Ox da dx ' OB dx’ 


we get 
du Ou du —s_—s (Ou Ou 
T= 5g (8) +552 = (Sp —5e) 
Ou Ou Ou 


Ou , Gu 
ax aa! tap! dat op: 
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Differentiate again using the same formulas: 
dtu_ 9 (du) _ 9 (du) da, a (du) OB _ 
ay 1) aa ai) ot aR \ at) at 
a ( 2H) (ay pa (2H 
9 \ Ga 0p da?, op? daa /” 
O7u Ou . O7u 
—,72{7% fae |. 
=a (Sa 2 aaa t opt) 
Gu 2 (du) _ 9 (9a) da 5 2 (24) 9B 
Ox? ~ ax \ Ox = 5a ( 5s ox ' OB Ox 
On Ou Diu 
“(Sah )t= 


Ou = . Ou 
= Sot at 2 3g da op * ape’ 


Substituting into the ziven equation, we will have 


Ou Ou . Oru Cui . du 
oS 2 snap tap) = at (Sat? sa36 tH) 


or 7 
u 
aa 
Example 5. Transform the equation rae ty re taking uw=x, v= 
oe for the new independent variance and a for the new 
function. a 
Solution. Let us express the partial derivatives — and 2 in terins of the 


Ox iy 
Ow ow ,; , 
partial derivatives Du and a0 ° To do this, differentiate the given relation- 
ships between the old and new variables: 


du = dx, w=5-4, dw =F, 
On the other hand, 7 9 
w w 
dw =, du += do 
Therefore, 3 3 4 
w Ww x dz 
Iq tt 55 4 = 2 2 
or 
Ow 4,4 w (dx_dy) _dx_dz 
Ou Ou \x? yy?) x? 2? * 
Whence 


1 dw 1 dw 2 dw 
= 2 — ee SS a Ee — ee 
dz=2 ( Ou x? du Jace ay 1Y 
and, consequently, 


—_—- ae oe ane 
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and 


1 dw 1 dw Ow 
x*z ( am) +? iy 


x* Qu x*dv 

or 
dw 
Ou 


1969. Transform the equation 


d*y 
xt on -+y=0, 


=(Q, 


putting x=e'. 
1970. Transform the equation 
d 
(l—x OU x = QO, 
putting x==cosf, 


Iris 69 


1971 Transform the following equations, taking y as the ar- 
gument: 


2 2 
a) da 2y (3) =U, 
dy dy 
D) ae des (54) =0. 
1972. The tangent of the angle p formed by the tangent line 


MT and the radius vector OM of the point of tangency (Fig. 69) 
is expressed as follows: 


tan p= 


y 
I+ sy 
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Transform this expression by passing to polar coordinates: 
X=rcosg, y=rsing. 
1973. Express, in the polar coordinates x=rcosg, y=rsing, 
the formula of the curvature of the curve 
ye 
K=TtuyT? 
1974. Transform the following equation to new independent 
variables w and uv: 


if u=x, v=x’-+y’ 


1975. Transform the following equation to new independent 
variables wu and v: 


Oz dz 
Xa, +99, 2 = 9) 


if w= x, v=, 
1976. Transform the Laplace equation 
O7u eu __¢ 
Ox? ' dy? ~ 


to the polar coordinates 
X=rcosg, y=rsing. 


1977. Transform the equation 


putting u=xy and v=—. 
1978. Transform the equation 
Oz Oz 
Yon — *5y = Y—%) Z, 
by introducing new independent variables 
ue 2 4 1 
u=x+y’, v= TTT 
and the new function w=Inz—(x+). 
1979. Transform the equation 
0*z Oz 07z 
Ox? ax dy T ay? =O 


taking u=x-+y, pat for the new independent variables and 


2 . 
W = — for the new function. 
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1980. Transform the equation 
0*2z 072 072 
axt + ae ay ay? = 9 
putting u=x-+y, v=x—y, w=xy—z, where w= w(u, Vv). 


Sec. 11. The Tangent Plane and the Norma! to a Surface 


1°. The equations of a tangent plane and a normal for the case of explic- 
it representation of a surface. The tangent plane to a surface ata point M 
(point of tangency) is a plane in which lie all the tangents at the point M to 
various curves drawn on the surface through this point. 

The normal to the surface is the perpendicular to the tangent plane at the 
point of tangency 

If the equation of a surface, in a rectangular coordinate system, 1s given 
in explicit form, z=f (x, y), where f(x, y) is a differentiable function, then 
the equation of the tangent plane at the point M (x, Yo, 29) of the surface is 


Z—2y== fy (Xqr Yo) (X— Xo) + fy (Xo, Yo) (YY): (1) 


Here, 2,=f/ (Xo, Yo) and X, Y, Z are the current coordinates of the point of 
the tangent plane. 
The equations of the normal are of the form 


X—Xy  -¥—Yo _ 2-2, (2) 
Fe (to Yo) — Fy (Xo Yo) = 
where X, Y, Z are the current coordinates of the point of the normal. 
Example 1. Write the equations of the tangent plane and the normal to 
2 
the surface ray’ at the point M (2, —1,1). 


Solution. Let us find the partial derivatives of the given function and 
their values at the point M 


Oz 
— = oe 9 _ = 
cy ww (5: Mo 


Whence, applying formulas (1) and (2), we will have z—1=2(x—2) +2 (y +-1) 
or 2x -|-2y—z—1=-0 which is the equation of the tangent plane and x2 


2 
aH which is the equation of the norinal. 
2°. Equations of the tangent plane and the normal for the case of implic- 
it representation of a surface. When the equation of a surface is represented 
implicitly, 


F (x, y, 2)=0, 
and F (x9, Yo. 29) =9, the corresponding equations will have the form 


F, (Xo, Yor Zo) (X— Xq) +F, (Xor Yor 2) (Y — Yo) +F, (Xo, You 20) (Z— 29) =O (3) 
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which is the equation of the tangent plane, and 


_ A—to Me (4) 
F. (Xp; Yo, 29) FY (Xo, Yo: 2p) F, (Xo, Yoo Zo) 


which are the equations of the normal. 

Example 2. Write the equations of the tangent plane and the normal to 
the surface 3xyz—z*=a® at a point for which x=0, y=a. 

Solution. Find the z-coordinate of the point of tangency, putting x=0, 
y=a into the equation of the surface: ~z®’=a*, whence z=—a. Thus, the 
point of tangency is M (0, a, —a). 

Denoting by F (x, y, 2) the left-hand side of the equation, we find the 
partial derivatives and their values at the point M: 


F = 3yz, (Fm = — 3a", 


F = 3xz, (F.)m=0, 
F 


,=3xy—324,  (F,)m= —3a". 
Applying formulas (3) and (4), we get 

— 3a® (x —0) + 0 (y—a)— 3a? (z+ a)=0 
or x-+-z-+-a=0, which is the equation of the tangent plane, 


— 
ee a SS 


x  y-a_z-+a 
an a ors 


, which are the equations of the normal. 

1981. Write the equation of the tangent plane and the equa- 
tions of the normal to the following surfaces at the indicated 
points: 

a) tothe paraboloid of revolution z=x’?+y’ at the point 


b) to the cone ¥ +L 2 0 at the point (4, 3, 4); 

c) to the sphere x?+y*+2z*=2Rz at the point (Rcosa, 
Rsina, R). 

1982. At what point of the ellipsoid 


2 2 2 
f+ $451 


does the normal to it form equal angles with the coordinate axes? 
1983. Planes perpendicular to the x- and y-axes are drawn 
through the point M (3,4, 12) of the sphere x*°+y*-+ 2* = 169. 
Write the equation of the plane passing through the tangents to 
the obtained sections at their common point M. 
1984. Show that the equation of the tangent plane to the 
central surface (of order two) 


ax’ + by’? +c2z*=k 
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at the point M (x,, y,, z,) has the form 
ax x + byy --cz,z=R. 


1985. Draw to the surface x*-+ 21’ --3z*=21 tangent planes 
parallel to the plane x-} 4y +4- 6z=0. 


1986. Draw to the ellipsoid x+ ee a tangent plane 


which cuts off equal segments on the coordinate axes. 

1987. On the surface x’? + y*.—z* — 2x =0 find points at which 
the tangent planes are parallel to the coordinate planes. 

1988. Prove that the tangent planes to the surface xyz=m 
form a tetrahedron of constant volume with the planes of the 
coordinates. 


1989. Show that the tangent planes to the surface Vx-+Vy+ 


+ Vz=Va cut off, on the coordinate axes, seginents whose sum 
is constant. 


1990. Show that the cone fy bak and the sphere 


te (eee Bote) 


are tangent at the points (0, + 8, c). 

1991. The angle between the tangent planes drawn to given 
surfaces at a point under consideration is called the angle between 
fwo surfaces at the point of their intersection. 

At what angle does the cylinder x?-++y?=R* and the sphere 
(x—-R)? !- y? 4-2? == R?’ intersect at the point M (5. x R v3 Q}? 

1992. Surfaces are called orthogonal if they intersect at right 
angles at each point of the line of their intersection. 

Show that the surfaces x*+y*+z*=/r* (sphere), y=xtang 
(plane), and z2*=(x*-+ y*) tan’? p (cone), which are the coordinate 
surfaces of the spherical coordinates r, m, , are mutually ortho- 
gonal. 

1993. Show that all the planes tangent {o the conical surface 


z=- 2] (4) at the point M(x,, y,, z,), Where x, #0, pass through 


the coordinate origin. 
1994*. Find the projections of the ellipsoid 


x? y*? + z*’@—xy—1=0 


on the coordinate planes. 
1995. Prove that the normal at any point of the surface of 


revolution z=/(V x*-+y*) (f’ #0) intersect the axis of rotation. 
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Sec. 12. Taylor’s Formula for a Function of Several Variables 


Let a function f(x, y) have continuous partial derivatives of all orders 
up to the (n+ 1) th inclusive in the neighbourhood of a point (a, 5). Then 
Taylor’s formula will hold in the neighbourhood under consideration: 


fe, =F (a, 6)-+ UF, (a, )(x—a) +f), (2, 6) y—O)] + 
+ ap [hex @, 8) (x— a+ 24, (a, 6) (x—0) (y—B) + fy, (0, 6) (y— BYP) 4. 
+a [a F+U—O Tl" FG, +R, OW), (I 
where 


] oO oO {n+ 
Ryle D= aaa [Ha E+ Ws |" Flat 0 lx—a), b+ 0 —B)} 


(0<0< 1). 
In other notation, 


lw Looe 
Pxth, yp R=P%, +a (hh Wt RF, Ot ay UT, G6 Y)-F 


. . 17,8... aya 
+ 2hkhiy (MEME, OME AG [ASRS | "Tle 
_ | Ge ks |" F(x -+-0h; y 4-0), (2) 
Tat 1)! ax t oy Y co 


or 
l 
Af = aE le, Wt Ha T OG Wo 


l n - l nti . . ‘ 
tah, N+ oa ay 4 f(x-F OA; y 4-02) (3) 

The particular case of formula (1), when a=b= 0, is called Maclaurin’s 
formula. 

Similar formulas hold for functions of three and a larger number of 
variables. 

Example. Find the increment obtained by the function f (x, y)=a°— 
~ 24 + oxy when passing from the values x=1, y=2 to the values x,-=1-- fh, 
Y= 2k. 

Solution. The desired increment may be found by applying formula (2). 
First calculate the successive partial derivatives and their values at the 
given point (1, 2): 


fi, (% y) = 3x" + 3y, fi (, 2)=3-143-2=9, 

f, (x, y) = —6y’ + 3x, fl, 2)= —6-4-4-3-.=—2], 
Fx (% Y) = 6x, f,(1, 2)=6-1=6, 

Fey % Y=3, Fiyll» 2)=3, 

fy (* y= —12y, f, (1, 2)= —12-2— — 24, 


sae peu 


lexx (% 4) =6, Fexc(1, 2)==6, 


Fey (% ¥) =0, Fv, (1, 2)=0, 
Peyy (x, y) = 0, Feayhls 2) =Q, 
yyy % y= —12, Fiiyil, 2)= —12, 
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All subsequent derivatives are identically zero. Putting these results 
into formula (2), we obtain: 


Al (x y= FLEA, 24k) —T (1, Qa [94k (—21)] + 


+5 [A?-6 -+ Qhk-3 4k? (—24)} 4 a [h?-6 + 3h?R-0 4 3hR?-0-+ RF (— 12)] = 
== 9h —21k + 3h? + 3hk — 12k? +h? — 2k?, 


1996. Expand /(x-+h4, y+) in a series of positive integral 
powers of A and R if 


f(x, y) = ax? -|- 2bxy + cy’. 


1997. Expand the function /[(x, y)=—x* + 2xy-+ 3y’?— 6x — 
— 2y—4 by Taylor’s formula in the neighbourhood of the point 
2,1 


1998. Find the increment received by the function [(x, y)= 
=. x°y when passing from the values x=1, y=1 to 


xX, 14h, y= 1k. 


1999. Expand the function f(x, y, z)=x'-+y*?+2° + 2xy— yz — 
— 4x — 3y—z-|-4 by Taylor’s formula in the neighbourhood of 
the point (1, |, 1). 

2000. Expand /(x ; 4, y+ Rk, z- 1) in a series of positive in- 
tegral powers of A, k, and J, if 


P(x, y, Z)= xX? 3 oy? 4-2? —2Qxy — 2xz— 2yz. 


2001. Expand the following function in a Maclaurin’s series 
up to terms of the third order inclusive: 


h(x, y)=e* sing. 


2002. Expand the following function in a Maclaurin’s serjes 
up to terms of order four inclusive: 


f(x, y) = cos x cos y. 


2003. Expand the following function in a Taylor’s series in 
the neighbourhood of the point (1, 1) up to terms of order two 
inclusive: 


i (x, y)=y"*. 
2004. Expand the following function in a Taylor’s series in 


the neighbourhood of the point (1,—1) up to terms of order 
three inclusive: 


/ (x, y) =e, 
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2005. Derive approximate formulas (accurate to second-order 
terms in a and 6) for the expressions 


Ita, 7 / Ceo" Esp 
Let yy 9/ CERO 
if }a] and {B| are small compared with unity. 

2006*. Using Taylor’s formulas up to second-order terms, 
approximate 


a) V'1.03; 770.98; b) (0.95)2-9, 


2007. z is an implicit function of x and y defined by the 
equation z°—2xz+y=0, which takes on the value z=1 for x=} 
and y=1. Write several terms of the expansion of the function 
z in increasing powers of the differences x—-1 and y—1l. 


a) arctan 
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1°. Definition of an extremum of a function. We say that a function 
f(x, y) has a maximum (minimum) f(a, 6) at the point P(a, 6), :f for all 
points P’ (x, y) different from P in a sufficiently small neighbourhood of P 
the inequality f(a, 6) > f(x, y) [or, accordingly, f(a, b) < f (x, y)] is fulfilled. 
The generic term for maximum and minimum of a function is extremum. 
In similar fashion we define the extremum of a function of three or more 
variables. 

2°. Necessary conditions for an extremum. The points at which a diffe- 
rentiable function f(x, y) may attain an extremum (so-called stationary points) 
are found by solving the following system of equations: 


f(x, y)=0, fF, (x, y) -0 (1) 


(necessary conditions for an extremum). System (1) is equivalent to a single 
equation, df (x, y)=0. In the general case, at the point of the extremum 
P (a, 6), the function f(x, y), or dj (a, b)=0, or df (a, 6) does not exist. 

3°. Sufficient conditions for an extremum. Let P (a, 6) be a_ stationary 
point of the function f(x, y), that is, df (a, 6)=0. Then: a) if d?f(a, b) <0 
for dx?-+-dy? > 0, then [(a, 6) is the maximum of the function f(x, y); b) if 
d’f (a, b) > 0 for dx?+dy?>0, then f(a, 6) is the mintmum of the function 
f (x, y); c) if d?f(@, 6) changes sign, then f (a, 6) 1s not an extremum of f(r, y). 

The foregoing conditions are equivalent to the following: let f (a, 6)--= 


=f, (a, b)=0 and A=f,, (a, 6), B=f,, (a, 6), C=f), (a, 6). We form the 
discriminant 


A == AC— B?. 


Then: 1) if A>O, then the function has an extremum at the point 
P (a, b), namely a maximum, if A <0 (or C <0), and a minimum, if A>0 
(or C >0); 2) if A<0, then there is no extremum at P (a, 6); 3) if A-=0, 
then the question of an extremum of the function at P(a, 6) remains open 
(which is to say, it requires further investigation). 

4°. The case of a function of many variables. For a function of three or 
more variables, the necessary conditions for the existence of an extremum 
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are similar to conditions (1), while the sufficient conditions are analogous to 
the conditions a), b), and c) 3°. 
Example 1. Test the following function for an extremum: 


z=x*+ 3xy?— 1bx— 12y. 


Solution. Find the partial derivatives and form a system of equations (1): 


© = 3x 4 By? 15 = 0; 5 = 6xy—12=0 
or 
xt y?—5=0, 
xy—2=0. 


Solving the system we get four stationary points: 
P, (i, 2); P, (2, 1); P,(—1,—2); P,(—2,—1). 
Let us find tune second derivatives 


0’z 072 07z 
52 O* dx dy oe aye 


and form the discriminant A= AC—B? for each stationary point. 
1) For th tp, A=(22) =6, B= “=. | =12,c=(2% 
) For the poin ( 532 \.= ’ — Ox dy P, ’ =(53)~ 
=6§, A=AC—B*?=36—144 <0. Thus, there is no extremum at the point P,. 
2) For the point P,; A-=12, B=6, C= 12; A=144—36>0, A>0O. At P, 
the function has a minimum. This minimum ts equal to the value of the 
function for a--2, y=: 1° 


Zmin “28 +6—30—12= — 28. 


3) For the point P;: A=:—6, B-= —12, C==- —6; A=36— 144 <0. There 
is 110 extremum. 

4) For the point P,; A= —12, B= —6, C= —12,; A=144—36 > 0, A <0. 
At the point P, the function has a maximum equal to z,,= —8—6+4- 30+ 
+-12-=28 

5°. Conditional extremum. In the simplest case, the conditional extremum 
of a function f(a, y) 1s a maximum or minimum of this function which ts 
attained on the condition that its arguments are related by the equation 
(p(x, y)=0 (coupling equation), To find the conditional extremum of a  func- 
tion a y), given the relationship g(x, y)=0 we form the so-called Lagrange 
function 


F(x, yy =P (x, y) + A-@ (x, 9), 
where A is an undetermined multiplier, and we seek the ordinary extremum 


of this auxiliary function. The necessary conditions for the extremum reduce 
to a system of three equations: 


of __ Of 

=F +aF 
oF _ of ne (2) 
oy = ay o> = (), 

p (x, y)=0 


with three unknowns x, y, 4, from which it is, generally speaking, possible 
to determine these unknowns. 
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The question of the existence and character of a conditional extremum is 
solved on the basis of a study of the sign of the second differential of the 
Lagrange function: 


OF 0°F 
d?F (x, y) =F dx® + 2 Ox ay 


for the given system of values of x, y, A obtained from (2) or the condition 
that dx and dy are related by the equation 


OF 
dx dy+ ay? dy’ 


je dx 4 SE dy =0 (dx? +- dy? # 0). 


Namely, the function f(x, y) has a conditional maximum, if d?F <0, and a 
conditional minimum, if d?F >0. As a particular case, if the discriminant A 
of the function F(x, y) at a stationary point is positive, then at this point 
there is a conditional maximum of the function f(x, y), if A<0 (or C <0), 
and a conditional minimum, if A >0 (or C >0) 

In similar fashion we find the conditional extremum of a function of 
three or more variables provided there is one or several coupling equations 
(the number of which, however, must be less than the number of the variables) 
Here, we have to introduce into the Lagrange function as many undetermined 
multipliers factors as there are coupling equations. 

Example 2. Find the extremum of the function 


z=6—4x—d3y 
provided the variables x and y satisfy the equation 
x?-{-y?= | 


Solution. Geometrically, the problem reduces to finding the greatest and 
least values of the z-coordinate of the plane z=6—4x—3y for points of its 
intersection with the cylinder .?+y4?= 1 

We form the Lagrange function 


F (x, y)=6—4x—3y--A (XP? +y?—1). 


0 ; ; 
We have c= — 44 2h, Sa 3 + 2hy [The necessary conditions yield the 
following system of equations: 
— 4+ 2hx=0, 
—3+2Ay —0, 
x+y? =I, 
Solving this system we find 
5 4 3 
May =F? A= Fs» 
and 
,- 5 , 4 78 
27 y) ’ 2-- 5 ’ Yo 5 . 
Since 
OF OF OF CC 
Ox? 2h, andy” aye oh 


it follows that 
a? F = 2h (dx? +- dy?), 
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If had , r=4 and y== , then d?F >0, and, consequently, the function 
has a conditional minimum at this point. If A=— 5 ~_%c=— = and y=—= , 


then d?F <0, and, consequently, the function at this point has a conditional 
maximum. 


Thus, 
16 9 
2max 8+ e+e =ll, 
16 9 
Zmin =O — FGI 


6°. Greatest and smallest values of a function. A function thaf is diffe- 
rentiable in a limited closed region attains 
its greatest (smallest) value either at a sta- 
tionary point or at a point of the boundary 
of the region. 

Example 3. Determine the greatest and 
smallest values of the function 


Zax yr—xy + xty 3 
in the region (-3 
x= 0, y <0, X--y=—3 


y 
(-5,0) (-3.0) 0 


Solution. The indicated region is a tri- 
angle (Fig. 70). 
1) Let us find the stationary points: 


{ 2, == 2x—y {-1=0, 


j Fig. 70 
\ = dy—x 41 =0; 
whence x-=— 1, y=—1; and we get the point M(—1, —1) 
At M the value of the function z,;;=—1 It is not absolutely necessary 


to test for an extremum 
2) Let us investigate the function on the boundaries of the region. 
When x—0O we have z=y?-+y, and the problem reduces to seeking the 
greatest and smallest values of this function of one arguiment on the interval 
—3<y <0. Investigating, we find that (2),),.9=6 at the point (0, —3); 


(2sm)ezo=——q at the point (0, —)) 
When y-+0 we get z=x?-+-x. Similarly, we find that (2g ry = 8 at the 
point (—3, 0); (2sm)y=0=— : at the point (—'/,, 0) 


When x--}y=—3 or y=—3—x we will have z=3x?-+9x +6. Similarly 
3 . 3 3 
we find that (Zsm)x+y2-3=— | at the point (—5. -] S (2gr)x4+y2—-3=6 


metres coincides with (2g,),29 and (2g-)y_5. On the straight line x+y=—3 
we could test the function for a conditional extremum without reducing to 
a function of one argument. 

3) Correlating all the values obtained of the function z, we conclude 
that z,,=6 at the points (0, —3) and (—3, 0); zm—=—1 at the stationary 
point M. 


8—1900 
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Test for maximum and minimum the following functions of 
two variables: 


2008. 
2009. 
2010. 
2011. 
2012. 


2013. 


z=(x—1) +2y’. 

z= (x— 1)? —2y’. 
z=x*+xy+y*—Q20x—y. 

z= x°y? (6—x—y) (x >0, y>0). 
z= x*-+ y*—2x? + 4xy —2y’. 


z= XY V1 —={—-=. 


9014. z=1—(x? Ly?) 
2015. z= (x?-+ y?) ew”), 
2016. z=— 
Viewty? 
Find the extrema of the following functions of three variables: 


2017. 
2018. 


usxP—-y® + 2°—xy+x—2z. 
2 2 9 
w=xt Et ts (x>0, y>0, 2>0). 


Find the extrema of the following implicitly represented func- 


tions: 


2019*. x7?-+- y’? + 27—2x-+ 4y—6z— 11 =0. 


2020. x°—y*?-—3x-+ 4y + 2°+2z—8=0. 
Determine the conditional extrema of the following functions: 
2021. z=xy for x+y=1. 
2022, z=x-+2y for x+y’? =5. 
2023. z=x’?+y/’ for s+H=1. 
2024. z=cos’x-+cos*y for y—x= > . 
2025. u=x—2y + 22 for x’ ty pe —9. 
2026. u=x*+ 4’? +2? for _ = 3 2 =1(a>b>c>0). 
2027. u=xy’2° for x+y+z=12(x>0,y>0, z>0). 
2028. u= xyz provided x-+-y+z=5, xy+yz+z2x=8. 
2029. Prove the inequality 
iis ETT? 
if x>0, y>O0, z>0. 


Hint: Seek the maximum of the function u=xyz provided x+y-+z=S, 
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2030. Determine the greatest value of the function z=1-+-x-+ 2y 
in the regions: a) x=>0, y>0, x+y<l; b) x>0, y<0, 
x—y<l. 

2031. Determine the greatest and smallest values of the func- 
tions a) z=x*y and b) z=x’—y’ in the region *+y’<l. 

2032. Determine the greatest and smallest values of the func- 


tion z=sinx-+siny-+sin(x+y) in the region O<x<y. 
O<y<5. 


2033. Determine the greatest and smallest values of the func- 
tion z= x°+-y’—3xy in the region O<x<2, —l<y<2. 


Sec. 14. Finding the Greatest and Smallest Values of Functions 


Example 1. It is required to break up a positive number a into three 
nonnegative numbers so that their product should be the greatest possible. 

Solution. Let the desired numbers be x, y, a—x—y. We seek the maxi- 
mum of the function f(x, y)=-xy (a—x—y). 

According to the problem, the function f(x, y) is considered inside a 
closed triangle x0, y>0, x+y <a (Fig. 71), 


(0, a) 


Solving the system of equations 


fe ( y) = y (a—2xe—y) =0, 
fy (%) y) =x (a—x—2y) =0, 


we will have the unique stationary point = z for the interlor of the 


triangle. Let us test the sufficiency conditions. We have 


fog (%) YY =—2Yy fey (% Y= A—2x—2y, fy (X, Y) =— Bx. 
8* 
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Consequently, 


a a 2 
A= fer(4. $)=-5 a, 
»" fa a l 
B= iy (5: y)=- 34 
a 2 
C= fw (= 3)=- 52 and 
A= AC—B*?>0, A<0. 
And so at (F. +) the function reaches a maximum. Since f(x, y)=0 on 
the contour of the triangle, this maximum will be the greatest value, which 
is to say that the product will be greatest, if x=y=a—x—y=— 5° , and the 


greatest value is equal to a 


Note The ploblem can also be soived by the methods of a conditional 
extremum, by seeking the maximum of the function u=xyz on the condition 
that x+y+z=a. 


2034. From among all rectangular parallelepipeds with a 
given volume V, find the one whose total surface is the least. 

2035. For what dimensions does an open rectangular bathtub 
of a given capacity V have the smallest surface? 

2036. Of all triangles of a given perimeter 2p, find the one 
that has the greatest area. 

2037. Find a rectangular parallelepiped of a given surface S 
with greatest volume. 

2038. Represent a positive number ain the form of a product of 
four positive factors which have the least possible sum. 

2039. Find a point M(x, y), on an xy-plane, the sum of 
the squares of the distances of which from three straight lines 
(x =0, y==0, x—y+1=0) is the least possible. 

2040. Find a triangle of a given perimeter 2p, which, upon 
being revolved about one of its sides, generates a_ solid of 
greatest volume. 

2041. Given in a plane are three material points P, (x,, y,), 
P, (x, ¥.), P,(x,, y,) with masses m,, m,, m,. For what position 
of the point P (x, y) will the quadratic moment (the moment of 
inertia) of the given system of points relative to the point P 
(i.e., the sum m,P,P? + m,P,P’+m,P,P’) be the least? 

2042. Draw a plane through the. point M(a, 6, c) to form 
a tetrahedron of least volume with the planes of the coordinates. 

2043. Inscribe in an ellipsoid a rectangular parallelepiped of 
greatest volume. 

2044. Determine the outer dimensions of an open box with a 
given wall thickness 6 and capacity (internal) V so that the 
smallest quantity of material is used to make it. 
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2045. At what point of the ellipse 
x? y? _ 
a tors! 
does the tangent line to it form with the coordinate axes a tri- 
angle of smallest area? 
2046*. Find the axes of the ellipse 


5x” + 8xy + 5y? = 9. 


2047. Inscribe in a given sphere a cylinder having the 
greatest total surface. 

2048. The beds of two rivers (in a certain region) approxi- 
mately represent a parabola y= x’ and a straight line x —y—2=0. 
It is required to connect these rivers by a straight canal of least 
length. Through what points will it pass? 

2049. I-ind the shortest distance from the point M (1, 2, 3) 
to the straight line 

_¥ _? 
~—3 2° 

2050*. The points A and B are situated in different optical 
media separated by a straight line (Fig. 72). The velocity of 


B 
A 

| 

ay 
al fp b 
A, } Cc B; 
| 
Fig. 72 Fig. 73 


light in the first medium is v,, in the second, v,. Applying the 
Fermat principle, according to which a light ray is propagated 
along a line AMB which requires the least time to cover, derive 
the law of refraction of light rays. 

2051. Using the Fermat principle, derive the law of reflection 
of a light ray from a plane in a homogeneous medium (Fig. 73). 

2052*. If a current / flows in an electric circuit containing a 
resistance R, then the quantity of heat released in unit time is 
proportional to /’R. Determine how to divide the current / into 
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currents J,, J,, 1, by means of three wires, whose resistances are 
R,, R,, R,, so that the generation of heat would be the least 
possible? 


Sec. 15. Singular Points of Plane Curves 


1°. Definition of a singular point. A point M(x, y,) of a plane curve 
IMs, y)=0 is called a singular point if its coordinates satisfy three equations 
at once: 


f (Xp, Yo) =9, fi. (Xp, Yo) = 9, f, (x), y,) = 9. 


2°. Basic types of singular points. At a singular point M(x,, y,), let the 
second derivatives 


A= fi (or Yo)s 
B=, (% Yo) 
C=fiy (or Yo) 


be not all equal to zero and 
A= AC—B?, 
then: 
a) if A>O, then M is an isolated point (Fig. 74); 
b) if A<0, then M is a node (double point) (Fig. 75); 
c) if A=0, then M is either a cusp of the first kind (Fig. 76) or of the 
second kind (Fig. 77), or an isolated point, or a tacnode (Fig. 78). 


Fig. 74 Fig. 75 


When solving the problems of this section it is always necessary to draw 
the curves. 

Example 1. Show that the curve y?=ax?+.x® has a node if a>0; an 
isolated point if a< 0; a cusp of the first kind if a=0. 

Solution. Here, f (x, y) =ax?+x'—y*, Let us find the partial derivati- 
ves and equate them to zero: 


fi. (x, y)=2ax+32=0, 
fy (%, yy=— 2y=0. 
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This system has two solutions: O(0, 0) and N —ta, 0); but the 


coordinates of the point N do not satisty or gy) ation of the given curve. 
Hence, there is a unique singular point O 


Ly ote 


Fig. 76 Fig. 77 Fig. 78 


Let us find the second derivatives and their values at the point O: 


fie(%, y)=2a+6x, A=2a, 


fry (% ! y) =90, B=0, 
Fy (% y)=—2, C=— 2, 
A= AC— B? = — 4a, 
Y 
Y 
a0 
a<0 
0 x % X 
Fig. 79 Fig, 80 Fig. 8! 


Hence, 


if a>O0, then A <0 and the point O is a node (Fig. 79); 
ifa<0, then A>O and O is an isolated point (Fig. 80); 
if a-=0, then A=0. The equation of the curve in this case will be 


y2=x8 or y= Vx: 1 y = exists only when x20; the curve is symmetric 
about the x-axis, which is a tangent. Hence, the point M is a cusp of the 
first kind (Fig. 81). 
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Determine the character of the singular points of the follo- 
Wing curves: 

2053. yy=— x* + x*, 

2054. (y—x*)? =x*. 

2055. a*ty*® = a’x*—x’°. 

2056. x*y?’—x’?—y’? =0. 

2057. x*-++-y*—3axy=0 (folium of Descartes). 

2058. y* (a—x)=x° (cissoid). 

2059. (x* + y’)? =a’ (x* —y’*) (lemniscate). 

2060. (a+ x) y* = (a—x) x’ (strophoid). 

2061. (x* + 4°) (x—a)*=6’x? (a>0, 6>0) (conchoid). 
Consider three cases: 


1) a>b, 2) a=b, 3) a<b. 


2062. Determine the change in character of the singular point 
of the curve y* =(x—a) (x—b)(x—c) depending on the values of 
a, 6, c(axb<ce are real). 


Sec. 16. Envelope 


1°. Definition of an envelope. The envelope of a family of plane curves 
is a curve (or a set of several curves) which is tangent to all lines of the 
given family, and at each point is tangent to some line of the given family. 
2°. Equations of an envelope. If a family of curves 


f(x, y, a) =0 


dependent on a single variable parameter a has an envelope, then the para- 
metric equations of the latter are found from the system of equations 


f(x, y, a) =0, 


f(x, y, &) =0. m 


Eliminating the parameter a from the system (1), we get an equation of 
the form 


It should be pointed out that the formally obtained curve (2) (the so- 
called “discriminant curve”) may contain, in addition to an envelope (if 
there is one), a locus of singular points of the given family, which locus 1s 
not part of the envelope of this family. 

When solving the problems of this section it is advisable to make 
drawings. 

Example. Find the envelope of the family of curves 


xcosa-+ysina—p=0(p=const, p > 0). 
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Solution. The given family of curves depends on the parameter a. Form 
the system of equations (1): 


xcosa+ysina—p=0, 
—xsinag+ycosa=0. 


Solving the system for x and y, we obtain parametric equations of the 
envelope 
xX=pcosa, y=psinda. 


Squaring both equations and adding, we eliminate the parameter a: 
x? 4- y? = p?, 


Fig, 82 


Thus, the envelope of this family of straight lines is a circle of radius p 
with centre at the origin. This particular family of straight lines is a family 
of tangent lines to this circle (Fig. 82). 


2063. Find the envelope of the family of circles 
a” 


(x—a) +y => . 
2064. Find the envelope of the family of straight lines 


y=kete 


(k is a variable parameter). 
2065. Find the envelope of a family of circles of the same 
radius R whose centres lie on the x-axis. 
2066. Find a curve which forms an envelope of a section 
of length J when its end-points slide along the coordinate axes. 
2067. Find the envelope of a family of straight lines that 
form with the coordinate axes a triangle of constant area S, 
2068. Find the envelope of ellipses of constant area S whose 
axes of symmetry coincide. 
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2069. Investigate the character of the “discriminant curves” 
of families of the following lines (C is a constant parameter): 


a) cubic parabolas y=(x—C)’; 

b) semicubical parabolas f AO C)*; 
c) Neile parabolas y*® =(x—C)’; 

d) strophoids (a+ x) (1 (y—C)' =x (a— x). 


Y 
Up 


0 X 
Fig. 83 


2070. The equation of the trajectory of a shell fired from a 
point O with initial velocity v, at an angle a to the horizon 
(air resistance disregarded) is 
— 8 
y=xtana 2u*cos? & 


Taking the angle a as the parameter, find the envelope of all 
trajectories of the shell located in one and the same vertical 
plane (“safety parabola”) (Fig. 83). 


Sec. 17. Arc Length of a Space Curve 


The differential of an arc of a space curve in rectangular Cartesian coor- 
dinates is equal to 


ds= V dx? + dy? +- dz", 
where x, y, 2 are the current coordinates of a point of the curve, 
If 
x=x(t), y=y(f), z=2(?) 


are parametric equations of the space curve, then the arc length of a section 
of it from t=?t, to t=#, is 
by 
_ dx \? dy \* dz \? 
=| V (%) +(4r) +(ar) 


ty 
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In Problems 2071-2076 find the arc length of the curve: 


2071. x=t, y=", => from t=0 to f=2. 


2072. x=2cost, y=2 sintf, zat from ¢=-0 to t=n. 
2073. x=e'cost, y=e'sin¢t, z=e’ from ¢=0 toarbitrary ¢. 
2074. y=~, z= from x=Q to x=6. 
2075. x°=3y, 2xy=9z from the point 0(0, 0,0) to M (3, 3, 2). 
2076. y=aarcsin—, z= int from the point O(0, 0, Q) 


to the point M(x,, y,, 2Z,). 
2077. The position of a point for any time ¢(t>0) is defined 
by the equations 


x=2t, y=Int, z=t?’. 


Find the mean velocity of motion between times f=1 and ¢=10. 


Sec. 18. The Vector Function of a Scalar Argument 


1°. The derivative of the vector function of a scalar argument. The vector 
function a=a(t) may be defined by specifying three scalar functions a, (é), 
ay (f) and a,(t), which are its projections on the coordinate axes: 


a =a, (1) i+ ay (t)J+a, (1) &. 


The derivative of the vector function a-=a(t) with respect to the scalar 
argument ¢ is a new vector function defined by the equality 


da__y,, a(t+At)—a(t) da, (t) , , 4y () |, da; (t) 
dt ah iY =~ b+ alt a 


The modulus of the derivative of the vector function is 
da |_ V ats) 3) ( a )} 
ar |= (Fi ta] t\ a]: 
The end-point of the variable of the radius vector r=r(t) describes in space 


the curve 
r=x(théity (1) J+2 (tk, 
which is called the hodograph of the vector r. 


k. 


The derivative = is a vector, tangent to the hodograph at the corre- 


sponding point; here, 
p g Pp dr|_ ds 
dt | dt’ 
where s is the arc length of the hodograph reckoned from some initial point, 


For example, lz |= l. 
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eee 


If the parameter ¢ is the time, then a =o is the velocity vector of the 
2 
ar _, av =w is the acceleration vector of the 


extremity of the vector r, and i a 


extremity of the vector r. 
2°. Basic rules for differentiating the vector function of a scalar argument. 


da db de 
) t tO ar Tat — at | 


2) — ar (na) , where m is a constant scalar; 

3) a on a a+ , where p(t) is a scalar function of ¢; 
4) it (ab) = FP # o+a or 

5) @ (ax 6) = 92 7 xo-+a xo ; 

6) aise =fe a, 

7) a 3 =0, if }a|=const. 


Example 1. The radius vector of a moving point is at any instant of 
lime defined by the equation 


= 1— 4t?j + 327. (1) 
Determine the trajectory of motion, the velocity and acceleration. 
Solution. From (1) we have: 
x= 1, y= — 4f?, z=3?, 


Eliminating the time ¢, we find that the trajectory of motion is a straight 
line: 


Ty 2 
0  —4° 3° 
From equation (1), differentiating, we find the velocity 
ar 
GP = ts + 6tk 
and the acceleration 
ar 
dpe 8/ + Ok. 


The magnitude of the velocity is 
& |= V Hat GF = 10] £1, 
We note that the ae is constant and ts 


= V (— 8)?-+ 6?= 10. 


ie 
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2078. Show that the vector equation r—r,=(r,—r,)t¢, 
where r, and r, are radius vectors of two given points, is the 
equation of a straight line. 

2079. Determine which lines are hodographs of the following 
vector functions: 


a) r=at+e; c) r=acost+O6sinf; 
b)r=at’?+bt; d)r=acosht-+Obsinhf, 


where a, b, and ¢ are constant vectors; the vectors a and Bb 
are perpendicular to each other. 

2080. Find the derivative vector-function of the function 
a(t)=a(t)a°(t), where a(t) is a scalar function, while a@°(?) 
is a unit vector, for cases when the vector a(t) varies: 1) in 
length only, 2) in direction only, 3) in length and in direction 
(general case). Interpret geometrically the results obtained. 

2081. Using the rules of differentiating a vector function with 
respect to a scalar argument, derive a formula for differentiating 
a mixed product of three vector functions a, 6, and c. 

2082. Find the derivative, with respect to the parameter f, 
of the volume of a parallelepiped constructed on three vectors: 


a=i+tj+l’k; 
b= 2ti—j+ tk; 
c=—PI+L+R. 
2083. The equation of motion is 
r-=dicost-+-4/sinf, 
where ¢ is the time. Determine the trajectory of motion, the 


velocity and the acceleration. Construct the trajectory of motion 
and the vectors of velocity and acceleration for times, ¢=0, 
f 2 and t=. 
2084. The equation of motion is 
r=2icost+2jsint +3. 
Determine the trajectory of motion, the velocity and the accel- 
eration. What are the magnitudes of velocity and acceleration 


and what directions have they for time ¢=0 and t=? 
2085. The equation of motion is 


r=icosacosef-+ jsinacosat+Rsinoal, 
where a and w are constants and ¢ is the time. Determine the 


trajectory of motion and the magnitudes and directions of the 
velocity and the acceleration. 
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2086. The equation of motion of a shell (neglecting air re- 
sistance) is 


where 0, {Uo.. Voy, Uoz} iS the initial velocity. Find the velocity 
and the acceleration at any instant of time. 


2087. Prove that if a point is in motion along the parabola 
x? 


y=—, 2=0 in such a manner that the projection of velocity 
on the x-axis remains constant & const } , then the accelera- 


tion remains constant as well. 
2088. A point lying on the thread of a screw being screwed 
into a beam describes the spiral 


x=acos8, y=asin®0, z=Ad, 


where 0 is the turning angle of the screw, a is the radius of the 
screw, and A is the height of rise in a rotation of one radian. 
Determine the velocity of the point. 

2089. Find the velocity of a point on the circumference of a 
wheel of radius a rotating with constant angular velocity w so 
that its centre moves in a straight line with constant velocity v,. 


Sec. 19. The Natural Trihedron of a Space Curve 


At any nonsingular point M (x, y, z) of a space curve r=r(t) it is pos- 
sible to construct a natural trihedron consisting of three mutually perpen- 
dicular planes (Fig. 84): 

2 

1) osculating plane MM,M,, containing the vectors ca and ae 


2) normal plane MM,M,, which is perpendicular to the vector ar and 


3) rectifying plane MM,Msg, which is perpendicular to the first two planes. 

At the intersection we obtain three straight lines; 

1) the tangent MM,; 2) the principal normal MM,,; 3) the binormul MMs,g, 
all of which are defined by the appropriate vectors: 

1) r= (the vector of the tangent line); 


2 
2) Bax (the vector of the binormal); 


3) N=BXT (the vector of the principal normal); 


The corresponding unit vectors 
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may be computed from the formulas 


ae 
ca at. ya 48_. B=txv 
ds ' dt |’ a 

& | 


If X, Y, Z are the current coordinates of the point of the tangent, then 
the equations of the tangent have the form 


TT, TT,’ () 


Rectifying Normal 
plane 


My 
U 
Osculating 
M; 
Fig. 34 
where T,= 4 ; T=, i ; from the condition of perpendicularity 


of the line and the plane we get an equation of the normal plane: 
Ty, (X —x)4+-Ty (Y¥ —y) + Tz (2—2) =0, (2) 


If in equations (1) and (2), we replace 7,, Ty, T, by B,, By, B, and N,,, 
Ny, N,, we get the equations of the binormal and the principal normal and, 
respectively, the osculating plane and the rectifying plane. 
Example 1. Find the basic unit vectors +t, v and f of the curve 
xt, y=?t*®, z=? 
at the point /=1. 
Write the equations of the tangent, the principal normal and the binor- 
mal at this point. 
Solution. We have 
r=titej+tk 
and d 
OF i +-2tj +30, 


dt 
d’r 
qa 2j + St, 
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Whence, when t=1, we get 


T= tt Y 43h} 


ijk 
B= = xo = 1 2 3} =6i/—6j-+ 2k, 

0 26 

iegjerk 

N=BxT=|6 —6 2)=— 22i—16/+ 18k. 
1 2 3 
Consequently, 
a i+ 2j+ 3k _ 31—3f+hk _ —lli—8/+ 9R 


= ’ oS ss v= — 
Vi4 V 19 V 266 
Since for ¢=1 we have x=1, y=1, z=1, it follows that 


ee ee eee 


are the equations of the tangent, 


ot 


3 —3 I 


are the equations of the binormal and 


x—1l y—l z— 


ns ae 


are the equations of the principal normal. 
If a space curve is represented as an intersection of two surfaces 


F (x, y, z) =0, G (x, Yy, z)=0, 


1 2 
then in place of the vectors & and a we can take the vectors dr {dx, dy, dz\ 
and d?r {d?x, d’y, d?z\; and one of the variables x, y, z may be considered 
independent and we can put its second differential equal to zero. 


Example 2. Write the equation of the osculating plane of the circle 
e+ y?+2?=-6, x+y+z2=0 (3) 


at its point M(1, 1, —2). 


Solution. Differentiating the system (3) and considering x an independent 
variable, we will have 


xdx+ydy+zdz=0, 
dx-++dy+dz=0 
and 
dx® + dy* + y d*y+dz*+ 2d?z=0, 
d*y + d?z=0. 
Putting x=1, y=1, z=—2, we get 
dy=—dx; dz=0; 


a a a 
d*y= 3 ax" dia=~ ax", 
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Hence, the osculating plane is defined by the vectors 


{dx, —dx, 0} and {0 —+ dx’, zat 
or 
{1, —1, 0} and {0, —1, I}. 


Whence the normal vector of the osculating plane is 


i jk 
B=|1 —1 0|=—i—j—k 
Oo —1 1 


and, therefore, its equation is 
— 1 (x—1)—(y— 1)— (24+ 2) =0, 
that is, 
x+y+z=0, 


as it should be, since our curve is located in this plane. 


2090. Find the basic unit vectors t, v, B of the curve 
x=:l—cost, y=sint, z=f 


at the point t=. 


2091. Find the unit vectors of the tangent and the principal 
normal of the conic spiral 


r=e'(icost + /sin¢ -k) 


at an arbitrary point. Determine the angles that these lines make 
with the z-axis. 
2092. Find the basic unit vectors t, v, B of the curve 


yor, z2=2x 
at the point x=2. 
2093. For the screw line 


x=acost, y=asint, z=bi 


write the equations of the straight lines that form a natural 
trihedron at an arbitrary point of the line. Determine the direc- 
tion cosines of the tangent line and the principal normal. 

2094. Write the equations of the planes that form the natural 
trihedron of the curve 


x? |. y? +27=6, e—y’? j-2=4 


at one of its points M (1, I, 2). 

2095. Form the equations ot the tangent line, the normal 
plane and the osculating plane of the curve x=?, y=?*, z=?° 
at the point M (2, 4, 8). 


242 Functions of Several Variables [Ch. 6 


2096. Form the equations of the tangent, principal normal, 
and binormal at an arbitrary point of the curve 
t4 t8 t? 
YEG? IB? Fee 
Find the points at which the tangent to this curve is parallel 
to the plane x-+3y-+ 2z—10=0. 
2097. Form equations of the tangent, the osculating plane, 
the principal normal and the binormal of the curve 


t? 


at the point ¢=2. Compute the direction cosines of the binormal 
at this point. 

2098. Write the equations of the tangent and the normal 
plane to the following curves: 


a) x=Rceos*t, y=Rsintcost, z=R en for t= =; 

b) z=e ty’, x=y at the point (1, 1, 2); 

c) x?-+y?+27= 25, x+z=5 at the noint (2, 2V'3, 3). 

2099 Find the equation of the normal plane to the curve 
2=x*—y’, y=x at the coordinate origin. 

2100. Find the equation of the osculating plane to the curve 
x=e, y=e-', z=tYV 2 at the point ¢=0. 

2101, Find the equations of the osculating plane to the curves: 

a) x? +-y? +2 =9, x?—y’=3 at the point (2, 1, 2); 

b) x = 4y, x’ = 242 at the point (6, 9, 9); 

c) P+2? =a’, y +2*=0'* at any point of the curve (x,, y,, Z,). 


2102. Form the equations of the osculating plane, the principal 
normal and the binormal to the curve 


y>=x, x°=z at the point (1, I, 1). 


2103. Form the equations of the osculating plane, the princi- 
pal normal and the binormal to the conical screw-line «=f cosf, 
y=tsint, e=6t at the origin. Find the unit vectors of the 
tangent, the principal normal, and the binormal at the origin. 


Sec. 20. Curvature and Torsion of a Space Curve 
1°. Curvature. By the curvature of a curve at a point M we mean the 


number 
I = lim aa 


K=R As>o AS , 
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where @ is the angle of turn of the tangent line (angle of contingence) on a 
segment of the curve MN, As is the arc length of this segment of the curve. 
R is called the radius of curvature. If a curve is defined by the equation 
r=r(s), where s is the arc length, then 
1 |d’r 
Roel: 
For the case of a general parametric representation of the curve we have 
dr_d’r 
1 _ |at*de? 
Rare ay 
dt 
2°. Torsion. By torsion (second curvature) of a curve at a point M we 
mean the number 


| 
P=> As+o As’ 


where 0 is the angle of turn of the binormal (angle of contingence of the 


second kind) on the segment of the curve MN. The quantity @ is called the 
radius of torsion or the radius of second curvature. lf r=r(s), then 


drd’rd'r 
1 | | dB | dsds*ds* 
o° | as |= ar 
(a) 
, wo dp 
where the minus sign is taken when the vectors ds and v have the same 


direction, and the plus sign, when not the same. 
If r=r(t), where ¢ is an arbitrary parameter, then 


drd’*r d'r 

1 dt dt? dt? 

e- (ar ary ° 
dt “* dt? 


Example 1. Find the curvature and the torsion of the screw-line 
r=tacost+jasini-+k bt (a> 0). 


Solution. We have 


a = —Lasint + jacost +kb, 
oT = —lacost—jasint, 
a= —iasint—jacost. 
Whence ; j b 
xa —asint acost b|=iabsint—jabcost+a*k 


—a cost —asint 0 
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and 
dr dr dr —asint acost 6 
di dd —acost —asint 0}= abd. 
asint —acost 0 


Hence, on the basis of formulas (1) and (2), we get 


I a Vat+b? a 


R (a?-+-6%) "2 a? + 6 
1 ab _ 6 
Q@ at(a?+6%) a? +6?" 
Thus, for a screw-line, the curvature and torsion are constants. 
3° Frenet formulas: 


dt_v_ dv t, B dp ev 
ds R’ ds Re’ ds” Q° 


and 


2104. Prove that if the curvature at all points of a line is 
zero, then the line is a straight line. 

2105. Prove that if the torsion at all points of a curve is zero, 
then the curve is a plane curve. 

2106. Prove that the curve 


x=1+3¢-4+22, y= 2—2t+5t?, z=1—?? 

is a plane curve; find the plane in which it lies. 

2107. Compute the curvature of the following curves: 

a) x=cost, y=sinf, z=cosh ¢ at the point t=0; 

b) x?—y’-}-227=1, y’—2x-+z=0 at the point (1, 1, 1). 

2108. Compute the curvature and torsion at any point of the 
curves: 

a) x=e'cost, y=e'sint, z=e'; 

b) x=acosh?t, y=asinht, z=at (hyperbolic screw-line). 

2109. Find the radii of curvature and torsion at an arbitrary 
point (x, y, z) of the curves: 

a) x*= 2ay, x° = 6a°2; 

b) x°=3p*y, 2xz=p’. 


2110. Prove that the tangential and normal components of 
acceleration w are expressed by the formulas 


where v is the velocity, R is the radius of curvature of the 
trajectory, T and v are unit vectors of the tangent and principal 
normal to the curve. 
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2111. A point is in uniform motion along a screw-line r= 
= ijacost-+-jasint+6tk with velocity v. Compute its accelera- 
tion w. 

2112. The equation of motion is 


r=i-+ 7+ UR. 
Determine, at times ¢=0 and f=1: 1) the curvature of the 


trajectory and 2) the tangential and normal components of the 
acceleration. 


Chapter VII 
MULTIPLE AND LINE INTEGRALS 


Sec. 1. The Double Integral in Rectangular Coordinates 


1°. Direct computation of double integrals. The double integral of a con- 
tinuous function f(x, y) over a bounded closed region S is the limit of the 
corresponding two-dimensional integral sum 


Vit, yydxdy= lim SF ep 9) Ati Ad (1) 
(S) max Ax,;>o0 & & 
max Ay, > 0 


where Ax;=*j4+;—%j, AYp=Ye+,y—Yp and the sum is extended over those 
values of i and & for which the points (x;, y,) belong to S. 

2°. Setting up the limits of integration in a double integral. We dis- 
tinguish two basic types of region of integration. 


Fig. 86 


1) The region of integration S (Fig. 85) is bounded on the left and right 
by the straight lines xx, and x=x,(x,> x,), from below and from above 
by the continuous curves y=q, (x) (AB) and y=q, (x) (CD) [q, (x) => Q, (x)]. 
each of which intersects the vertical x= X (x, < X <x,) at only one point (sec 
Fig. 85). In the region S, the variable x varies from x, to x,, while the va: 
triable y (for x constant) varies from y, = @q, (x) to y,= 9, (x). The integral (1) may 
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be computed by reducing to an iterated integral by the formula 


(Vite. wax ay=( dx — i (*, y) dy, 
(S) Xi, = Qi (x) 
Pa (x) 


where x is held constant when calculating ( f(x, y) dy. 


@: (x) 

2) The region of integration S is bounded from below and from above 
by the straight lines yy, and y=y,(y,>y,), and from the left and the 
right by the continuous curves x =, (y) (AB) and x = y, (y) (CD) [p, (y) = ¥, (Y) I], 
each of which intersects the parallel y=Y (y,< Y <y,) at only one point 
(Fig. 86). 

As before, we have 


2 
(Vr. y) ax dy= (dy Ore y) dx, 
(S) yy Pi Cy) 


3 (y) 
here, in the integral ( f (x, y) dx we consider y constant. 


WY. (y) 
If the region of integration does not belong to any of the above-discussed 
types, then an attempt is made to break it up into parts, each of which does 
belong to one of these two types. 


Example 1. Evaluate the integral 


1 1 


T= (de (+m ay. 


0 


VW 


Y 


j 
oe 


Solution. 


} y,\ | 97! 1 x I 
o§(wo8) =f [lord (osdJent 


Example 2. Determine the limits of integration of the integral 


(Fle, yyaedy 
(S) 
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if the region of integration S (Fig. 87) is bounded by the hyperbola y?—x?=1 
and by two straight lines x=2 and x=— 2 (we have in view the region con- 
taining the coordinate origin). 

Solution. The region of integration ABCD (Fig. 87) is bounded by the 
straight lines x= —2 and x=2 and hy two branches of the hyperbola 


y= Vi+x? and y= —Vi-+x; 
that is, it belongs to the first type. We have: 


2 Vi14+x2 
\\ Fu. y) dx dy = ( dx \ f (x, y) dy. 
(S) —2  -Vi+x 
Evaluate the following iterated integrals: 
3 5 
2113, ( ai y § (x8 + 2y) de. a1i7, (dy { (x-+2y)dr. 
fr) 0 —83 ya 
2 dy 21 a 
2114 Fae | atte 2118. ( de \ r dr, 
| a a sin 
tidy 2 3 cos ~ 
2115. fae Tyi* 2119. dg ( r* sin? pdr. 
ra A 0 
2 Ody 1 Vi-w ee 
2116. { dx | a 2120. (de ( Virx—9 dy. 


0 0 


Write the equations of curves bounding regions over which the 
following double _ integrals are extended, and draw these regions: 


2x 


2121. jay f i (x, y) dx. 2124. fax fr y) dy. 

3 a 3 _ 
2122. { dx (x, y) dy. 2125. ( dx ( f(x, y) dy. 
2123. (dy { Fox y) dx. 2126. (de § Fl y) dy. 


Set up the limits of integration in one order and then in the 
other in the double integral 


(Vi (x, y)dxdy 
(S) 
for the indicated regions S. 
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2127. S is a rectangle with vertices O(0, 0), A(2, 0), B(2, 1), 


2198. S is a triangle with vertices O(0, 0), A(1, 0), B(I, 1). 
2129. S is a trapezoid with vertices O(0, 0), A (2,0), BCI, 1), 


2130. S is a parallelogram with vertices A(1, 2), B(2, 4), 
C (2, 7), D(I, §). 

2131. S is a circular sector OAB with centre at the point 
O(0, 0), whose arc end-points are A (i, 1) and B(--1, 1) (Fig. 88). 


Fip 88 Fig 89 


2132. S is a right parabolic segment AOB bounded by the 
parabola BOA and a segment of the straight line BA connecting 
the points B(--1, 2) and A(1, 2) (Fig. 89). 

2133. S is a circular ring bounded by circles with radii r= 1 
and R==:2 and with common centre O (0, 0). 

2134. S is bounded by the hyperbola y*—x* =| and the circle 
x’ | y? =9 (the region containing the origin is meant). 

2135. Set up the limits of integration in the double integral 


( P(x, y)dxdy 


(S) 


if the region S is defined by the inequalities 


a) x2720; yre0; x«-l-y<}; d) yrzx, x>>—1; y<l; 
b) x? --y? <a’; e) yxx<y- 2a; 
Cc) vty? <x; Oxy<a. 


Change the order of integration in the following double integrals: 


4 12x 1 x 
2136. | dx | F(x, y) dy. 2137. | dx { F(x, y) dy. 


i) 3x3 ft) 2x 
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a V a?— x2 


1 1-y 
ai3s. (de § f(x, y)dy. 2141. Sdy | f(x, y)dx. 


ax 0 LVice 
a Vie 1 Va-# 
2139. { dx ( f(x, y)dy. 2142. ( dy ( f(x, y)dx. 
> 4 
2a Vaax 
2140. | dx {  f(, yay. 
0 V 2ax— x? 
RV2_ 


2 x RV RRaw 
2143. ( dx f(x, y)dy+ ( dx ( f(x, y) dy. 
0 0 RV 


A A sin x 


2144. ( dx Witz y) dy. 


0 


Evaluate the following double integrals: 
2145. || xdxdy, where S is a triangle with vertices O(0, 0), 


(S) 
A(l, 1), and B(0, 1). 


Y 
Y 
B(Q2) 
S B(G?) A(1,1) 
C(G,1) 
0 A(2,0)X Y X 
Fig. 90 Fig. 91 


2146. \( xdxdy, where the region of integration Sis bounded 


(S) 
by the straight line passing through the points A (2, 0), B(0, 2) 
and by the arc of a circle with centre at the point C(0, 1), and 
radius 1 (Fig. 90). 


Sec. 1] The Double Integral in Rectangular Coordinates 251 


2147. \ra Caen Eo where S is a part of a circle of radius 


a with centre at O(0, 0) lying in the first quadrant. 
2148. Vx —y'dxdy, where S is a triangle with vertices 
(S) 
00, 0), A(l, —1), and B(I, 1). 
2149. (\ Vy — oy dx dy, where S is a triangle with vertices 
(S) 
0(0, 0), A(10, 1), and Bi, 1). 


x 
2150. ({ e¥dxdy, where Sis acurvilinear triangle OAB bound- 
(S) 


ed by the parabola y’=x and the straight lines x=0, y=1 


2151. \\eg where S is a parabolic segment bounded by 
(S) 


the parabola y=% and the straight line y=x. 


2152. Compute the integrals and draw the regions over which they 
extend: 


1 1+COS Xx x 
a) J dx ( y’ sin x dy; 9S y {# sin? y dx. 


ut 
b) | dx ( y* dy; 


When solving Problems 2153 to 2157 it is abvisable to make 
the drawings first. 


2153. Evaluate the double integral 


( ( xy’ dx dy, 
(S) 


if S is a region bounded by the parabola y* = 2px and the straight 
line x=p. 
2154*, Evaluate the double integral 


\{ xy dx dy, 


(S) 


extended over the region S, which is bounded by the x-axis 
and an upper semicircle (x — 2)? +y’?=1, 
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2155. Evaluate the double integral 
dx dy 
\) V 2a—x’ 
(S) 


where S is the area of a circle of radius a, which circle is tan- 
gent to the coordinate axes and lies in the first quadrant. 
2156*. Evaluate the double integral 


{| ydx dy, 
(S) 


where the region S is bounded by the axis of abscissas and an 
arc of the cycloid 


x=R (t —sinf), 
y=R(1—cosf). 
2157. Evaluate the double integral 


\ \ xy dx dy, 
(S) 


in which the region of integration S is bounded by the coordi- 
nate axes and an arc of the astroid 


x=Rceos*t, y=Rsin’t (O<t< +). 


2158. Find the mean value of the function f(x, y)= xy’ in the 
region S{O<x<l, O<y<i}}. 


Hint. The mean value of a functton f(x, y) in the region S is the number 


=| [Fu avay. 
(S) 


2159. Find the mean value of the square of the distance of 
a point M(x, y) of the circle (x —a)’+y’ <R’ from the coordi- 
nate origin. 


Sec. 2. Change of Variables in a Double Integral 


1°, Double integral in polar coordinates. In a double integral, when passing 
from rectangular coordinates (x, y) to polar coordinates (r, @), which are 
connected with rectangular coordinates by the relations 


X=T COS Q, y=r sill ®, 
we have the formula 


\\ Fu y) dx dy =| (7 cos 9, rsin @)rdr dq, (1) 
(S) (S) 
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if the region of integration (S) is bounded by the half-lines r=a and 
r—B(a< $B) and the curves r=r,(~) and r=r,(g), where r,(p) and 
r,(p) (7; (P) <r, (p)] are single-valued functions on the interval axp<f, 
then the double integral may be evalualed by the formula 


B r; (p) 
(Fl, nrdrdg=S dp | Fig, rrr, 
(S) a r, (@) 
rz (@) 
where F (p, r)=f(rcosg, rsing). In evaluating the integral \ F (9, r)rdr 
r, (Q) 


we hold the quantity @ constant. 

If the region of integration does not belong to one of the kinds that has 
been examined, it is broken up into parts, each of which is a region of a 
given type. 

2°. Double integral in curvilinear coordinates. In the more general case, 
if in the double integral 


(Virus, y) dx dy 


(S) 


it is required to pass from the variables x, y to the variables u, v, which 
are connected with x, y by the continuous and differentiable relationshins 


x=@Q(u, v), Yy=p(t, v) 


that establish a one-to-one (and, in both directions, continuous) correspondence 
between the points of the region S of the xy-plane and the points of some 
region S’ of the UV-plane, and if the Jacobian 


Ox OY 
_ D(x, y) Ou Ou 
~ Diu, v) | Ox dy 
Ov dv 


retains a constant sign in the region S, then the formula 


\\ P(x, y) da dy-=\{ fig (u, v), p(u, v)] | 7 | dude 
(5) (s’) 
holds true 
The limits of the new integral are determined from general rules on the 
basis of the type of region S’ 
Example 1. In passing to polar coordinates, evaluate 


\{ V 1—x?— 9? dx dy, 
(S) 
where the region S is a circle of radius R=1 with centre at the coordinafe 


origin (Fig 92). 
Solution. Putting x=rcosg, y=rsing, we obtain: 


V 1—#—y= V 1 — (rcos g)? — (r sing)? = Yi—r 


254 Multiple and Line Integrals [Ch. 7 


Since the coordinate r in the region S varies from 0 to 1 for any g, and @ 
varies from 0 to 2x, it follows that 


a 
\{ V 1—x?—4? dx ay = | dp \ r V Tra = I. 
(S) 0 0 


Pass to polar coordinates r and @ and set up the limits of 


integration with respect to the new variables in the following 
integrals: 


2160. \ dx ( f(x, y) dy. 2161. { dx ( iV x+y) dy. 
2162. \\ FO, y) dx dy, 
(S) 
where S is a triangle bounded by the straight lines y=x, y= — x, 


y=1. 


2163. ay (4) dy. 


2164. N¥ace y) dxdy, where S is bounded by the lemniscate 


(S) 


(x° + y’)? =a? (x? — y’). 


a 


Fig. 92 Fig. 93 
2165. Passing to polar coordinates, calculate the double inte 
gral 
(| ydxdy, 
(S) 


where S is a semicircle of diameter a with centre at the poin 
C(5, 0) (Fig. 93). 
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2166. Passing to polar coordinates, evaluate the double inte- 
gral 


\\ @t+y*) de dy, 


(S) 


extended over a region bounded by the circle x*?+-y* = 2ax. 
2167. Passing to polar coordinates, evaluate the double in- 
tegral 


({ V a — x? — 9? dx dy, 
(S) 


where the region of integration S is a semicircle of radius a with 

centre at the coordinate origin and lying above the x-axis. 
2168. Evaluate the double integral of a function f(r, g)=r 

over a region bounded by the cardioid r=a(l-+cos@) and the 

circle r=a. (This is a region that does not contain a pole.) 
2169. Passing to polar coordinates, evaluate 


a YVai-x 
( dx ( Vx? + y' dy. 
0 0 


2170. Passing to polar coordinates, evaluate 
\ \ V a —x*—y? dx dy, 
(S) 
where the region S is a loop of the lemniscate 
(xé+y*)' =a" (x'—y*) (x0). 
2171*, Evaluate the double integral 
| V1 —5—Sax dy, 
(S) 


extended over the region S bounded by the ellipse “+41 by 


passing to generalized polar coordinates: 
~=rcosg, +=rsin 
a a ?- 


2172**, Transform 
c Bx 


(dx | f(x, y) dy 


0 Qx 


(0<a<f and c>0) by introducing new variables u=x+y, 
uv =y. 
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2173*. Change the variables u=x-+y, u=x—-y in the integral 


1 1 


( ax \ i (x, y) dy. 
2174**, Evaluate the double integral 
( ( dx dy, 


(S) 


where S is a region bounded by the curve 
(5 ai x? y? 


a?! pt) ~ Ae Re 


Hint. Make the substitution 
x=arcosg, y=orsing. 


Sec. 3. Computing Areas 
1°. Area in rectangular coordinates. The area of a plane region S is 


S =| \ dx dy. 
(S) 
If the region S is defined by the inequalities axx<b, p(x) <y<p(x), 


then 


2°. Area in polar coordinates. If a region S in polar coordinates r and 


is defined by the inequalities axcg<f, f(9)<r<F(q), then 
B F (@) 


S=\(rdpar= \ d@ \ rdr. 
(S) a (9) 
2175. Construct regions whose areas are expressed by the in- 


tegrals 
2 X+2 a Vaz—y? 
a) ( dx { dy; b) | ay ( dx. 
0 any 


Evaluate these areas and change the order of integration. 
2176. Construct regions whose areas are expressed dy the in- 


tegrals 
arc tana 8 sec @ = a (1+C0S &) 
a) dp ( rdr; b) \ dep { r dr. 
x 0 1 a 


4 


Compute these areas. 
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— 


2177. Compute the area bounded by the straight lines x=y, 
X=2y, x+y=—a, x+3y=a(a>0). 

2178. Compute the area lying above the x-axis and bounded 
by this axis, the parabola y’ = 4ax, and the straight line x-+-y = 3a. 

2179*. Compute the area bounded by the ellipse 


(y—x)? +x =1. 
2180. Find the area bounded by the parabolas 
= 10x-}-25 and y®* =—6x + 9. 


2181. Passing to polar coordinates, find the area bounded by 
the lines 
v+y=2x, by =4x, y=xu, y=0. 


2182. Find the area bounded by the straight line r cosp=1 
and the circle r=2. (The area is not to contain a pole.) 
2183. Find the area bounded by the curves 


r=a(l+cosq) and r=acosq (a>0). 


2184. Find the area bounded by the line 


2185*. Find the area bounded by the ellipse 
(x—2y }+ 3)? + (8x -+ 4y— 1)? = 100. 


2186. Find the area of a curvilinear quadrangle bounded by 
the ares of the parabolas x?=ay, x°=by, yy=ax, y= hxeOO< 
<a<ib, 0<a<B). 

Hint. Introduce the new variables uw and v, and put 

x2= uy, yr ==UN, 


2187. Find the area of a curvilinear quadrangle bounded by 
the arcs of the curves y?=ax, y’=bx, xy=a, xy=BP(O<a<b, 
O<a< BB). 

Hint. Introduce the new variables u and v, and put 

xy=u, yP=vx, 


% —1900 
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Sec. 4. Ccmputing Volumes 


The volume V of a cylindroid bounded above by a continuous surface 
z=f (x, y), below by the plene z=0, and on the sides by a right cylindrical 
surface, which cuts out of. the xy- plane a region S (Fig. 94), is equal to 


V =\ \ I (x, y) dx dy. 
(S) 


2188. Use a double integral to express the volume of a pyra- 
mid wiih vertices 0(0,0 0), A(I,0, 0), Bi, 1,0) and C(O, 0, 1) 
(Fig. 95). Set up the limits of integration. 


Z 


Fig. 94 Fig. 95 


In Problems 9189 to 2192 sketch the solid whose volume is 
expressed by the given double integral: 


1 x 2 Vi-x 
2189. (dx ( (I—x—y)ay, 2191. ( dx \ (1 — x) dy. 
0 0 0 0 


2 2~X 2 2 
2190. \ dx \ 4@—x— y) dy. 2192. J dx J Gx g)dy 
2193. Sketch the solid whose volume is "ex pressed by the in- 


a Va2—x2 


tegral { dx \ Va —x—y dy; reason geometrically to find the 


value of this integral. 

2184. Find the volume of a solid bounded by the elliptical 
paraboloid z=2x*+y*+.1, the plane x+y=1, and the coordi- 
nate planes. 

21£5. A solid is bounded by a hyperbolic paraboloid z=x*—y 
and the planes y=0, z=0, x=1. Compute its volume. 
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2196. A solid is bounded by the cylinder x* +z? =a* and the 
planes y=0, z=0, y=x. Compute its volume. 

Find the volumes bounded by the following surfaces: 

2197. az=y’, x +y? =", z=0. 


2198. y=Vx, y=2Vx, x+z=6, z=0. 
2199. z=x+y’, y=x’, y=1, z=0. 


2200. x+y4-z=a, 3x+y=a, 7x+y=a, y=0, z=0. 


2 2 

2201. 5+5=1, y= x, y=0, z=0. 

2202. x? + y*? =2ax, z=axr, z=Bx (a>). 

In Problems 2203 to 2211 use polar and generalized polar 
coordinates. 

2203. Find the entire volume enclosed between the cylinder 
x?+y’? =a’ and the hyperboloid x? +y?—z’?=—a’. 

2204. Find the entire volume contained between the cone 
2(x’ + y°)—2*=0 and the hyperboloid x? +y’?’—z =—a’. 

2205. Pind the volume bounded by the suriaces 2az=x’* + y’, 
ertyp—2=a’, z=0. 

2206. Determine the volume of the ellipsoid 


Oo 


2207. Find the volume of a solid bounded by the paraboloid 
Qaz= x’? 4+ y° and the sphere x* 4-y’ +z? =3a’. (The volume lying 
inside the paraboloid is meant.) 

2208. Compute the volume of a solid bounded by ithe x-plane, 
the cylinder x?-+ y?=2aw, and the cone x°+y’?=2’. 

2209. Compute the volume of a solid bounded by the xy-plane, 
the surface z=ae~ +”), and the cylinder x*°+ y°=R’. 

2210. Compute the volume of a solid bounded by the xy-plane, 


7 y? y? 
the paraboloid z=, a and the cylinder V+ 4=05. 


2211. In what ratio does the hyperboloid x? +y?’—z?=a’ 
divide the volume of the sphere x? + y’ + 2° < 3a’? 

2212*, Find the volume of a solid bounded by the surfaces 
Z=x+y, xy=1, xy=2, y=x, y=2x, z=O(x>0, y>O0). 


Sec. 5. Computing the Areas of Surfaces 


The area o of a smooth single-valued surface z=f (x, y), whose projection 
on the xy-plane is the region S, is equal to 


o=\) V 1+(52) +(3) 7) +(5 5 ) de dy, 


9 
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2213. Find the area of that part of the plane = 4 f4 4 =] 


which lies between the coordinate planes. 

2214. Find the area of that part of the surface of the cylin- 
der x?+ y?>=R?* (z=0) which lies between the planes z= mx and 
z=nx(m>n>0). 

2215%. Compute the area of that part of the surface of the 
cone x*7—y’?=2* which is situated in the first octant and is 
bounded by the plane y+z=a. 

2216. Compute the area of that part of the surface of the 
cylinder x’?+y?’=ax which is cut out of it by the sphere 
x4 ytz*=a’, 

2217. Compute the area of that part of the surface of the 
sphere x*+4 y°+z*=a* cut out by the surface +52! 


2218. Compute the area of that part of the surface of the 
paraboloid y*+ z* =2ax which lies between the cylinder y’ = ax 
and the plane x= a. 

2219. Compute the area of that part of the surface of the 
cylinder x’-+y’=2ax which lies between the xy-plane and the 
cone x*-+y*= 2’, 

2220%. Compute the area of that part of the surface of the 
cone x?—y’? =z’ which lies inside the cylinder x’-+ y’ = 2ax. 

2221*, Prove that the areas of the parts of the surfaces of the 
paraboloids x?4 y?=2az and x’—y’=2az cut out by the cylin- 
der x*-+y’®=R?’ are of equivalent size. 

2222*. A sphere of radius a is cut by two circular cylinders 
whose base diameters are equal to the radius of the sphere and 
which are tangent to each other along one of the diameters of the 
sphere. Find the volume and the area of the surface of the re- 
maining part of the sphere. 

2223* An opening with square base whose side is equal 
to a is cut out of a sphere of radius a. The axis of the opening 
coincides with the diameter of the sphere. Find the area of the 
surface of the sphere cut out by the opening. 

2224*, Compute the area of that part of the helicoid 


z=carctan = which lies in the first octant between the cylin- 


ders x°4-y?=a’ and x°+7'=6’, 


Sec. 6. Applications of the Double Integral in Mechanics 


1°. The mass and static moments of a lamina. If S is a region in an 
xy-plane occupied by a lamina, and @(x, y) 1s the surface density of the 
lamina at the point (x, y), then the mass M of the lamina and its static 
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moments My and My relative to the x- and y-axes are expressed by the 
double integrals 
M=\{ o(x, Wdxdy, My=\ | yo(x, y)dedy, 
J (S) 
My=\ \ xo (x, y) dx dy. (1) 
(S) 


If the lamina is homogeneous, then @ (x, y)=const. 


2°. The coordinates of the centre of gravity of a lamina. If C(x, y) is the 
centre of gravity of a lamina, then 
=-= My —_ My 
eM! IM! 


where M is the mass of the lamina and My, My are its static moments rela- 
tive to the coordinate axes (see 1°). If the lamina is homogeneous, then in 
formulas (1) we can put o= 1. 

3°. The moments of inertia of a lamina. The moments of inertia of a 
lamina relative to the x- and y-axes are, respectively, equal to 


Ix= | \ y’Q (x, y) dx dy, ly= | ( x70 (x, y) dx dy. (2) 
(S) (S) 


The moment of inertia of a lamina relative to the origin is 


Ip={ { (+ y)0 (x y) dx dy =ly+Ty. (3) 
(S) 


Putting @ (x, y)=1 in formulas (2) and (3), we get the geometric moments of 
inertia of a plane figure. 


2225. Find the mass of a circular lamina of radius R if the 
density is proportional to the distance of a point from the centre 
and is equal to 6 at the edge of the laimina. 

2226. A lamina has the shape of a right triangle with legs 
OB=a and OA=), and its density at any point is equal to the 
distance of the point from the leg OA. Find the static tnoments 
of the lamina relative to the legs OA and OB. 

2227, Compute the coordinates of the centre of gravity of the 
area OmAnO (Fig. 96), which is bounded by the curve y= sinx 
and the straight line OA that passes through the coordinate origin 


IU . 
and the vertex A 3° 1) of a sine curve. 


2228. Find the coordinates of the centre of gravity of an area 
bounded by the cardioid r=a(l+ cosy). 

2229. Find the coordinates of the centre of gravity of a cir- 
cular sector of radius a with angle at the vertex 2a (Fig. 97). 

2230. Compute the coordinates of the centre of gravity of an 
area bounded by the parabolas y*=4x +4 and y? =—2x +4. 

2231. Compute the moment of inertia of a triangle bounded 
by the straight linesx+y=2, x=2, y=2 relative to the x-axis. 
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9232. Find the moment of inertia of an annulus with diame- 
ters d and D(d<D): a) relative to its centre, and b) relative to 
its diameter. 

2233. Compute the moment of inertia of a square with sidea 
relative to the axis passing through its vertex perpendicularly to 
the plane of the square. 

2234*. Compute the moment of inertia of a segment cut off 
the parabola y’=ax by the straight line x=a relative to the 
Straight line y=—a. 


Y 
Y 


Fig. 96 Fig. 97 


2235*. Compute the moment of inertia of an area bounded by 
the hyperbola xy=4 and the straight line x-+y=5 relative to 
the straight line x=y. 

2236*, In a square lanina with side a, the density is propor- 
tional to the distance from one of its vertices. Compute the mo- 
ment of inertia of the lamina relative to the side that passes 
through this vertex. 

2237. Find the moment of inertia of the cardioid r=a(1l-+ cos @) 
relative to the pole. 

2238. Compute the moment of inertia of the area of the lem- 
niscale r° = 2a*cos2q@ relative to the axis perpendicular to its 
plane in the pole. 

2239*. Compute the mcment of inertia of a homogeneous lamina 
bounded by one arc of the cycloid x=a(t—sint), y=a(1—cosf) 
and the x-axis, relative to the x-axis. 


Sec. 7. Triple Integrals 


1°. Triple integrals in rectangular coordinates. The triple integral of the 


function f(x, y, z) extended over the region V is the limit of the corre- 
sponding threefold iterated sum: 


(x, t, 2) dx dy dz=lim ci, Yn 24) Aer Ay, Ae. 
JJ [re es rday de—tim | SE BI tee yp 20) hey 
max Avy; +0 
max AZ, 70 


Sec. 7} Triple Integrals 203 


Evaluation of a triple integral reduces to th2 successive computation of the 
three ordinary (one2fold iterated) integrals or to the computation of one 
double and one single integral. 

Example t. Compute 


|=: { ( x5y?z dx dy dz, 


where the region V is defined by the inequalities 
Ox<xxl, Oxyxx, OSz2<c xy. 
Solution. We have 


1 x xy 1 Xx xy 
‘ 2 
1=\ ds \ ay | eyed = (dx | wy" 5 dy= 
] 0 0 0 0 0 
1 x x 1 
_ x54 7 x5 y° 7 ( yo _ 1] 
=| ax Fay =| 5 [ae | no? =1p- 
0 0 0 0 0 


Example 2. Evaluate 


( ( [ xtdx dy dz, 


() 
2 


extended over the volume of the ellipsoid * + a +5=1. 
Solution. 
Qa a 
\ ( \ 2 dx dy dz = ( x? dx ( ( dydz= \ x°Sy, dx, 
(Vv) —a (Sy.) -a 


, y= 2" x? . 
where Sy, 1s the area of the ellipse wt Ga1—S, x=const, and is equal to 


We therefore finally get 


a 
\ *dx dy dz=:nb (1-4) ae=4 *b 
’, x*dxdydz=nbe \ x g2 | A = pe mathe. 
(V -a 


2°. Change of variables in a triple integral. If in the triple integral 


\ (Vie, y, z)dx dy dz 
(V) 


it is required to pass from the variables x, y, z to the variables u,v, w, 
which are connected with x, y, z bv therelations x=@(u, v, w), y= p(u, Uv, w), 
z2=y(u, v, w), where the functions @, p, x are: 

1) continuous together with their paitial first derivatives; 

2) in one-to-one (ind, 1n both directions, continu us) correspondence be- 
tween the poirts of the region of integration V ol xyz-space and the points of 
some region V’ of UVW-space; 
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3) the functional determinant (Jacobian) of these functions 
Ox Ox Ox 
du dv dw 

l= D(x,y,2) __ oy oy Oy 

~ D(u,v,w) | du dv dw 

Oz Oz Oz 

du Ov Ow 


retains a constant sign in the region V, then we can make use of the for- 
mula 


ace y, 2)dx dy dz= 
(V) 


= | \ ( P(e (u,v, w), p(u,v,w), X(u, v, w)}[/ | dudu dw. 
(V’) 


Fig. 98 Fig. 99 


In particular, 
1) for cylindrical coordinates r, @, h (Fig. 98), where 
x=rcos$, y=rsing, z=—h, 
we get / =r; 
2) for spherical coordinates @, p, r(g is the longitude, wp the latitude, 
r the radius vector) (Fig. 99), where 


X=rcosipcosg, y=rcospsing, z=rsin yp, 


we have /-==r*cos bp. 
Example 3. Passing to spherical coordinates, compute 


( \ \ V x?-+ y? + 27 dx dy dz, 
(V) 
where V is a sphere of radius R. 
Solution. For a sphere, the ranges of the spherical coordinates «p (longl- 
tude), wp (latitude), and r (radius vector) will be 
a 
2 


Os p<Qn, <p<>. Omri, 
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We therefore have 
at 
20 2 R 
( \ ( V x? -- y? -|- 22 dx dy dz= ( dp ( dip ( rr?coshjdr=axR‘, 
(\’) 0 A 0 
_—y 
3°. Applications of triple integrals. The volume of a region of three-dimen- 
sional xyz-space is 
v= ( \ dx dy dz. 
(\’) 
The mass of a solid occupying the region V is 
m=! \ \ y¥(v, y, 2) dx dy dz, 
(V) 


where y(x, y, z) is the density of the body at the point (x, y, 2). 
The static moments of the body relative to the coordinate planes are 


Myy = { \ \y (x, y, z2)zdx dy dz; 


(V) 
Myz = \ \ ( ¥ (x, Y, z)a dx dy dz; 
(\’) 
Mzy = { \ \ V(x, y, 2) ydx dy dz. 
(V) 
The coordinates of the centre of gravity are 
pate Gk, pa 


If the solid is homogeneous, then we can put y(x, y, z)=1 in the for- 
mulas for the coordinates of the centre of gravity. 
The moments of inertia relative to the coordinate axes are 
Iy= {1 | Wt+2%) y (x, my, 2) dx dy des 
(V) 


Iy=( VV atx) y , y 2) de dy ae; 
Vv) 

[z= ( \ (x? +-y?) y (x, y, 2) dx dy dz. 
(Vv) 


Putting y(x, y, z)=1 in these formulas, we get the geometric moments 
of inertia of the body. 


A. Evaluating triple integrals 
Set up the limits of integration in the triple integral 
( \ Vi G, y, z)dxdydz 


(V) 
for the indicated regions V. 
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2240. V is a tetrahedron bounded by the planes 
x+y+z=1, x=0, y=0, z=0. 
2241. V is a cylinder bounded by the surfaces 
evty=R*, z=0, z=H. 
2242*. V is a cone bounded by the surfaces 
eye 
b2 2 
2243. V is a volume bounded by the surfaces 
z=Il1—x—y’, z=0. 


Compute the following integrals: 


2245. fax (dy ( x dz. 

2246. dx \ dy | de 

2247. (ax \ dy xyzdz. 
9 0 


2248. Evaluate 
\\\erereer aeseare 


where V is the region ot integration bounded by the coordinate 
planes and the plane x+y+z= 1. 
2249. Evaluate 


(| (x4 y + 2)’ dx dy dz, 
(V) 


where V (the region of integration) is the common part of the 
paraboloid 2ae = x* + y’ and the sphere x*+ y*+2*> < 3a’. 
2250. Evaluate 


( \ (2? dx dy dz. 


(V) 


where V (region of integration) 1s the common part of the 
spheres +y?> -2?7<R’ and x*?+y' +2’ =< 2Rz 
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2251. Evaluate 
( ( ( z dx dy dz, 


(V) 
where V is a volume bounded by the plane z=O and the upper 
half of the ellipsoid =+$4+S=1. 


2252. Evaluate 
2 2 2 
\\) (G+4 + ) dx dy de, 
(V) 


where V is the interior of the ellipsoid 44+44+5=1. 
2253. Evaluate 


\\\ zdxdydz, 
(V’) 


where V (the region of integration) is bounded by the cone 
el ty’) and the plane z=/h. 


2254. Passing to cylindrical coordinates, evaluate 


V\\ dedyaz, 
“() 
where V is a region bounded by the surfaces x*-+-y* 4 2? =2Rz, 
x?-| y®= 2? and containing the point (0,0, R). 
2255. Evaluaie 


2 Vax- x? a 
\ dx \ dy \ z2V x+y dz, 


first transforming it to cylindrical coordinates. 
2256. Evaluate 


2r Varx—at l art— xy? 
\ dx \ dy \ dz, 
° ~Varx—x? 0 


first transforming it to cylindrical coordinates. 
2257. Evaluate 


R V Rt- x? V R?-x?- 47 


Vax J dy J (t+y*)ae, 
-R VR 


first transforming it to spherical coordinates. 
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2258. Passing to spherical coordinates, evaluate the integral 


({{ Vxetty + 2° dx dy dz, 


(V) 


where V is the interior of the sphere 7 --y’?+2* <x. 


B. Computing volumes by means of triple integrals 


2259. Use a triple integral to compute the volume of a solid 
bounded by the surfaces 


y’? = 4a® —3ax, yr=ax, 2= 4h. 


2260**. Compute the volume of that part of the cylinder 
x’ + y* = 2ax which is contained between the paraboloid x + y’ = 2az 
and the xy-plane. 

2261*. Compute the volume of a solid bounded by the sphere 
x+y? +2*=a’ and the cone 2*=x*?+y"* (external to the cone). 

2262*. Compute the volume of a solid bounded by the sphere 
x+y? +2*=4 and the paraboloid x’+y*=3z (internal to the 
paraboloid). 

2263. Compute the volume of a solid bounded by the xy-plane, 
the cylinder x? + y?=ax and the sphere x*+y* + 2° =a’ (internal 
to the cylinder). 

2264. Compute the volume of a solid bounded by the paraboloid 


2+ =2 = and the plane x=a. 


C. Applications of triple integrals 
to mechanics and physics 


2265. Find the mass M of a rec- 
tangular parallelepiped O<x<a, 
Ox<y<b, 0<zscc, if the den- 
sity at the point (x, y, 2z) is 
v (x, Y, z)=X-+y 4-Z. 

2266. Out of an octant of the 
sphere x°+y'?+2*<c*, x2=0, 
Fig. 100 y=>0, z>0 cut a solid OABC 
bounded by the coordinate planes 


and the plane =4f=1 (axc,b<c) (Fig. 100). Find the mass 
of this body if the density at each point (x, y, z) is equal to 
the z-coordinate of the point. 


2267*. In a solid which has the shape of a hemisphere 
x*+y?+z*<a*, z>0, the density varies in proportion to the 
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distance of the point from the centre. Find the centre of gravity 
of the solid. 

2268. Find the centre of gravity of a solid bounded by the 
paraboloid y*® + 2z7=4x and the plane x=2. 

2269*. Find the moment of inertia of a circular cylinder, 
whose altitude is A and the radius of the base is a, relative to 
the axis which serves as the diameter of the base of the cylinder. 

2270*. Find the moment of inertia of a circular cone 
(altitude, A, radius of base, a, and density @) relative to 
the diameter of the base. 

2271**. Find the force of attraction exerted by a homogeneous 
cone of allitude A and vertex angle u (in axial cross-section) on 
a material point containing unit mas; and located at its vertex. 

2272**, Show that the force of attraction exerted by a homo- 
geneous sphere on an external material point does not change if 
the entire mass of the sphere is concentrated at its centre. 


Sec. 8. Improper Integrals Dependent on a Parameter. 
Improper Multiple Integrals 


1°. Differentiation with respect to a parameter. In the case of certain 
restrictions imposed on the functions f(x, a), fo (x, a) and on the correspond- 
ing improper integrals we have the Lerbniz rule 
lo 6) iv 9] 
d ; ° 4 " 
da \ F(x, a) ax = | fy (x, @) dx. 


a a 


Example 1. By differentiating with respect to a parameter, evaluate 


q emt? ___ pm sx 
\ + ae (a >0, B > 0). 


x 
Solution. Let 


" —AN8 4 — 3x8 
(ae rca, B 


Then 0 


OF (8, PY ype axt gy toe axt| I 
2a 


oa 20° 


0 1] 


Whence F (a, B) a Ina+C (B). To find C(B), we put a=6 in the latter 
equation. We have 0=—5 InB-+C (B). 


Whence Cip)=4 Inf. Hence, 


F (a, B)-=—yInat—> InB= In E. 
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2°. Improper double and triple integrals. 


a) An infinite region. If a function f(x, y) is continuous in an unbounded 
region S, then we put 


({ f(x, y) dxdy= lim ({ f (x, y) dx dy, (1) 
(S) o> Sig) 


where o is a finite region lying entirely within S, where o +S significs that 
we expand the region o by an arbitrary law so that any point of S should 
enter it and remain in it. If there is a limit on the right and if it does not 
depend on the choice of the region o, then the corresponding improper inte- 
gral is called convergent, otherwise it is divergent. 

Ii the integrand f(x, y) is nonnegative [f (x, y)= 0], then for the con- 
vergence of an imrioper integral it 1s necessary and sufficient for the limit 
on the right of (1) to exist at least for one system of regions o that exhaust 
the region S. 

b) A discontinuous function. If a function f(x, y) is everywhere contin- 
uous in a bounded closed region S, except the point P (a, 6), then we put 


U\ Fo, sdxdy= iim (lp (x, y)deay, (2) 
(S) © 7 os") 

& 
where S, is a region obtained from S by eliminating a small region of dia 
meter & that contains the roint P. If (2) has a limit that does not depend 
on the tyre of small regions elimirated from S, the improper integra! under 
consideration is called convergeni, othirwise it is divergent. 


lf f(x, y) 0, then the limit on the right of (2) is not dependent on the 
type of regions eliminated from S; for instance, such reg:ons may be circles 


of radius 5 with centre at P. 


The concept of improper double integrals is readily extended to the case 
of triple integrals. 


Example 2. Test for convergence 
dx dy 
Wess ") 


where S is the entire xy-plane. 


Solution. Let o be a circle of radius @ with centre at the coordinate 
origin. Passing to polar coordinates for p31, we have 


2 = Q 
dx dy rdr 
or \ Ea? (at FF = =) “4 \aerp= 


-(i (1 at arey —P 


0 


5 d= (1+ 92)!-P—I]. 


If p<, then lim J (o)= lim J (o)=o and the integral diverges. But if p > 1, 
o-sS Q-ax 


then = lim I (o)= —— and the integral converges. For p=I1 we have 
Q7@ p—l 


Sec. 8] Improper Integrals Dependent on a Parameter 271 


2% 
[ (o) = ( de! [a =ainl +e im =o, that is, the integrat 
> 
0 0 


diverges. 
Thus,’ the integral (3) converges for p> 1. 


2273. Find f’ (x), if 


f(xy)= ( e-*# dy (x >O0). 


x 


2274. Prove that the function 


satisfies the Laplace equation 
Ou, Ou __ 
Ox? dy? 
2275. The Laplace transformation F(p) for the function f (¢) 
is defined by the formula 


o *) 


F (p) = § e-P4f (t) dt. 
Find F(p), if: a) f(t)=1; b) f()=e*; c) F()=sinBe; 
d) f(t) = cos Be. 
2276. Taking advantage of the formula 
[ xr-idx = (n > 0), 


compute the integral 
1 


( x"-"In x dx. 


0 


2277*. Using the formula 


@ 


\e-" dt =< (p > 0), 


evaluate the integral 
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Applying differentiation with respect to a parameter, evaluate 
the following integrals: 


2278. ee ae dx (a> 0, B> 0). 


2279. ewe sin mx dx (a>0, B>0). 


g “C38 © 
t 


> arc tan ax 
2280. \ sae 4 
2281. n= ay (|) <I), 


2282. 


o C5 8 # 


eax IPE dy (a0), 


Evaluate the following improper integrals: 


0 


dx. 


Vy) 

yr 
e 

0 


2284. ( y 
0 


7) x4 a 
(S 


ties x= 1, y=’. 


d 

(C dxdy . . ; . . 
2285. \\ ere where S is a region defined by the inequali- 

) 


D D 


» ( dv 
2286*, dx ) GEESE anr (a > 0). 


2287. The Euler-Poisson integral defined by the formula 
i =\ewde may also be written in the form | =| e-#“ dy. Eval- 


0 


uate / by multiplying these formulas and then passing to polar 
coordinates. 


2288. Evaluate 


\ax\ dy | ape 24 2? + 1)?° 
0 0 
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Test for convergence the improper double integrals: 
2289**., \\ In) x? 4-y? dx dy, where S is a circle x+y? <1. 


(S) 
2290. \S eae where S is a region defined by the ine- 
quality x ey y* => 1 (“exterior” of the circle). 


*_dxdy _ 
2291*. ) 7a ye where S is a square |x/<1, [y{/<1 


___dxdydz | . . . 
2292. (lft GL ye tay where V is a region defined by the 


inequality e + y’-| 27 >= 1 (“exterior” of a sphere). 


Sec. 9. Line Integrals 


1°. Line integrals of the first type. Let f(x, y) be a continuous function 
and y=q (x) [a<1 <b] be the equation of some smooth curve C 
Let us construct a system of points M (Xi y,) (i=:0, 1, 2, ..., nm) that 


break up the curve C into elementary arcs MM,” “,M; = As; and let us form the 
Nl 
integral sum S, = DF Op y,) As,. The limit of this sum, when n->o and 


| ae | 
max As; +0, 1s called a line integral of the first type 


lim ¥ ie yi) Asj=\ f(x, y) ds 


Lf i eT C 
(ds is the arc differential) and is evaluated from the formula 
b 
Fr, nds=\ fe, ¢ Oo) VIF WF ae. 
C a 


In the case of parametric representation of the curve C: x=@ (i), 
y=yi(t)[a<t<f], we have 


p 
Fits 2 ds=( FOO. VV OF OF? Oat. 
Cc a 


Also considered are line integrals of the first type of functions of three 
variables f(x, y, z) taken along a space curve. These integrals are evaluated 
in like fashion A line integral of the first type does not depend on the direc- 
tion of the path of integration: if the integrand f is interpreted as a linear 
density of the curve of integration C, then this integral represents the mass 
of the curve C, 
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Example 1. Evaluate the line integral 


( (x+y) ds, 
C 


where C is the contour of the triangle ABO with vertices A(1, 0), B(0, 1), 
and O(0, 0) (Fig 101). 

Solution. Here, the equation AB is y=1—x, the equation OB is r=0, 
and the equation OA is y=0. We therefore have 


( +y)ds= uta dst (tydst (ty)as= 
Cc AB BO OA 


=f V3art (yay rae= V 241. 


2°. Line integrals of the second type. If P(x, y) and Q(x, y) are contin- 
uous functions and y=q(a) 1s a smooth curve C that runs from a to 6 as 


Y 
B 
0 
A X 
Fig. 101 


x varies, then the corresponding line tntegral of the second type is expressed 
as follows: 


F b 
| Pu, y) dx +Q (x, y) dy= ( [P (x, p(x) +9’ (x) Q (x, @ (x))] dx. 
C 


a 


In the more general case when the curve C is represented parametrically: 
x=@Q(t), y= p(t), where ¢ varies from a to B, we have 


p 
| P(x, y)dx+Q (x, y) dy + | [P (p(t), P(A) @’ (2) 4+ Q (P(t), H(t) HW’ (f)J dt. 
C 


a 


Similar formulas hold for a line integral of the second type taken over a 
space curve. 

A line tntegral of the second type changes sign when the dtrection of the 
path of integration ts reversed. This integral may be interpreted mechanically 


as the work of an anpropriate variable force { Pts, y), Q(x, y) } along the 
curve of integration C 


Example 2. Evaluate the line integral 


| yrdxtx?dy, 
C 
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where C is the upper half of the ellipse x=a cost, y=b sin¢ traversed 
clockwise. 


Solution. We have 


0 


( y? dx + x* dy = | [b? sin? f-( —asin t) +a? cos? t-b cos t] dt = 


C Ff 0 0 
= —ab’ \ sin® ¢ dt +-a°b \ cos? t dt = = ab?, 
ra x 


3°. The case of a total differential. If the integrand of a line integral 
of the second type is a total differential of some single-valued function 
U--U (x, y), that is, P (x, y)dx+Q(x, y) dy =dU (x, y), then this line integral 
is not dependent on the path of integration and we have the Newton-Leibniz 
formula 


(X32) Ya) 


P (x, y) dx + Q (x, y) dy =U (x,, y,)—U (x;, y;), (1) 
(%;. 41) 


where (x,, Y;) 1s the initial and (x,, y-) is the terminal point of the path 
In particular, if the contour of integration C is closed, then 


| Pix, ydet-Q (x, y) dy =0 (2) 
Cc 


If 1) the contour of integration C is contained entirely within some 
simply-connected regio. S and 2) the functions P(x. y) and Q(x, y) together 
with their partial derivatives of the first order are continuous in S, then a 
necessary and sufficient coiditio: for the existence of the function U is the 
identical fulfilment (an S) of the equality 


6Q__ oP 
dx oy (3) 


(see integration of total differentials) If conditions one and two are not ful- 
filled, the presence of condition (3) does not guarantee the cxistence of a 
single-valued tunction U, and formulas (1) and (2) may prove wrong (see 
Problem 23:2) We give a method of finding a function U(x, uv) from its 
total diflerential based on the use of line integrals (which is yet another 
method of integrating a {otal dilferential). For the contour of integration C 
let us take a broken Ime P,.P,M (Fig 102), where P, (x), Yo) iS a fixed yoint 
and M (x, y) 1s a variable point. Then along P,P, we have y=y, and dy =0, 
and along P,M we have dx-=0 We get: 


(x, y¥) 
U (x, y—U (x, y= | Pls, ydxt+Q(x, dy= 
(%u, Yo) x 7] 
=| P(x, yydx+! Qt, ») dy. 
Xo Yo 


Similarly, integrating with respect to P,P,M, we have 
y x 
U x, W—U (es Ya)= | Q(t v)dyt | Pix, y)adx. 


Vo Xy 
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Example 3. (4x -4-2y) dx-+ (2x —6y) dy=dU. Find U. 
Solution. Let x,=0, y,=0. Then 


x 1] 
U (x, y)= \ 4x dx + \ (2% —6y) dy +-C = 2x? + Qxy—3y2+C 
0 


0 
or 


Uy x 
U (x, y)= \ —6y dy + ( (4x -+- Qy) dx -+ C= — 3y? + 2x? + 3xy-E C, 


0 0 


where C=U (0, 0) is an arbitrary constant. 


4°, Green’s formula for a plane. If C is the boundary of a region S and 
the functions P(x, y) and Q(x, y) are continuous together with their first- 
order partial derivatives in the closed region S-++-C, then Green’s formula holds: 


ee (aq oP 
Gf Pdx+Qdy= \\ (e-F) dx dy, 
C (S) 


here te circulation about the contour C is chosen so that the region S should 
remain to the left. 
5°. Applications of line integrals.") An area bounded by the closed contour C is 


S=—ydx=h xy 
C 


C 


(the direction of circulation of the confour is chosen counterclockwise). 
The fo lowing formula for area is more convenient for application: 


_ —~1 feg(4 
Say p (xdy—yde)=s p a (4). 


2) The work of a force, having projections X =X (x, y, 2), Y=Y (x, y, 2), 
Z=Z (x, y, z) (or, accordingly, the work of a force field), along a path C is 


Sec. 9] Line Integrals 277 


expressed by the integral 
A= ( X dx -+Y dy + Z dz. 
C 


If the force has a potential, i.e., if there exists a function U=U (x, y, z) 
(a potential function or a force function) such that 


OU ou gU | 
Ox =X, oy oY Oz = 0, 
then the work, irrespective of the shape of the path C, is equal to 
(3, Y2, 22) (X2, Yas. 22) 
A= \ X dx--Y dy -+4-Zdz= \ dU =U (X., Yo, z.)—U (x,, Y; 21), 
(is Yay 21) (1, Wi, 24) 


where (¥,, Y;, 2,) is the initial and (x,, y., 2,) is the terminal point of the path. 


A. Line Integrals of the First Type 
Evaluate the following line integrals: 
2293. \ xy ds, where C is the contour of the square |x|+|y|=a@ 


C 


(a> 0). 
2294. la Vai = ae where C is a segment of the straight line 
x Yt- 
connecting the points O(0, 0) and A(1, 2). 
2295. | ay ds where C is a quarter of the ellipse x f= 


lying in the first quadrant. 
2296. \ 9" ds, whereC is the first arc of the cycloid x =a (t—sin 1), 


y= a(l—cos 2). 
2297. \Very -y’ ds, where C is an arc of the involute of the 


circle x= a (cost | -{sin?t), y=a(sint—tcos?f) |O<ft< 2n]. 


2298. { (x? -+ y’)’ds, where C is an arc of the logarithmic spi- 
C 


ral r == ae? (mi > 0) from the point A (0, a) to the point O (—oo, 0). 
2299. \ (x + y)ds, where C is the right-hand loop of the tem- 
C 


niscate r? =a’ cos 29. 
2300. (x -y)ds, where C is an arc of the curve x=f/, 
C 


2 
I= z= (O0<t<l]. 
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ds ° Ld e 
2301. \ ———_,——, where C is the first turn of the screw-line 
| x? + y? + 2? 
x=acost, y=asint, z=Ot. 


2302. | V2y --2z*ds, where C is the circle x’?+y*?+z?=a’, 
C 
x=Y. 
2303*. Find the area of the lateral surface of the parabolic 
cylinder y=sx bounded by the planes z=0, x=0, z=x, y=6. 


2304. Find the are length of the conic screw-line C x=ae' cost, 
y=ae' sint, z=ae' from the point O (0, 0, 0) to the point A (a, 0, a). 

2305. Determine the mass of the contour of the ellipse 
=[+H=1, if the linear density of if at each point M (x, y) is 
equal to |y|. 

2306. Find the mass of the first turn of the screw-line x =acosf, 


y=asint, z=bt, if the density at each point is equal to the 
radius vector of this point. 


2307. Determine the coordinates of the centre of gravity of 
a half-are of the cycloid 
x=a(t—sinf), y=a(l—cost) [O<t<n). 
2308. Find the moment of inertia, about the z-axis, of the 
first turn of the screw-line x=acost, y=asint, z=0t. 
2309. With what force will a mass M distributed with uni- 


form density over the circle x* + y?’=a’, z=0, act on a massm 
located at the point A (0, 0, 6b)? 


B. Line Integrals of the Second Type 
Evaluate the following line integrals: 
2310. \ (x? — 2xy) dx -| (2xy + y’) dy, where AB is an arc of the 


AB 
parabola y=x’* from the point A(1, 1) to the point B(2, 4). 
2311. | (Qa—y) dx '-xdy, where C is an arc of the first 


. 


Cc 
arch of the cycloid 
x=a(t—sint), y=a(l1—cos/) 
which arc runs in the direction of increasing parameter f¢. 


2312. \ 2xy dx—x’ dy taken along different paths emanating 


OA 
from the coordinate origin O(0, 0) and terminating at the point 
A (2, 1) (Fig. 103): 
a) the straight line OmA; 
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b) the parabola OnA, the axis of symmetry of which is the 
re) the parabola OpA, the axis of symmetry of which ts the 
eed) the broken line OBA; 
e) the broken line OCA. 


2313. ( 2xy dx +x? dy as in Problem 2312. 
OA 


2314*. Mae taken along the circle x? + y?=a? 
counterclockwise. 
Y 
C0, 1) IE A(2,1) 
LEE x 
0 B(2,0) 
Fig. 103 


2315. Ny dx-+ x’ dy, where C is the upper half of the ellipse 


x=-acost, y=bsint traced clockwise. 


2316. ( cosydx—sinxdy taken along the segment AB of the 
AB 

bisector of the second quadrantal angle, if the abscissa of the 
point A is 2 and the ordinate of B ts 2. 

2317. pet oa where C is the right-hand loop ot the 
lemniscate r? =a? cos 2 traced counterclockwise. 

2318. Evaluate the line integrals with respect to expressions. 
which are total differentials: 


(2, 3) (3, 4) (1, 1) 
a) { xdy-+ydx, bd) ( xdx-+ydy, c) ( (x+y) (dx + dy), 
( — 1, 2) (0, 1) (0, 0) 
8 de xd 
d) \ y aX — X ay 


7 (along a path that does not intersect the 


(1, 2) 
X-axis), 
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(x, y) 
e) \ a a (along a path that does not intersect the 
straight line «-+y=0), 


(Xo, Yo) 


f) \ @p (x) dx -| p (y) dy. 


(X,, Vi) 


2319. Find the antiderivative functions of the integrands and 
evaluate the integrals: 


(3, 0) 


a) § (xt 4xy*) dx + (6x*y?—5y) dy, 
(—2, ~1) 
(1, 0) 


b) | a7 a (the integration path does not intersect the 


(0, —1 
straight line y =x), 
(eE2y) de-ty dy 
c) f (x+y)? 


the straight line y=—X), 
(1, 1) 
d Ga )ax ( ——4 -£) dy. 
), Vet+y Vere 4 T Vey 
2320. Compute 


(the integration path does not intersect 


pa ( Sey 
Vieery 
taken clockwise along the quarter of the ellipse t+G=1 that 


lies in the first quadrant. 
2321. Show that if f(u) is a continuous function and C is a 
closed piecewise-smooth contour, then 


P F(x +9") (x dx-+y dy) =0. 


2322. Find the antiderivative function U if: 
a) du = (2x-+ 3y) dx + (38x—-4y) dy; 

b) du = (3x? — 2xy + y’) dx — (x? —2xy + 3y’) dy; 
c) du=e*-” [((14+ x+y) dx+(1—x—y) dy]; 


_ dx dy 
O) dus ryt ta 
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Evaluate the line integrals taken along the following space 
curves: 
2323. \ (y—2) dx-+ (2 —x) dy + (x—y) dz, where C is a turn 


C 
of the screw-line | x=acost, 
y=asintg, 
z= Ot, 


corresponding to the variation of the parameter ¢ froin 0 to 2x. 
2324. fy dx --+zdy-}+-xdz, where C is the circle 
C 
| x=Rcosacosf, 
y=Rcosa sinf, 
z=R sina (a=const), 


traced in the direction of increasing parameter. 
2325. | xydx-} yz dy +2xdz, where OA is an arc of the 


OA 
circle 


x°-- y?+27=2Rx, z=x, 


situated on the side of the xz-plane where y>0. 
2326. Evaluate the line integrals of the total differentials: 
(6, 4, 8) 
a) x dx -- ydy —z dz, 


(1, 0, — 3) 
(a, 0, Cc) 


b) \ y2dx-+ 2x dy -|- xy dz, 


(1, 1, 1) 
(3, 3, 5) 


xd. |-y dy 4+-zdz 
c) A, 
V a? -|-y? 4-2? 


x, ! , 
0 Gy 


d) yz dx + 2x dy -+- xy dz 


xy? (the integration path is situated 


(i, 1, 1) 
in the first octant). 
C. Green’s Formula 


2327. Using Green’s formula, transform the line integral 
=f Vx yrdxt-y [xy +in(x+ Vx?+y’)] dy, 
C 


where the contour C bounds the region S. 
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2328. Applying Green’s formula, evaluate 
1 = 2(xt + yf) dx-+ (x +y)* dy, 
Cc 


where C is the contour of a triangle (traced in the positive direc- 

tion) with vertices at the points A(l, 1), B(2, 2) and C(1, 3). 

Verify the result obiained by computing the integral directly. 
2329. Applying Green’s formula, evaluate the iniegral 


g —x’y dx + xy’ dy, 
C 


where C is the circle x? +y’?=R? traced counterclockwise. 

2330. A parabola AmB, whose axis is the y-axis and whose 
chord is AnB, is drawn through the points A(1, 0) and B(2, 3). 
Find ) (x + y)dx—(x—y)dy directly and by applying Green’s 

AmBnA 
formula. 


2331. Find \ e*” [y? dx + (14 xy) dy], if the points A and B 


AmB 
lie on the x-axis, while the area, bounded by the integration 
path AmB and the segment AB, is equal to S. 


2332*. Evaluate gas. Consider two cases: 
Cc 7 TY 


a) when the origin is outside the contour C, 


b) when the contour encircles the origin n times. 
2333**. Show that if C is a closed curve, then 


f cos (X, n)ds=0, 

Cc 

‘where s is the arc length and n is the outer normal. 

2334. Applying Green’s formula, find the value of the integral 


| = [xcos(X, n)-+ysin(X, n)]ds, 
C 


where ds is the differential of the arc and n is the outer normal to 
the contour C. 


2335*. Evaluate the integral 
dx—dy 
yoxty” 


taken along the contour of a square with vertices at the points 
A (1, 0), B(0, 1), C(—1, 0) and D(0, —1), provided the contour 
is tracea counterclockwice. 


Sec. 9] Line Integrals 283 


D. Applications of the Line Integral 


Evaluate the areas of figures bounded by the following curves: 

2336. The ellipse x=acost, y=bsint. 

2337. The astroid x =acos*l, y=asin*t. 

2338. The cardioid x=a (2cosf{--cos2/), y=a (2sint— 
sin 2f). 

2339*. A loop of the folium of Descartes x*+y*—32xy =0 
(a> 0). 

2340. The curve (x-+ y)° =axy. 

2341*. A circle of radius r is rolling without sliding along a 


fixed circle of radius R and outside it. Assuming that x is an 


integer, find the area bounded by the curve (epicycloid) described 
by some point of the moving circle. Analyze the particular case 
of r=R (cardioid). 

2342*. A circle of radius r is rolling without sliding along 


a fixed circle of radius R and inside it. Assuming that ss is an 


integer, find the area bounded by the curve (hypocycloid) de- 
scribed by some point of the moving circle. Analyze the particular 
case when a (astroid). 

2343. A field is generated by a force of constant magnitude F 
in the positive x-direction Find the work that the tield does 
when a material point traces clockwise a quarter of the circle 
x? +y? =R’* lying in the first quadrant. 

2344. Find the work done by the foree of gravity when 
a material point of mass mis moved irom position A (x,, y,, 2,} 
to position B(x,, y,,2,) (the z-axis is directed vertically up- 
wards). 

2345. Find the work done by an elastic force directed towards 
the coordinate origin Wf the magnitude of the force is proportion- 
al to the distance of the point from the origin and if the point 
of application of the force traces counterclockwise a quarter of 


the ellipse +451 lying in the first quadrant. 


2346. Find the potential function of a foree R{X, Y, Z} 
and determine the work done by the force over a given path if: 

a) X=0, Y=0, Z=—mg (force of gravity) and the mate- 
rial point is moved from position A(x,, y,, 2,) to position 
B(x, Yar 22); 

b) X=—" Y=—-—, Z=—*h, where w=const and 
r==Vx'4+y'?+ 2° (Newton attractive force) and the material point 
moves from position A (a, 5, c) to infinity; 


284 Multiple and Line Integrals [Ch. 7 


c) X=— k’x, Y=—k’y, Z=—k’z, where k=const (elastic 
force), and the initial point of the path is located on the sphere 
x*+y?+2?=R’, while the terminal point is located on the sphere 
V4+y4+2=r'(R>Nr). 


Sec. 10. Surface Integrals 


1°. Surface integral of the first type. Let f(x, y, z) be a continuous 
function and z==q@(x, y) a smooth surface S. 
The surface integral of the first type is the limit of the integral sum 


n 
I(r y 2dS= lim Die (xp, yi, 2) ASi, 
S n>@® i=l 


where AS; is the area of the /th element of the surface S, the point (x;, y,, 
z;) belongs to this element, and the maximum diameter of elements of par- 
tition tends to zero. 

The value of this integral is not dependent on the choice of side of the 
surface S over which the integration is performed. 

If a projection o of the surface S on the xy-plane is single-valued, that 
is, every straight line parallel to the z-axis intersects the surface S at only 
one point, then the appropriate surface integral of the first type may be 
calculated from the formula 


lr y 2dS=\\ ite y eG, MV IFEL DFO, (6y) dx dy. 
Ss (o) 


Example 1. Compute the surface integral 


\\ e+y4248, 


. 


where S is the surface of the cube OS xxcl, OS y<ol, OS<z<<1. 
Let us compute the sum of the surface integrals over the upper edge of 
the cube (z=1) and over the lower edge of the ctrbe (z=0): 


( cetyd i drdy + 
00 


ee 


1 11 
( (x+y) dx dy=\ | (2x4 24+ 1) dx dy=3. 
0 0 0 


The desired surface integral is obviously three times greater and cqual to 


\( (x-- y+2)dS=9. 
Ss 


2°. Surface integral of the second type. If P=P (x, y, z), Q=Q (x, y, 2), 
R=R (x, y, z) are continuous functions and S+ is a side of the smooth sur- 
face S characterized by the direction of the normal n {cos a, cos B, cos y}, then 
the corresponding surface integral of the second type is expressed as follows: 


|) Payde+ Q dzdv+ R dx dy=(( (P cosa + Q cos B +R cos ¥) dS, 
S+ S 
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When we pass to the other side, S7, of the surface, this integral re- 
verses sign. 

If the surface S is represented implicitly, F(x, y, z)=0, then the direc- 
tion cosines of the normal of this surface are determined from the formulas 


where 
OF \? OF \? OF \? 
b= V (5) +(5;) +(5): 
and the choice of sign before the radical should be brought into agreement 
with the side of the surface S. 
3°. Stokes’ formula. If the functions P=P(x, y, z) Q=Q (x, y, 2), 


R=R (x, y, 2) are continuously differentiable and Cis aclosed contour bound- 
ing a two-sided surface S, we then have the Stokes’ formula 


f Pax+-Q dy +Rdz= 


© AS [GE -RB)owe (BB) en (92-2) oor] 


where cosa, cos, cosy are the direction cosines of the normal to the sur- 
face S, and the direction of the normal is defined so that on the side of the 
normal the contour S is traced counterclockwise (in a right-handed coordinate 
system). 

Evaluate the following surface integrals of the first type: 


2347. \{ (x? -+ y°)dS, where S is the sphere x* +4? -|-27 =a’, 
S 

2348. (| Vote dS where S is the lateral surface of the 
Ss. 


4° 2° 
cone = -- V—i3=0 [(O<z< Dj. 


Evaluate the following surface integrals of the second type: 
2349. \\ gedydz+x2 dzdx-|-xydxdy, where S is the external 
S 
side of the surface of a tetrahedron bounded by the planes x=0, 
y=0, 2=0, x-by--z=a. 
2350. ({ zdxdy, where S is the external side of the ellipsoid 


x® y* 


atgetgeal. 
2351. \{ x* dy dz -+-y’? dzdx +-2° dx dy, where S is the external 
S 
side of the surface of the hemisphere x* + 4° +2? =a’ (z= 0). 
9352. Find the mass ot the surface of the cube O<x<l, 


Ox<y<l, O<2z<01, if the surface density at the point M (x, y, z) 
is equal to xyz. 
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2353. Determine the coordinates of the centre of gravity ofa 
homogeneous parabolic envelope az=x* + yy’ (0<z<a). 

2354. Find the moment of inertia of a part of the lateral 
surface of the cone z=V x? +y?[0<z<hy about the z-axis. 

2355. Applying Stokes’ formula, transform the integrals: 


a) g (x° — yz) dx + (y* — zx) dy + (2° — xy) dz; 
C 


b) P ydx +zdy+-xdz. 
C 
Applying Stokes’ formula, find the given integrals and verify 
the results by direct calculations: 
2356. py -+ z)dx +(z+.x)dy+(x-+y)dz, where C is the circle 
C 
Vo+yi2v=a’, xtyt+z=0. 
2357. fp (y— z) dx -+ (z—x) dy + (x— y) dz, where C is the ellipse 
C 
V4-y=l, xtz=1. 
2358. f xdx+(x-ty) dy+(x+y--+z)dz, where C is the curve 
C 
x=asint, y=acost, z=a(sint+cost)(0O<ft<2n]. 
2359. ¢ y?dx+ 2?dy+x*dz, where ABCA is the contour of 
ABCA 
A ABC with vertices A(a, 0, 0), B(0, a, 0), C (0, 0, a). 
2360. In what case is the line integral 
I= Pdx+Qdy+Rdz 
C 


over any closed contour C equal to zero? 


Sec. 11. The Ostrogradsky-Gauss Formula 


If S isaclosed smooth surface bounding the volume V, and P =P (x, y, 2), 
Q=Q (x, y, 2), R=R(x, y, 2) are functions that are continuous toge ther with 


their first partial derivatives in the closed region V, then we have the Ostro- 
gradsky-Gauss formula 


\\ (P cosa+ Q cos f+ Rcos y) as=|{\ (+5 +5) dx dy dz, 
S (V) 


where ccsa, cos, cosy are the direction cosines of the outer normal to the 
surface S 


Applying the Ostrogradsky-Gauss formula, transform the fol- 
lowing surface integrals over the closed surfaces S bounding the 
\ 
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volume V (cosa, cosB, cosy are direction cosines of the outer 
1ormal to the surface S). 


2361. ({ xy dx dy + yz dy dz +- zx dz dx. 
S 


2362. \) x* dydz + y’ dzdx 4+ 2° dx dy. 


2363. (sesatuert tess gg 
\ Vit ty? +2 


2364. i & cosa +5 cos B + 35008 ¥) ds. 


Using the Ostrogradsky-Gauss formula, compute the following 
surface integrals: 


2565. (\ xt dy dz+y’ dzdx-+-z’dxdy, where S is the external 
side of the surface of the cube Ox<x<ta, Oxy<c, 0Xz<a. 


2366. (( xdydz+ydzdx-+zdxdy, where S is the external side 


S 
of a pyramid bounded by the surfaces x-+-y+z=a, x=0,y=0, 
z=-0. 


2367. \\ x? dy dz-+-y' dz dx =2* dxdy, where S is the external 
S 
side of the sphere x’ + y’ 4-2’? =-=a’. 
2368 \\ (x? cosa-j y’cosB -+ 2’ cos y)dS, where S is the exter- 


nal total surface of the cone 
2 y? z2 
tga peHo | [O<z<)}. 


2369. Prove that if S is a closed surface and / is any fixed 
direction, then 
{\ cos (2, l) dS ==0, 
S 
where a is the outer normal to the surface S. 


2370. Prove that the volume of the solid V bounded by the 
surface S is equal to 


Vey \\ (x cosa + ycos B+ zcos y) dS, 
S 


where cosc, cosB, cosy are the direction cosines of the outer 
normal to the surface S. 
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Sec. 12. Fundamentals of Field Theory 


1°. Scalar and vector fields. A scalar field is defined by the scalar function 
of the point uw=f (P)=f (x, y, z), where P(x, y, z) is a point of space. The 
surtaces f(x, y, z)=C, where C=const, are called level surfaces of the scalar 
field. 

A vector field is defined by the vector function of the point a=a(P)= 
=a(r), where P is a point of space and r=xi-+yj+zk is the radius vector 
of the point P. In coordinate form, a=a,i+a,j-+a,k, where a, =a, (x, y, 2), 
Uy = ay (x, y, 2), and a,=a, (x, y, 2) are projections of the vector @ on the 
coordinate axes. The vector lines (force lines, flow lines) of a vector field are 
found from the following system of differential equations 


dx _dy _de 
Ay dy az” 


A scalar or vector field that does not depend on the time ¢ is called 
stationary; if it depends on the time, it is called nonstationary. 
2°. Gradient. The vector 
ou oU,, oO, _ 
grad U (P) =a i+ +g k= Vu, 


0 ,,9 0. , ; , 
where Veta tsa, t* a is the Hamiltonian operator (del, or nabla), is 


called the gradient of the field U =f (P) at the given point P (cl. Ch. VI, Sec. 6). 
The gradient is in the direction of the normal n to the level surface at the 
roint P and in the direction of increasing function U, and has Jength equal 
to 


QU 4/ (dy? (w\?  /oU\? 
= V (ae) + (ay) + (Ge) 
If the direction is given by the unit vector / {cosa, cos B, cosy}, then 


ou oU 0U 0U 
ap = erad U-t=grad,U =5- COS @ ++ 7 COS B + 5- cos y 


(the derivative of the function U in the direction J). 
3°. Divergence and rotation. The divergence of a vector field a(P) ~a,i |- 
da 


+ ayf+a,k is the scalar div a= E45 
The rotation (curl) of a vector field a(P)=a,t-+a,j-+a,k is the vector 
_ fa, 2) da, a, ( Ody da,\ 
rot a= (Me — = i+ (S8—52 ) s+ Ox Oy R=V Xa. 
4°, Flux of a vector. The flux of a vector field a(P) through a surface S 


in a direction defined by the unit vector of the normal n {cos a, cos B, cos y} 
to the surface S is the integral 


\\ an ds = \ | ay ds=\| (2, cos a-f a, cos § +-a, cos y) dS. 
S S S 


If S is a closed surface bounding a volume V, and n is a unit vector of the 
outer normal to the surface S, then the Ostrogradsky-Gauss formula holds, 


Sec. 12] Fundamentals of Field Theory 289 


which in vector form is 


{) a, as=§{f div a dx dy dz. 
Ss ( 


V) 


5°, Circulation of a vector, the work of a fleld. The fine integral of the 
vector @ along the curve C is defined by the formula 


{adr=( a,ds~=( a,dx-+aydy +a, dz (1) 
C C C 


and represents the work done by the field a along the curve C (a, is the 
projection of the vector @ on the tangent to C). 

If C is closed, then the line integral (1) is called the circulutton of the 
vector field @ around the contour C. 

If the closed curve C bounds a two-sided surface S, then Stokes’ formula 
holds, which in vector form has the form 


f adr—\\ nrotaas, 
S 


C 


where # is the vector of the normal to the surface S; the direction of the 
vector should be chosen so that for an observer looking in the directionofan 
the circulation of the contour C should be counterclockwise in a right-handed 
coordinate system. 

ve Potential and solenoidal flelds. The vector field a(r) is called poten- 
tial | 


a=grad U, 
where U =f (r) is a scalar function (the potential of the field). 
For the potentiality of a field a, given in a simply-connected domain, 


it is mecessary and sufficient that it be nonrotational, that is, rota=0. In 
that case there exists a potential U defined by the equation 


dU =a, dx +a, dy +a, dz. 


If the potential U is a single-valued function, then ( adr = U (B)—U (A); 
AB 


in particular, the circulation of the vector a is equal to zero: f adr=0, 


C 

A vector field a(r) is called solenoidal if at each point of the field div 
a=0; in this case the flux of the vector through any closed surface is zero. 

If the field is at the same time potential and solenoidal, then div (grad U) =0 
and the potential function U is harmonic; that is, it satisfies the Laplace 

ti my ou U =0 or AU=0, where A= y? Ot Si th 
equation =; T 69 + a =0, =0, where A=Y = Gat t Gye t Se is the 
Laplacian operator 


2371. Determine the level surfaces of the scalar field U =f (r), 
where r=V xt + y?+-2'. What will the level surfaces be of a field 
U=F(g), where Qg= Vxt+ y*? 


10-1900 
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2372. Determine the level surfaces ot the scalar field 


U =arc sin 


2 
Vety 


2373. Show that straight lines parallel to a vector ¢ are the 
vector lines of a vector field a@(P)=c, where ¢ is a constant 
vector. 

2374. Find the vector lines of the field a = — wyi -+| wxj, where o 
is a constant. 

2375. Derive the formulas: 

a) grad(C.U+C,V)=C,gradU+C,gradV, where C, and C, 
are constants; 

b) grad (UV) = =UgradV+V grad U; 

Cc) grad (U ) = 2U grad U; 

_ VgradU—U gradV |. 

d) grad (+ 7 )}=— oo 

e) gradg (U)=9q’ (U) grad U. 

2376. Find the magnitude and the direction of the gradient 
of the field V=x°+y*-+2°—3xyz at the point A (2, 1, 1). Deter- 
mine at what points the gradient of the field is perpendicular to 
the z-axis and at what points it is equal to zero. 

2377. Evaluate grad U, if U is equal, respectively, to: a) r, 


b) rc) >, d) FO) (r=V yt 2). 
2378. Find the gradient of the scalar field U=er, where ¢ is 


a constant vector. What will the level surfaces be of this field, 
and what will their position be relative to the vector c? 


2379. Find the derivative of the function Uae Ess at a 


given point P(x, y, z) in the direction of the radius vector r of 
this point. ‘—In what case will this derivative be equal to the 
magnitude of the gradient? 


2380. Find the derivative of the function U=— in the di- 
rection of £{cosa, cosB, cosy}. In what case will this derivative 
be equal to zero? 

2381. Derive the formulas: 

a) div (C,a, -+ C,a,)=C, diva,+C,diva,, where C, and C, are 
constants; 

b) div (Uc)=gradU-c, where ¢ is a constant vector; 

c) div(Ua) = grad U.a+ Udiva. 

2382. Evaluate div (=). 


2383. Find div a for the central vector field a(P)=f(r)=, 
where sr =)V x? + y? +27, 
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2384. Derive the formulas: 

a) rot(C,a,+C,a,)=C, rota,+C,rota,, where C, and C, are 
constants; , 

b) rot (Uc) =grad U-c, where c is a constant vector; 

c) rot(Ua)=grad U-a+U rota. 

2385. Evaluate the divergence and the rotation of the vector 
a if @ is, respectively, equal to: a) r; b) re andc) f(r)c, where ¢ 
is a constant vector. 

2386. Find the divergence and rotation of the field of linear 
velocities of the points of a solid rotating counterclockwise with 
constant angular velocity w about the z-axis. 

2387. Evaluate the rotation of a field of linear velocities 
v=@-r of the points of a body rotating with constant angular 
velocity @ about some axis passing through the coordinate origin. 

2388. Evaluate the divergence and rotation of the gradient of 
the scalar field U. 

2389. Prove that div (rot a) =0. 

2390. Using the Ostrogradsky-Gauss theorem, prove that the 
flux of the vector a=r through a closed surface bounding an 
arbitrary volume v is equal to three times the volume. 

2391. Find the flux of the vector r through the total surface 
of the cylinder x?+y?<R’, O<z<H. 

2392. Find the flux of the vector a=x*i+y°f+2°k through: 


a) the lateral surface of the cone eta = O<=2z<H; b) the 
total surface of the cone. 


R?- ~ #?? 
2393*. Evaluate the divergence and the flux of an attractive 
mir 


force F=—-—, of a point of mass m, located at the coordinate 
origin, through an arbitrary closed surface surrounding this point. 

2394. Evaluate the line integral of a vector r around one 
turn of the screw-line x=Rcost; y=Rsint; z=ht from t=0 
to f=2n. 

2395. Using Stokes’ theorem, evaluate the circulation of the 
vector a= x*y’i + j+ 2k along the circumference x* + y? = R®; z=0, 
taking the hemisphere z= VR—¢—¥ for the surface. 

2396. Show that if a force F is central, that is, it is directed 
towards a fixed point 0 and depends only on the distance r from 
this point: F=/(r)r, where f(r) is a single-valued continuous 
function, then the field is a potential field. Find the potential U 
of the field. 

2397. Find the potential U of a gravitational field generated 
by a material point of mass m located at the origin of coordi- 


nates: a=— Fr. Show that the potential U satisfies the Laplace 
equation AU =0, 


10* 
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2398. Find out whether the given vector field has a potential U, 
and find U if the potential exists: 


a) a= (5x*y— 4xy) i + (8x* — 2y) Jj; 

b) a=yzi-+ zxj+ xyk; 

c) a=(y+2z)i+(x+z)f+(e+y)k. 

2399. Prove that the central space field a=f(r)r will be so- 
lenoidal only when fin=, where k& is constant. 


2400. Will the vector field a=r(¢xr) be solenoidal (where ¢ 
is a constant vector)? 


Chapter VIII 
SERIES 


Sec. 1. Number Series 


1°. Fundamental concepts. A number series 


@ 
a,ta,+...+4a,+...= } ay (1) 
is called convergent if its partial sum 
Sp=Qt+a,t+...+4, 


has a finite limit as n_. o. The quantity S= lim S, is then called the sum 
n-—> a 


of the series, while the number 
Ry =S—Sy=Angrtaneet... 


is called the remainder of the series. If the limit lim S, does not exist (or is 
na—- wo 


infinite), the series is then called divergent. 


If a series converges, then lim a,=0 (necessary condition for convergence). 
fl —> 


The converse is not true. 

For convergence of the series (1) it is necessary and sufficient that for 
any positive number e it be possible to choose an N such that for n>WN 
and for any positive p the following inequality is fulfilled: 


\OntrtOntet-.-+anry|<e 
(Cauchy's test). 
The convergence or divergence of a series is not violated if we add or 
subtract a finite number of its terms. 
2°. Tests of convergence and divergence of positive series. 
a) Comparison test I. If Oa, <6, after a certainn =n), and the series 


bi tbet... tOnt...= Dd) dy (2) 


n=1 


converges, then the series (1) also converges. If the series (1) diverges, then 
(2) diverges as well. 

It is convenient, for purposes of comparing series, to take a geometric 
progression: 


D9" «(a #0), 


n=0 
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which converges for |g| <1 and diverges for |q|==1, and the harmonic sertes 


| 
yn 
uw=] 
which is a divergent series. 
Example 1. The series 
Pata tgzget stage tes 


converges, since here 


] | 
An = Fgh S pn 
while the geometric progression 
-, 1 
Ons 
i | 
1s 1 
whose ratio is 9=-5 » converges. 
Example 2. The series 
In2,1In3 Inn 


ar er 


, er Inn , , 
diverges, since its general term —~ is greater than the corresponding term 
l e e e e 
7 of the harmonic series (which diverges). 
t 


b) Comparison test U1. If there exists a finite and nonzero limit lim 2 
fl>x 
(in particular, if a, ~ 6,), then the series (1) and (2) converge or diverge at 
the same time. 
Example 3. The series 


I 1 l 
l+arg te ta ++... 
diverges, since 
n>ao\%a—Il n 2 , 
whereas a series with general term a diverges. 


Example 4. The series 
ree ree 
er, a Le 
converges, since 
; 1 l l l 
lim —__—o—— 8 = i _————————_ [YOY 
Jim (a= | I, he, gay ~ BH 


, , , ] 
while a series with general term gn COlverges. 
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c) D’Alembert’s test. Let a, >0 (after a certain n) and let there be 
a limit 
nro ay 


Then the series (1) converges if g<1, and diverges ifg>1. If g=1, then 
it is not known whether the series is convergent or not. 
Example 5. Test the convergence of tlie series 


1, 3,5 2n—1 
tp tos t-+. tpt. 


Solution. Here, 


a, = ny = oat 
and 
dh 
lim @+1__ lim (Q2n+lj2m ot lim 2n i 
n>n a, n>a2?t! (Qn—1) 2 n+@ — 2° 
n 


Hence, the given series converges. 
d) Cauchy’s test. Let a, ==0 (after a certain n) and let there be a limif 
lim "4/7 — 
n+>a Ven=9- 
Then (1) converges if g<1, and diverges if g>1. When g=1, the question 
of the convergence of the series remains open. 

e) Cauchy’s integral test. If a, =/(n), where the function f(x) is positive, 
monotonically decreasing and continuous for x ==a=z=1, the series (1) and the 
integral 

ie.) 


\ f (x) dx 


a 


converge or diverge at the same time. 
By means of the integral test it may be proved that the Durichlet sertes 


“5 (3) 


n=! 


converges if p>1, and diverges if p<cl. The convergence of a large number 
of series may be tested by comparing with the corresponding Dirichlet 
series (3) 

Example 6. Test the following series for convergence 


1 tol 
patyatset Gn ipmt 


Solution. We have 


a! ft Jt 
~ (2n—1) 2n- 4n? 1 4n?° 


2n 


ay, 
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Since the Dirichlet series converges for p= 2, it follows that on the basis of 
comparison test I] we can say that the given series likewise converges. 
3°. Tests for convergence of alternating series. If a series 


la,[+fa,[+...+]fa,I+..., (4) 


composed of the absolute values of the terms of the series (1), converges, 
then (1) also converges and is called absolutely convergent. But if (1) con- 
verges and (4) diverges, then the series (1) is called conditionally (not abso- 
lutely) convergent. 

For investigating the absolute convergence of the series (1), we can make 
use [for the series (4)] of the familiar convergence tests of positive series. 
For instance, (1) converges absolutely if 
Un+) 1 or lim "/ja,] , 

att) < im lan) <1 


lim 
ninwr © 


nt 

In the general case, the divergence of (1) does not follow from the diver- 

gence of (4). But if lim | fa >1 or lim V/l4n| > 1, then not only does 
Qa n»>o 


> @ 
(4) diverge but the series (1) ‘does also. 
Leibniz test If for the alternating series 


by— Det by— Oy... (by 0) (5) 


the following conditions are fulfilled: 1) 6, ==6,2-6,=>...; 2) lim 6,=0, 
n>» 
then (5) converges. 


In this case, for the remainder of the series R, the evaluation 


[R,z| S84, 
holds. " ah 


Example 7. Test for convergence the series 


(3) (3) +($) 2 t0 (gt) 


Solution. Let us form a series of the absolute values otf the terms of 
this series: 
' fQ\? 3 \3 4 \4 n n 
'+(3) +(5) #(7) +--+ geet) + 
lim V (ghs)= lim —" lim —| 1, 
n+>o 2n— | n+>o2n—] a ae y 
n 


the series converges absolutely, 
Example 8. The series 


Since 


11 nar! 
lmatgm ee H(t +... 


converges, since the conditions of the Leibniz test are fulfilled. This series 
converges conditionally, since the series 


1] | 
lp st gtet ate 


diverges (harmonic series). 
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Note. For the convergence of an alternating series it is not sufficient that 
its general term should tend to zero. The Leibniz test only states that an 
alternating series converges if the absolute value of its general term tends 
to zero monotonically. Thus, for example, the series 


diverges despite the fact that its general term tends to zero (here, of course, 
the monotonic variation of the absolute value of the general term has been 


violated). Indeed, here, Sa Sa FS where 
1 1 l 
s,-1t¢t4te..¢4,s wo (gtateo ta): 


and lim S,= 0 (S, is a partial sum of the harmonic series), whereas the 


k+>x 


limit lim S, exists and is finite (S, is a partial sum of the convergent geo- 
k>» 


metric progression), hence, lim Sop = 0 
k= 


On the other hand, the Leibniz test is not necessary for the convergence 
of an alternating series: an alternating series may converge if the absolute 
value of its general term tends to zero in nonmonotonic fashion 

Thus, the series 


l l l l ] 
l—petgr— get. + Gps Gm t 
converges (and it converges absolutely), although the Leibniz test is not ful- 
filled: though the absolute value of the general term of the series tends to 
zero, it does not do so monotonically. 


4°. Series with complex terms A series with the general term c,=a, + 
@ 


4- 1b,(i2==— 1) converges if, and only if, the series with real terms > Qn 
nm=1 


fe ) 
and Dd on converge at the same time; in this case 


n= 2 +i > bn. (6) 


+i 

n=t 
The series (6) definitely converges and is called absolutely convergent, if the 
series 


has 


DV lel= BV aro, 


n=! 


whose terms are the moduli of the terms of the series (6), converges. 

5°. Operations on series. 

2 A Convergent series may be multiplied termwise by any number k; 
that 1s, i 


ata,t...-a,+...=8 
then 
° ka, +-Ragt+...-ha,z+...=RS, 
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b) By the sum (difference) of two convergent series 


Q,ta,+...+a,+...=S), (7) 
6b,+6,+...+6,+...=S, (8) 
we mean a series 
(a, + 6) + (a, + b.)+...+(a, + 6,) 4+... =S, £ S,. 
c) The product of the series (7) and (8) is the series 
C.teo.t...+6¢,+..., (9) 


where c,=a,b, + 0,6, ,+...+4,),(n=1, 2, ...). 

lf the series (7) ‘and (8) converte absolutely, then the series (9) also con- 
verges absolutely and has a sum equal to S,S, 

d) If a series converges absolutely, its sum remains unchanged when the 
terms of the series are rearranged. This property is absent if the series con- 
verges conditionally. 


Write the simplest formula of the nth term of the series using 
the indicated terms: 


! Io. 

2401. 1+—4+a4+a+... 2404 14+54+5+4+... 
] l } ] 3 4 5 6 

2402. gtatretagt::: 2405. TTT TB 


2403. 1+ 54+ 5+4+25+4... 2406. 244 etrtate: 


] ] l I ] 
2407. > +¢+ otatatpt:. 
1-3-5 | 1-3-5-7 

2408. +75 54+ nat PATIO -4.7- Tot 

2409. 1—14+1—141—1+... 

2410. 145434745474... 

In Problems 2411-2415 it is required to write the first 4 or 
5 terms of the series on the basis of the known general term a,,. 


3n—2 ] 
2411. Ont 2414. On = Bf (=F 
2412. oye ; (2+sin 7) cos nit 
n 2415. a, = ~—____+—_—__ 
2413 a,=2 tt) nl 


Test the following series for convergence by applying the com- 
parison tests (or the necessary condition): 


246. 1—1 + 1—14...4(-1)* 4... 
27. +5 (5) +a (F) teeta (F) tee 
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2 3 4 n+l 
2418 ZtRtTT: T Op +} -_ 
! 1 (-1tt! 
Al © OG nesses OD = «rs - —= 
ang Vi 7i0! Vi Tat i719 
1 1,1] 1 
2420. -+7+¢+4. tart 
oroy ty LL, 
2421. tata ts tim t 
! 
24292 SS SS + === SO«*"—~ 
Via! Vo Wear ' Women - 
2493, 242474 .,.4.2 
° 2 3 ° ren 
1 ! 1 
2424, |+——+——4.. - 
11] ! 
2425. sat Bet ge ae H 
9 3 
9496. x V2 -L 3 ook in 
2 3 Vo V3" G@l)Vn 
‘ Using d’Alembert’s test, test the followin,s series for conver- 
gence 
1 3 5 on— | 
2427. —_ NY TS e =] __ 
yet otoye to aye 
anao 2 25, 2:58 9-5-8...(3n—1) 
2428. re tig b --- + he9 Gana bo 


I 
Test for convergence, using Cauchy’s test: 


C 
2429, t+($)+($) +. +(% 


Ly \n 
oy) bas 


2430. 5+(F) +($) +---+(g55) + 


Test for convergence the positive series: 


l 
nt 


2431. tartar Shae. 


l t 
2432. att a+ eee Toast oe 


Qs l | I 
2433. rater trot 
2434. +5 F Bt toa l +: 
2435. stetpte tagte. 


3 ) 7 
2436. sat ppt emt oe bay 


ob Ba=2) (3n -+ 1) ‘Fives 


2n-+-1 


1)? (n +2) 


+... 
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2437. 


2438. 
2439. 
2440. 
2441. 
2442. 


2443. 
2444. 
2445. 


2446. 
2447. 
2448. 


2449, 


2450. 


2451. 


2452. 


2453. 


2454. 
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(3) +F4+(G) +. + (ZH) +... 
SF 4atat G+... 

$etad... 45+... 
saitearteprt-. teat... 
l+atat. tt. 

Fe te PR Or, 


(11)? , (21)? | (Bt)? (n 1)" 
“3, 4] + 6! tees bay tee: 


1000 + 1000-1002 +1000: 1002. 1004 4, 
1000+ 1002-1004. . .(998 + 2n) 4 
1-4-7...(3n —2) vee 

2, 2-5-8 2-5-8... (6n —7) (62 —4) 
r+ pet +++ Tig, (ant) (8n —7) Tee 
l 1-5 1-5...(4n —3) 
ataaet +++ T3476. —# (ina Tee 
1, tell , 1-11-21 1-11-21...(10n —9) 
a ne Or bY 

1-4 1.4.9 1-4-9...n? 
l+r3etpes7et strpos tee 


1 | 


zed ninn” 
3 4 


» arc sin 7s . 2455. 


a 
u 


a 
Meu 
P. 
pon j 
3|— 
Nw 
Ms 
pn 


2456. 


= 

ui 

-_ 
= 
U 
Cd) 


l 
n-eInn-lnIina’® 


Ms 


2457. 


Ms 
s 
a 
a 
al[— 
~ 
e 


3 
ll 
o-_ 
3 
I 
te 


2458. 


Ms 
= 
= 
i) 
I+ 
e 
Ms 
3 
ne 
3 


a 

tl 
rm 
li 
re 


aL 


2459. 


Ms 
x 


3 
It 
© 
3 
I 
-_ 
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2460. 


2461. 


2462. 


2463. 


2464. 


2469. 
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Lye 2465. p> a 
prereset 2466. ira 
Qu; Tan Van 2467. ye 
. S/n x 
pent eent 2468*. ur 


Prove that the series Sun 


nf in? n oa n° 


1) converges for arbitrary q, if p> 1, and for g>1, if p=1; 
2) diverges for arbitrary g, if p<(1, and for g<l, if p=. 
Test for convergence the following alternating series. For con- 
vergent series, test for absolute and conditional convergenee. 


2470, 1—t+4+—... p+ 

ye 
2471. I Fo toe a 
2472, 1—4 +t—... 4 +... 
2473. 1-2 43—.,. 400 44 
2474. oat gga F(T ea, 

n2+n 
2475. — + aces ae +(—l) * git... 
2476. cs te7s nat + 
HOD ayaa 

2477. —F+(+) —(i5) tee HH (GER .. 
2478. 3 — Seto ea— t(D et 
2479. — a5 t pga HU pe +. 
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sin a sin 2a sin na 
2480. tn 10 10 + into (In 10)? + ++ Fano (In 10)” +. 


2481. San, 2482. Sy tan a 


2483. Convince yourself that the d’ Alembert test for conver- 
gence does not decide the question of the convergence of the 
series >) a,, where 

iD | 


ok—1 ok 


Feh-1 = Sema? Ck Se (k=l, 2,066), 


whereas by means of the Cauchy test it is possible to establish 
that this series converges. 

2484*. Convince yourself that the Leibniz test cannot be 
applied to the alternating series a) to d). Find out which of 
these series diverge, which converge conditionally and which con- 
verge absolutely: 


l l ] 
a —t ot ee, eee _— 
V2—1 V24+1 VY3~— vayit V 4-1 voit: 
] 1 
Aon ey a 2 = oO ) 
ak Wet y—i’ Wen) 
l 1 ] ] ] 
D) Log tga tga t 
| | 
(4.4- — ok=1' a, 4 = — a) ’ 
1,1 1,1 4% 
.i—sty—xtyayt 
a. -! ! 
( 2R-1 op] ’ 2k — 3) ’ 
1 ee | 
d) goiteg—-styacegt 
l l 
(Q,-1= a> a4=— az) 
Test the following series with complex terms for convergence: 
. n (2+ i)” . i” 
2485. ur . 2488. as 
o4s6. SL L@— Dh 2489. 
2 ’ Ly: Vnti 


a 


2487, S.__| _, 2490. 
Parts Los 
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ro 2) @ 


{ n(2—i)+1]" 
2491. > [n + (2n—1) t]? ° 2492, > roma] e 


n=1 n=1 


2493. Between the curves y=5 and y= and to the right 


of their point of intersection are constructed segments parallel 
to the y-axis at an equal distance from each other. Will the sum 
of the lengths of these segments be finite? 

2494. Will the sum of the lengths of the segments mentioned 


in Problem 2493 be finite if the curve y= is replaced by the 


] 
curve y=— ? 


8 


2495. Form the sum of the series —f 


Does this sum converge? 


2496. Form the difference of the divergent series Da 


and yt and test it for convergence. 


n=l 


2497. Does the series formed by subtracting the series 


fed 


Ere 5,7 from the series yt converge? 


3498. Choose two series “such that their sum converges while 
their difference diverges. 
- and yD ‘ 
Does this product converge? ~ 
2 
2500. Form the series (1 +e+qt cat .) . Does 


this series converge? 
2501. Given the series l+q—gt.. 4 +... Estimate 


n! 
the error committed when replacing the sum of this series with 
the sum of the first four terms, the sum of the first five terms. 
What can you say about the signs of these errors? 
2502*. Estimate the error due to replacing the sum of the 


series Dp yya 
sta(s) ta(z)t--talg) +. 


by the sum of its first n terms. 


2499. Form the product of the series yt 


l= 
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2503. Estimate the error due to replacing the sum of the 
series 
] l 
l+ ptt... +7 a. 
by the sum of its first n terms. In particular, estimate the accu- 
racy of such an approximation for n= 10. 


2504**, Estimate the error due to replacing the sum of the 
series 


lt+itet... tot... 


by the sum of its first n terms. In particular, estimate the accu- 
racy of such an approximation for n= 1,000. 
2505**. Estimate the error due to replacing the sum of the 


series 
142(L)43(4) 4 4n(h) 4... 


by the sum of its first n terms. 


(=1)"7" 
n 


2506. How many terms of the series > does one have 


n=1 
to take to compute its sum to two decimal places? to three 
decimals? 


2507. How many terms of the series DY arene does one 


have to take to compule its sum to two decimal places? to three? 
to four? 


2508*. Find the sum of the series ~5 + sataat- 
tampyt 
2509. Find the sum of the series 


Yet (Sx—V x) F(X) + EY) +o. 


Sec. 2. Functional Series 
1°. Region of convergence. The set of values of the argument x for which 
the functional series 
fy (x) +h. (x) +... + hn (xX) +... (1) 


converges is called the region of convergence of this series. The function 
S(x)= im S,, (x), 


where S, (x) =f, (x) +f. (x)+..- +f Ww), and x belongs to the region of con- 
vergence, is called the surn of the series; R, (x) =S (x)—S,, (x) is the remainder 
4) e series. 
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In the simplest cases, it is sufficient, when determining the region of 
convergence of a series (1), to apply to this series certain convergence tests, 
holding x constant. 


Diverges , Converges — niverges 
-J 7 OO f Xx 
Fip. lod 


Example 1. Determine the region of convergence of the series 


xt (x+1)? , (x+1) (x+ 1)" 
pat gg tgs te bo gat. @) 
Solution. Denoting by u, the general term of the series, we will have 
Him [neil jig Jett Pn _ [etl 
now |u,| n>o 2?+!(n+1) |x|" 2 ° 
Using d’Alembert’s test, we can assert that the series converges (and converges 
absolutely), if eth 1, that is, if —3<x< 1; the series diverges, if 


Eames 1, that is, if —co <x<—3 or 1<x<o (Fig. 104). When x=1 


we get the harmonic series lt ota tees which diverges, and whenx= —3 
Vl 
2 3 
test) converges (conditionally). 


Thus, the series converges when —3 <x <1. 
2°. Power series. For any power series 


Cy-i-¢, (x — a) +, (x—a)? +... +¢, (x—a)? +... (3) 


(c, and a are real numbers) there exists an interval (the interval of conver- 
gence) |x—a|<R with centre at the point x=a, with in which the series (3) 
converges absolutely; for |x—a|>R the series diverges. In special cases, the 
radius of convergence R may also be equal to 0 and o. At the end-points of 
the interval of convergence xa +R, the power series may either converge 
or diverge. The interval of convergence is ordinarily determined with the 
help of the d’Alembert or Cauchy tests, by applying them to a series, the 
terms of which are the absolute values of the terms of the given series (3). 
Applying to the series of absolute values 


leo |+]e,||x—al+...+]¢,]|*—al?+... 


the convergence tests of d’Alembert and Cauchy, we get, respectively, for the 
radius of convergence of the power series (3), the formulas 


we have the series —1+ +...., which (in accord with the Leibniz 


Cn 
Cn+1 


l . 
————— sand «=R= lim 
lim l/c n—>a 
me) Vv n | 


However, one must be very careful in using them because the limits on the 
right frequently do not exist. For example, if an infinituce of coefficients c, 
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vanishes [as a particular instance, this occurs if the series contains terms 
with only even or only odd powers of (x—a)], one cannot use these formulas. 
It is then advisable, when determining the interval of convergence, to apply 
the d’Alembert or Cauchy tests directly, as was done when we investigated 
the series (2), without resorting to general formulas for the radius of con- 
vergenice. 

lf z=x-+u4y is a complex variable, then for the power series 


Cy te, (2—29) +e, (z—2,)? +... +e, (Z2—2,)" +... (4) 


(Cp =, +10, 29=%X + iy,) there exists a certain circle (circle of convergence) 
|z—z,|< R with centre at the point z=z,, inside which the series converges 
absolutely; for |z—z,|> R the series diverges. At points lying on the cir- 
cumference of the circle of convergence, the series (4) may bothconverge and 
diverge. [t is customary to determine the circle of convergence by mieans of 
the d’Alembert or Cauchy tests applied to the scries 


Ico} tbe; [+] 2z—Z lt] cele] z—2z P+... +l en l-|z—zo("+..., 


whose terms are absolute values of the terms of the given series. Thus, for 
example, by means of the d’Alembert test it is easy to see that the circle of 
convergence of the series 


z+1 ,(z+1)? , (z+1)' (z+ 1)" 
Tot ge Tag be tp te 


is determined by the inequality |z+1|<2 [it is sufficient to repeat the cal- 
culations carried out on page 305 which served to determine the interval of 
convergence of the series (2), only hcre x is replaced by 2]. The centre of 
the circle of convergence lies at the point z= —1, while the radius R of this 
circle (the radius of convergence) is equal to 2. 

3°. Uniform convergence. The functional series (1) converges uniforinly on 
some interval if, no matter what e >0, it is possible to find an N such that 
does not depend on x and that when n>WJA for all x of the given interval 
we have the inequality |, (x)|<e, where R,, (x) is the remainder of the 
given series. 


If [fn (x)l<c, (2=1, 2, ...) when axx<b and the number series 
i? 2) 
> c, converges, then the functional series (1) converges on the interval 
n= 


1 
[a, b' absolutely and uniformly (Weierstrass’ test). 

The power series (3) converges absolutely and uniformly on any interval 
lying within its interval of convergence. The power series (3) may be term- 
wise differentiated and integrated within its interval of convergence (for 
|x—a|<R); that is, if 


Cot C, (x—a) + ¢, (%—a)? +... + ey (x—a)" +... =f (x), (5) 
then for any x of the interval of convergence of the series (3), we have 
Cy + 2c, (x—a) +... -+ ne, (x—a)?~!-+ 2... =f" (x), (6) 
x x x 


\ cats + {og (x—a) dx + \ Cy (x—a)? dx+...+ \ Cy, (x—a)"dx+...= 
Xo 


Xo Xo Xo 


fe 6) x 

_ (x—a)"*! (Xg—a)?t) ” 

Sa TH sie © 
n=0 


Xo 
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(the number x, also belongs to the interval of convergence of the series (3)}. 
Here, the series (6) and (7) have the same interval of convergence as the 


series (3). 
Find 


2510. 


25tt. 


2512. 


2513. 


2014. 


_ 


n* * 


Ms 


= 
i 
-—_ 


Ms 
7 
es 
~~” 

= 
+ 
51 


~~ 
~~ 

il 
-_ 


(— jt} ] 


Ms 


8 il 


sin (2n— 1) x 
(Q2n—1)? ° 


M 


~~» 
~~ 
HT 

= 


Ms 


n... Xx 
2 SiN 5 


my 
Hy 
° 


zr 


2515**, Soe 


9516. » (— ])?t? en msinx: 


2517. 


Find the interval of convergence of the power series and test 
the convergence at the end-points of the interval of convergence: 


2526. 


2527. 


2528. 


2529. 


2530. 


ef” * ° 


fl=0 


n=o 
0) 


> n! 
x" . 


nh=1 


n-Q? 
| 
* ce 
> int 
2n—1 ° 
i=i1 


0 e 


(4n—3)*® ° 
n=1 
> (—1)?7! x” 
n t 
nm=1 


nine ° 
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2518. 


2519. 


2520. 


2521. 


2022. 


2023. 


2524*. 


2525. 


2531. 


2532. 


2533. 


2534. 


2535. 


the region of convergence of the series: 


] 
> (2n—1) x" * 


nai 


> (—1)e7" 
ne 3” (x— 5)? * 
i=l 
[ea] 
—~ nl 
y a ae) 
fl=1” 


n=-) 


x (1 -- 1)5 x?” 
2n-+-1 ~ 


n=0 


SY (— 1)" (Qn 1)? x, 


n=0 
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2536. 


Ms 
—— 
Y 
4)5 
— 

as 
Pi 
! 
x 
bj 


2 
i 


2537. 


M s 
es 
$ 


of 
il 
° 


2538. 


Me 
3 

+is 
oe, 
bo| > 
_ 
2 


3 
tl 


2539. 


Ms 
4/2 
3] 4% 


a 
it 


Mes 
> 
°3] “S 
S|“ 
P 


2540. 


~ 
P~) 


28 1 


< 


2541. 


re 
HW 


o542e*, S° nl xt, 


2543". > we 


2544*. 


n-1(x—5)” 
2545. S(—1)*" ae 


2546. > 
2547, ae 

2548, y jr ey 
o549, 3° ey 

2550. Se "(x + 3)", 


s 
a 


2551. 


2552. 


2953. 


2554. 


2555. 


2556. 


2557. 


2558. 


2559*. 


2060. 


2561. 


2562. 


2963. 
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iv o) 
yey 
mt nA 


y (x—2)" 
sont (21) 2 * 


— |)" a4 
n=1 


(2n— 1)?" (x—1)" 
x (8n— 2)?” 


l(x-+ 3)" 
yi! “Ss ) 


n=! 


> (e+ 1)" 
(n+l)in? (n+) ° 


3 


> (n+1)In(na+])° 


(—1)"*" x 


(x —2)" 
x (n-F l)in(n+1)° 


48 


Sr enn (2n—1)" (x+ 1)? 


— On=T, ph 1 on” 
t=] 


¥ (—1)" V/ n+2 


n-+1 x 


x (ae —2)". 


> (3n — 2) (x—3)” 
_ (n+ 1)? Qu+i ¢ 


> nn (x—3)" 
— |] anna 
x ( ) (Qn+1) Val, 


Sec. 2] Functional Series 309 


Determine the circle of convergence: 
2564. >* i"2". 2566. >) 2—2" | 
n=0 


a=i 


- g2n 
2565. dX (1 tniy2t, 2867. QL oF 


2568. (1 +2i)+(1 +2i)(3 +2i)z+...4 


+(14+2i)(8+2i)...QQn4+142i)2"7+... 
2 2? 
F Ads 


++ Fa=pji=) eem ee 


“ 1+2ni\" , 
2570. x (ar) 2” 
2571. Proceeding from the definition of uniform convergence, 
prove that the series 


ltetxe+...4x"4+... 


does not converge uniformly in the interval (—1, 1), but con- 
verges uniformly on any subinterval within this interval. 


Solution. Using the formula for the sum of a geometric progression, we 
get, for |x| <1, 
ttl 

Ry(xpHaPti px"tet ... =. 

Within the interval (—1, 1!) let us take a subinterval (—1-+a, 1—a], where 

a is an arbitrarily small positive number. In this subinterval |x|<1—a, 
|1—x|=a and, consequently, 

[R,z@l< 


(1—a)"?t! 
— 


To prove the uniform convergence of the given series over the subintervat 
[—1-+a, l1—a], it must be shown that for any e>0 it is possible to chvose 
an N dependent only one such that for any n>WN we will have the ine. 
quality |R,(x)|<e for all x of the subinterval under consideration. 

—«a) 


Taking any e>0, let us require that ( <e; whence (1 —a)"+!<ea, 


(n-+1)in(1—a) < In(ea), that is, n+1 > iD {since In(l1—a) <0] and 
In (ea) . ___In (ea) . 
"> iia Thus, putting N=Fa-a 7! we are convinced that 


when n>JN, |R,,(x)| is indeed less than e for all x of the subinterval 
[—1+a, 1—a] and the uniform convergence of the given series on any sub- 
interval within the interval (—1, 1) is thus proved. 
As for the entire interval (—1, 1), it contains points that are arbitrarily 
close tox=1, and since lim 2, (x)=lim ~—= 0, no matte: how large n is, 
x->1 xi | ’ 
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points x will be found for which R,, (x) is greater than any arbitrarily large 
number Hence, it is impossible to choose an N such that for n> WN we 
would have the inequality |R,,(x)|<e at all points of the interval (—1, 1), 
and this means that the convergence of the series in the interval (—1, 1) 
is not uniform. 


2572. Using the definition of uniform convergence, prove that: 
a) the series 


Ippo. ee... 


converges uniformly in any finite interval; 
b) the series 
x x4 38 (— 1)"-! yen 


~—S+y-.. f+... 


converges uniformly throughout the interval of convergence 
c) the series 


ltertat.. tat... 


converges uniformly in the interval (1-4-5, oo) where 6 is any 
positive number; 
d) the series 


(x? — x*) + (x*— x°) -- (x° — x°) 4 tee + (x27 — x?" +?) - a 


converges not only within the interval (—1, 1), but at the extre- 
mities of this interval, however the convergence of the series in 
(—1, 1) is nonuniform. 

Prove the uniform convergence of the functional series in the 
indicated intervals: 


2573. Sa on the interval (—1, 1]. 
n=1 
2574. > oe over the entire number scale. 


2575. YX (- 1" on the interval [0, 1]. 


Applying termwise differentiation and integration, find the 
sums of the series: 


2576. xp S454... 424... 
x? x n-1 x" 
2577. X— State (—)) ‘oe 


MT Bol | 


2578, K+ 5+5+ ee +5 +... 
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x3 x5 n-t year) 
2579. t—Z+5—-.. .+(—1) a +... 
2580. 1-+2x-+3x¢4+...4(n4+I1)x"4+... 
2581. 1—3x?+ Bxt*—... + (—1)"7' (Qn—1) 7"? 4+ 
2582. 1-24+2-3x4+3-4x? 4 ...+tn(n+1)x"""4+... 
Find the sums of the series: 

l 2 3 n 

2583. vtatat - -+at Lae 

x3 x? xis 
2584. X+erot:: Farag tee. 

1 1 ] (—1)"-3 

2585*. l—satgp ret: + Gopgyeit::: 


] 3 5 2n— | 
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1°. Expanding a function in a power series. If a function f(x) can be 
expanded, in some neighbourhood |x—a|<R of the point a, in a series of 
powers of x—a, then this series (called Taylor’s series) is of the form 


” (my 
FO) =f) +F' (a) a) + QO ay? ... +O 


(x—ayF+... (1) 


When a=0 the Taylor scries is also called a Maclaurin’s series. Equation (1) 
holds if when |x—al<R the remainder term (or simply remainder) of the 
Taylor series 


fl (R) 
Rn =f = | YY I e—aye] 0 
k=1 


as n—> ©. 
To evaluate the remainder, one can make use of the formula 
(x—a)y? +? Und 
R,, () = ef" + [a +0 (x—a)], where 0< 0 <1 (2) 
(n-b 1)! 
(Lagrange’s form). 
Example 1. Expand the function f (x) = coshx in a series of powers of x. 
Solution. We find the derivatives of the given function f (x)=coshx, 
f’ (x)=sinhx, f’ (x)==coshx, f’’’ (x)=sinhx, ...; generally, { (x)=cosh x, 
if n is even, and f'”) (x)= sinhx, if n 1s odd. Putting a=0, we get f(0)=1, 


f’ (0) =0, f° (O)=1, f’’’ (0)=0, ...; generally, /)(0)=1, if n is even, and 
f' (0) =0 if a is odd. Whence, from (1), we have: 


2 4 278 
coshe=l toto te toate (3) 


To determine the interval of convergence of the series (3) we apply the 
d’Alembert test. We have 

; y2n+e 2" 

lim 


n>ol|(2n+2)! (2n)! n-+>o (2n-+1) (2n + 2) 
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for any x. Hence, the series converges in the interval —o <x< o. The 
remainder term, in accord with formula (2), has the form: 


xhtl 
Ry (“=H cosh@x, if 2 is odd, and 
yg h+i 
R, “=i sinh@x, if n is even. 
Since 0>O0>1, it follows that 
x —fx 9x g—4x 
|cosh OxJ=2—T? col #1, }sinhOx|= e e <el*! 
d therefore | R Ix|'*el*!. A series with the general term lL!" 
an erefore | n)IS Cope . series with the general term - 


converges for any x (this is made immediately evident with the help o 
d’Alembert’s test); therefore, in accord with the necessary condition for 
convergence, 

| x |? *? 


m ——1_ — 
n>ao(n+I1)l’ 
and consequently lim R,,(x)=0 for any x. This signifies that the sum of the 


n—->ow 
series (3) for any x is indeed equal to cosh x, 
2°. Techniques employed for expanding in power series. 
Making use of the principal expansions 


x, x xh 


5 kh yen 
Il. sinx= Tp —a tae H(—)) Qn-1it ct (— 00 <x < 0), 


x? x2” 


qa tN at (—0 <x< 0), 


iV. (payne $x MIMD) a, 


m(m—1)...dm—n+1) 
n| 


+ xP4.., (—l <x <1)*), 


v4 x? x8 noi *" 
A(t x)=xX— pba. +(—)) aor (—I<x<}), 


and also the formula for the sum of a geometric progression, it is possible, 
in many cases, simply to obtain the expansion of a given function in a po- 
wer series, without having to investigate the remainder term. It is sometimes 
advisable to make use of termwise differentiation or integration when expan- 
ding a function in a series. When expanding rational functions in power 
series it is advisable to decompose these functions into partial fractions. 


*) On the boundaries of the interval of convergence (i.e., when x==- —1 
and x=1) the expansion IV behaves as follows: for m=0 it converges abso- 
lutely on both boundaries; for O>m=>—1 it diverges when x= —1 and 
conditionally converges when x=1; for mez—1 it diverges on both boun- 

aries. 
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Example 2. Expand in powers of x *) the function 


3 
MY) =a) pan 


Solution. Decomposing the function into partial fractions, we will have 


l 2 
MO= Tat pee 
Since 
i= L S14 xp... St x” (4) 
n=0 
and 
Loy ey... = SP (—1ynae 
Tox! 2x 1- (2x) = Sl 1)"2"%x", (5) 
n=0 
it follows that we finally eet 
fix)= S° “2S (— 1)? 27x" =" [1 + (—1)7 2744] x”, (6) 
n=0 a=0 n=0 


The geometric progressions (4) and (5) converge, respectively, when |x| <1 
and |x| <3 hence, formula (6) holds for |x| <3 i.e., when 


l 1 
—_ oy <x< 9° 

3°. Taylor’s series for a function of two variables. Expanding a function 
of two variables [(x, y) into a Taylor’s sertes in the neighbourhood of a 


point (a, 6) has the form 
_ b) +. 0 b lf. byte ’ f) 
f(x, y)=F (a, +7 |e—9 FU ) 5, | Fa > oF ¥—@) + 
6) 6) Qa |” 
+u- 5] F(a, b)+. +R [Oa 5 +b | f(a, 6)-+-... (7) 


lf a=b=0, the Taylor series is then called a Maclaurtn’s sertes. Here the 
notation is as follows: 


é a” Of (x, ) 
Jeo stu —9 5 [fa = TSO] ea TO] yo 
a" yao 
0 0)? O’f (x, 
ima 5 +u—0) 5 f (a, py = 2) (x —a)? -+ 
jas 
+22.) (x —a)(y— — +e Y) (y—b)? and so forth. 
yao yao 


*) Here and henceforward we mean “in positive integral powers”, 
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The expansion (7) occurs if the remainder term of the series 
A F) aq 
Ra(x, y=F, W— {Fa p> Ale) + U—8) “al F (a, n)} — 0 
=1 


as n—> o. The remainder term may be represented in the form 


R 1 | 0 b g|"*! 
n(x, +o +1)! (¢—a) = + y— =| f (x, y) ’ 
x=a+4(x-a) 


y=b+4(y—b) 


where 0< O0< 1. 


Expand the indicated functions in positive integral powers 
of x, find the intervals of convergence of the resulting series and 
investigate the behaviour of their remainders: 


2587. a* (a> 0). 2589. cos (x +- a). 
17 2590. sin’ x. 
2588. sin (« T r) 2591*. In(2-+-x). 


Making use of the principal expansions [-V and a geometric 
progression, write the expansion, in powers of x, of the following 
functions, and indicate the intervals of convergence of the scries: 


2592. 2x—3 . 2598. cos? x. 
(x— 1) 
3x—5 . 
2593. eis" 2599. sin3x + xcos 3x. 
—2%x x 
2594. xe~"*. 2600. Caer 
2595. 7. 2601. —t—. 
° . V 4—x? 
2596. sinh x. 2602. In +*. 
2597. cos 2x. 2603. In (1 +x— 2x’). 


Applying diflerentiation, expand the following functions in 
powers of x, and indicate the intervals in which these expansions 
occur: 

2604. (1+ x«)In(1+-.x). 2606. arc sinx. 

2605. arctan x 2607. In(x + V1+x’). 

Applying various techniques, expand the given functions in 


powers of x and indicate the intervals in which these expansions 
occur: 


2608. sin’ xcos’ x. 9612, “Set! 
2609. (1+) e7*. " x?—5x+6° 
2610. (1 + 7)’. 2613. cosh’ x. 


>. ——— ] 
2611. j/84x. 2614. 7a: 
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2615. In (x? + 3x + 2). x ) 
7 2618, (SOSA 
2616. | ax. ; 
x x 
° dx 
¢ 2619. \ 7S 
2617. | e-** dx. . Vi=s. 


Write the first three nonzero terms of the expansion of the 
following functions in powers of x: 


2620. tan x. 2623. sec x. 
2621. tanh x. 2624. Incos x. 
2622. evos*, 2625. e*sinx. 


2626*. Show that for computing the length of an ellipse it is 
possible to make use of the approximate formula 


sa 2na(1—>), 


where ¢ is the eccentricity and 2a is the major axis of the 
ellipse. 
2627. A heavy string hangs, under its own weight, in a ca- 


tenary line y=acosh—, where a=-—~ and H is the horizontal 


tension of the string, while g is the weight of unit length. Show 
that for small x, to the order of x’, it may be taken that the 
string hangs in a parabola y=a + _ 

2628. Expand the function x*—2x*’—5x—2 in a series of 
powers of x-| 4. 


2629. f (x) =6x°—4x*—3x+2. Expand f(x+h) in a series of 
powers of A 
2630. Expand Inx in a series of powers of x—1. 


2631. Expand - in a series of powers of x—1. 


2632. Expand 4 in a series of powers of x-+1. 
2633. Expand in a series of powers of x +4. 


x?+3x+2 
2634. Expand Leh in a series of powers of x +2. 
2635. Expand e* in a series of powers of x+2. 
2636. Expand Vx in a series of powers of x—4. 


2637. Expand cosx in a series of powers of x—F . 


2638. Expand cos’x in a series of powers of x—, 
]—x 


2639*. Expand Inx in a series of powers of ax’ 
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2640. Expand — in a series of powers of ; i 

2641. What is the magnitude of the error if we put appro- 
ximately 

1,1,1 

2642. To what degree of accuracy will we calculate the num- 

ber + , if we make use of the series 
arc tanx = r—E4e_..,, 

by taking the sum of its first five terms when x= 1? 


2643*. Calculate the number = to three decimals by expand- 


ing the function arcsinx in a series of powers of x (see Exam- 
ple 2606). 
2644. How many terms do we have to take of the series 


cosx=1—S4+., 


in order to calculate cos 18° to three decimal places? 
2645. How many terms do we have to take of the series 


x3 
sin x = x—S+.. ) 


to calculate sin 15° to four decimal places? 
2646. How many terms of the series 


ef =14 5+ 5+ see 


have to be taken to find the number e to four decimal places? 
2647. How many terms of the series 


In(gli+4%)= xe, 


do we have to take to calculate I[n2 to two decimals? to 3 de- 
cimals? 

2648. Calculate j/7 to two decimals by expanding the func- 
tion )/8--x in a series of powers of x. 

2649. Find out the origin of the approximate formula 
Vai +xea+5 (a>>0), evaluate it by means of V 23, putting 
a=5, and estimate the error. 

2650. Calculate j/19 to three decimals. 
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2651. For what values of x does the approximate formula 


;—* 
COS XR I — 
2 


yield an error not exceeding 0.01? 0.001? 0.0001? 
2652. For what values of x does the approximate formula 


Sin XAVX 


yield an error that does not exceed 0.01? 0.001? 


1/2 


2653. Evaluate | S* ae to four decimals. 


2654. Evaluate \ e~**dx to four decimals. 


2655. Evaluate \ i/ x cos x dx to three decimals. 
2656. Evaluate \o2 


dx to three decimals. 
7s 


1/ 
2657. Evaluate \Vi +x dx to four decimals. 


2658. Evaluate \ Ver dx to three decimals. 


2659. Expand the function cos(x—y) in a series of powers 
of x and y, find the region of convergence of the resulting series 
and investigate the remainder. 

Wtite the expansions, in powers of x and y, of the following 
functions and indicate the regions of convergence of the series: 


2660. sinx-sin y. 2663*. In(l—x—y + xy). 

2661. sin (x? -+y’). 664%. arc tan x+y 

26628, ATH a 
Fey 


2665. f(x, y)=ax’4-2bxy+cy*®. Expand f(x+h, y4k) in po- 
wers of A and R. 

2666. f(x, y)=x*—2y’+3xy. Find the increment of this 
function when passing from the values x=1, y=2 to the values 
xz=l+h, y=2+8. 

2667. Expand the function e**” in powers of x—2 and y+42. 

2668. Expand the function sin(x-+-y) in powers of x and 


Jt 
| —>e 
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Write the first three or four terms of a power-series expansion 
in x and y of the functions: 

2669. e* cos y. 

2670. (1+ .x)'*, 


Sec. 4. Fourier Series 


1°. Dirichlet’s theorem. We say that a function f(x) satisfies the Dirich- 
let conditions in an interval (a, 6) if, in this interval, the function 

1) is uniformly bounded; that is |f(x)|—<M when a<x<b, where M 
is constant; 

2) has no more than a finite number of points of discontinuity and 
all of them are of the first kind f[fi.e., at each discontinuity & 


the function f(x) has a finite limit on the left f(E—0)= lim f(§—e) and a 
E—>0 
finite limit on the right f(€+0)= lim f(&§+ 8) (e > 0)]; 
&>0 


3) has no more than a finite number of points of strict extremum. 

Dirichlet’s theorem asserts that a function f(x), which in the interval 
(—, =) satisfies the Dirichlet conditions at any point x of this interval at 
which f(x) is continuous, may be expanded in a trigonometric Fourier sertes: 


fly=2 4+-a, cos x-+ 5, sin x-+ a, cos 2x 4- b, sin 2x +... +a, cos nx + 
+b, sinnx-+-..., (1) 


where the Fourier coefficients a, and 6, are calculated from the formulas 
xD a 
l 
an = \ re cosnxdx(n=0, 1, 2, ...); by == | F(osinnede (n=1, 2, ...). 
—T —I 


If x is a point of discontinuity, belonging to the interval (—a, 2), of a 
function f(x), then the sum of the Fourier series S (x) is equal to the arithme- 
tical mean of the left and right limits of the function: 


Six) => FO —O+F +0), 
At the end-points of the interval x=—n and x=n, 
S(—2)=S (a) =4 If (— 44-0) + (n—0)], 
=f then in formula (dy If a function f(x) is even [i. e., f(—x) = 


and 


I f 
a, == \ (x cos nxde (n=0, 1, 2, ...). 
0 
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If a function f(x) is odd [i.e., f(—x)=—f (x)], then a,=0 (n=0, 1, 2...) 
and 


mt 
== \ Fee sin nx dx (n=1, 2, ...). 
0 


A function specified in an interval (0, m) may, at our discretion, be conti- 
nued in the interval (—a, 0) either as an even or an odd function; hence, 
it may be expanded in the interval (0, m) in an incomplete Fourier series 
of sines or of cosines of multiple arcs. 

3°. Fourier series of a period 2/. If a function f(x) satisfies the Dirichlet 
conditions in some interval (—/, 2) of length 2/, then at the discontinuities 
of the function belonging to this interval the following expansion holds: 


y= B+a, cos “= +b, sin TY st aycos* 4.0, sin 


$4, cos +5, sin == 4... > 
where ) 
a= Vivo cos “= de (n=0, 1, 2, ...), 
-l 
1 (2) 
l 


b, = 


T Jiu sin dx (n=1, 2, ...). 
=! 


At the points of discontinuity of the function f(x) and at the end-points 
x= +1 of the interval, the sum of the Fourier series is defined in a manner 
similar to that which we have in the expansion in the interval (—a, 2). 

In the case of an expansion of the function f(x) in a Fourier series in 
an arbitrary interval (a, a+2/) of length 2/, the limits of integration in 
formulas (2) should be replaced respectively by a and a-j-2/ 


Expand the following functions in a Fourier series in the 
interval (—a, x), determine the sum of the series at the points 
of discontinuity and at the end-points of the interval (x=—n, 
x=), construct the graph of the function itself and of the sum 
of the corresponding series [outside the interval (—a, x) as well]: 

c, when —n<x<Q, 

2671. ho =} c, when O<x<n. 

Consider the special case when c,=--l, c,= 1. 
ax when --n<ix<0, 
2672. ho =4 bx when O<x<n. 


Consider the special cases: a) a=b=1; b) a=—1, b=1; 
c) a=0, b=1; d) a=1, b=0. 

2673. f(x) =x’. 2676. [| (x) =cos ax. 

2674. | (x) =e. 2677. [| (x) =sinh ax. 

2675. f(x) =sinax. 2678. f (x) =cosh ax. 


2679. Expand the function f() =F in a Fourier series in 
the interval (0, 2m). 
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2680. Expand the function f(x) => in sines of multiple arcs 


in the interval (0, =). Use the expansion obtained to sum the 
number series: 
1 1 1 1 1 31,1, 1 
ajl—z+e—7t... 3 bl+g—-s—-ptptp--:: 
l l 1 1 

Cc) Il—>+>5—-yt+B—::: 

Take the functions indicated below and expand them, in the 
interval (0, x), into incomplete Fourier series: a) of sines of 
multiple arcs, b) of cosines of multiple arcs. Sketch graphs of 
the functions and graphs of the sums of the corresponding series 
in their domains of definition. 


2681. f(x) =x. Find the sum of the following series by means 
of the expansion obtained: 


l+atat... 


2682. f (x)= x’. Find the sums of the following number series 
by means of the expansion obtained: 


l ] l l } 
1) l+ptamt... 2) l—satga—gt:- 
2683. [ (x) =e”. 


| 1 when O<x<=, 
2684. f (x)= 1 
| 0 when zy SX. 


| | x when 0<x<z, 
2685. f (x) = . 
| mu—x when zen. 


Expand the following functions, in the interval (0, x), in 
sines of multiple arcs: 


x when O<x<-, 
2686. | (x) = 1 
0 when zee. 
2687. [| (x) =x (n—X). 
2688. f (x)= Sinz. 
Expand the following functions, in the interval (0, x), in co- 
sines of multiple arcs: 


__ | when O<x<, 
2689. / (=) Q when A<x<q., 
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Xx 
2690. ie)=) l—s, when O< x= 2h, 


O when 2h<x<cn. 
2691. f (x) =x sin x. 


cosx when 0O<x<2, 
2692. f (x) = 


at 
—cos x when yarn. 


2693. Using the expansions of the functions x and x’ in the 
interval (0, =) in cosines of multiple arcs (see Problems 2681 and 
2682), prove the equality 


e+) 
c~Y COS MX 3x? — 6x + Qn? 
cose Boneh BAY OQ yay 
ni=) 


nz — 12 


2694**. Prove that if the function /(x) is even and we have 
H(F+e)=—-i(F—-4), then its Fourier series in the interval 
(—, m=) represents an expansion in cosines of odd multiple arcs, 
and if the function f(x) is odd and i(Z4+ x\=/ y—*). then 
in the interval (—a, 2) it is expanded in sines of odd mul- 
tiple arcs. 


Expand the following functions in Fourier series in the indi- 
cated intervals: 

2695. f(x) =|x| (—l<x< 1). 

2696. f(x)=2x (O<x< 1). 

2697. f(x)=e* (—l<x<il). 

2698. f(x) =10—x (5<.x< 15). 

Expand the following functions, in the indicated intervals, 
in incomplete Fourier series: a) in sines of multiple ares, and 
b) in cosines of multiple arcs: ) 

2699. f(x)=1 (Ox x< 1). 

2700. f(x)=x (O<x<l). 

2701. f(xp=x? (OX < 27). 

x when O<x<l, 
2702. fix) ={ 2—x when l<x< 2. 
2703. Expand the following function in cosines of multiple 


arcs in the interval (+. 3) 


3 
Fixy= ! 1 when zx <2, 
\ 3—x when 2<x1<3. 
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Chapter IX 
DIFFERENTIAL EQUATIONS 


Sec. 1. Verifying Solutions. Forming Differential Equations of Families of 
Curves. Initial Conditions 


1°. Basic concepts. An equation of the type 
F(x, y, y’, ..., y™=0, (1) 


where y=y (x) is the sought-for function, is called a differential equation of 
order n. The function y=@ (x), which converts equation (1) into an identity, 
is called the solution of the equation, while the graph of this function 1s 
called an integral curve. If the solution is represented implicitly, @ (x, y)=0, 
then it is usually called an integral 

Example t. Check that the function y=sin.x is a solution of the equation 


yf’ +4 =0. 
Solution. We have: 
y'’=cosx, y”’=— sinx 
and, consequently, 
y’ +y=—sinx+sinx=0. 


M(x, y, C,, ..., C,) =0 (2) 


of the differential equation (1), which contains n independent arbitrary con- 
stants C,, ..., C, and is equivalent (in the given region) to equation (1), ts 
called the general integral of this equation (in the respective region). By assign- 
ing definite values to the constants C,, ..., C, in (2), we get particular 
integrals. 

Conversely, if we have a family of curves (2) andeliminate the param- 
eters C,, ..., C, from the system of equations 

d® ad" 


®=0, Ae = oe ng dx” 


we, generally speaking, get a differential equation of type (1) whose general 
integral in the corresponding region is the relation (2). 
Example 2. Find the differential equation of the family of parabolas 


The integral 


=(, 


y =C, (x—C,)*. (3) 
Solution. Differentiating equation (3) twice, we get: 
"=2C,(x—C,) and y"=2C,. (4) 


Eliminating the parameters C, and C, from equations (3) and (4), we obtain 
the desired differential equation 


2yy"=y". 
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It 1s easy to verify that the function (3) converts this equation into an 
identity. 

2°. Initial conditions. If for the desired particular solution y=y (x) of a 
differential equation 


y™ =F (x,y, yy ose, yt) (5) 
the intttal conditions 
Y (Xo) = Yo, y’ (Xo) =Y eons yl? (x5) = yl" 9) 
are given and we know the general solution of equation (5) 
y=Q(x, C,, ..., C,), 


then the arbitrary constants C,, ..., C, are determined (if this is possible) 
from the system of equations 


Yo = (Xp, Cy, «005 Cn), 


Y= P, (Xo C,, ee | C,), 


yi N= git 1) (Xo. C;; ey C,,). 


Example 3. Find the curve of the family 
y = Cye* + Cye~?*, (6) 


for which y(0)=1, y’ (0) =— 2. 
Solution. We have: 
y’ = C,e* —2C.e-?* 
Putting x=0 in formulas (6) and (7), we obtain (7) 
1=C,+C,, —2=+C,—2C,, 
whence 
C,=0, C,=1 
and, hence, 
y=e7?*. 


Determine whether the indicated functions are solutions of the 
given differential equations: 
2704. xy’ =2y, y=5x’. 


2708. yP=xt ty, yar 


— 


2706. (x fy)dx +xdy=0, y= 
2707. y°+y=0, y=3 sinx— 4 cos x. 
2708. t+ a x=0, x=C, coswt +C, sin of. 
2709. y”—2y’ +y=0;, a) y=xe*, b) y=x’e*. 
2710. y°"—(A, $A,) y’ it Ay = 0, 

y = Ceht | Cem, 


Show that for the given differential equations the indicated 
relations are integrals: 


2711. (x—2y)y' =2x—y, x?—xy } y?=C’. 


11* 
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2712. (x—ytl)y'=1, y=x+Ce’. 

2713. (xy—x)y" + xy" +yy'—2y'=0, y= In(xy). 

Form differential equations of the given families of curves 
(C, C,, C,, C, are arbitrary constants): 

2714. y= Cx. 2721. In =~ =1-+ay 

2715. y=Cx’. y 

2716. y? =2Cx. 

2717. x*°+y?=C’. 

2718. y=Ce*. 

2719. x*°=C (x? — y’). 


| (a is a parameter). 
2722. (y—y,)* = 2px 
(y,, p are parameters). 
2723. y=C,e’* +-C,e~”. 
a 2724. y=C, cos2x+C, sin 2x. 
2720. yX4-+=24+Ce*, 2725. y= (C, + C,x)e* +C,. 


2726. Form the’ differential equation of all straight lines in the 
xy-plane. 

2727. Form the differential equation of all parabolas with 
vertical axis in the xy-plane. 

2728. Form the differential equation of all circles in the 
xy-plane. 

For the given families of curves find the lines that satisfy 
the given initial conditions: 

2729. x°’—y’? =C, y(0)=5. 

2730. y=(C,4-C,x)e**, y(0)=0, y'(O)=1. 

2731. y=C, sin(x—C,), y(n)=1, y’ (n)=0. 

2732. y=C,e-* + C,e* + C,e**; 


y(O)=0, y’ (O)=1, y’(0)=—2. 


Sec. 2. First-Order Differential Equations 


1°. Types of first-order differential equations. A differential equation of 

the first order in an unknown function y solved for the derivative y’, is of 
the form 

y’ =f (x, y), (1) 


where f(x, y) is the given function. In certain cases it is convenient to 
consider the variable x as the sought-for function, and to write (1) in the 
orm 

x’ = g(x, y), (1’) 


where g(x, y)= ar, . 


Taking into account that y = 2 and vat the differential equations 
(1) and (1’) may be written in the symmetric form 
P (x, y)dx+Q (x, y) dy=0, (2) 


where P (x, y) and Q(x, y) are known functions. 
By solutions to (2) we mean functions of the form y=q (x) or x=  (y) 
that satisfy this equation. The general integral of equations (1) and (1’), or 
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equation (2), is of the form 
@ (x, y, C)=0, 


where C is an arbitrary constant. 
2°. Direction fleld. The set of directions 


tan a=f (x, y) 


is called a direction fleld of the differential equation (1) and is ordinarily 
depicted by means of short lines or arrows inclined at an angle a. 

Curves f(x, y)==k, at the points of which the inclination of the field 
has a constant value, equal to k, are called isoclines. By constructing the 
isoclines and direction field, it is possible, in the simplest cases, to give a 


n< 


ag ake Ae A A AS 


hig 105 


rough sketch of the field of integral curves, regarding the latter as curves 
which at each point have the given direction of the field. 


Example 1. Using the method of isoclines, construct the field of integral 
curves of the equation 


y’ =3 x. 
Solution. By constructing the isoclines x=& (straight lines) and the di- 


rection field, we obtain approximately the field of integral curves (Fig. 105). 
The family of parabolas 


x? 
y=>+C 
is the general solution. 


Using the method of isoclines, make approximate constructions of fields 
of integral curves for the indicated differential equations: 


2733. y’ =—x. 
2734. y=. 
2735. y’=1 +y'. 
2736. y’ = 214, 
2737, y’ =x*+y'. 
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3°. Cauchy’s theorem. If a function f(x, y) is continuous in some region 
U{a<x<A, b<y< B} and in this region has a bounded derivative 
f, (x, y), then through each point (x), y,) that belongs to U there passes one 
and only one integral curve y=@q (x) of the equation (1) [@ (x9) =Yp]. 

4°. Euler’s broken-line method. For an approximate construction of the 
integral curve of equation (1) passing through a given point My, (Xo, Yo), we 
replace the curve by a broken line with vertices M; (x;, y,), where 


Xppyp =X Ax, Yy4i.=yz+ Ay; 
Axj;=h (one step of the process), 
Ay; =hf (Xj, Yi) (i=0, 1, 2, weeds 


Example 2. Using Euler’s method for the equation 


‘ 


—~Y 
y= 9» 


find y(1), if y(O)=1 (h=0.1). 
We construct the table: 


ea 


0 0 0 
l 0.1 
2 0.2 
3 0.3 
4 0 4 
5 0.5 
6 0.6 
7 0.7 
8 0.8 
9 0.9 
10 1.0 


Thus, y(1)=1.248. For the sake of comparison, the exact value is 
1 


y(l)=e* =~ 1.284 


Using Euler’s method, find the particular solutions to the 
given differential equations for the indicated values of x: 

2738. y' =y, y(0)=1; find y(1) (A=0.1). 

2739. y’=x-+y, y(l)=1; find y (2), (A=0.1). 


2740. y=—F 5 y(0)=2; find y(1) (A=0.1). 


2741. y’=y—=, y(0)=1; find y(1) (4=0.2). 
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Sec. 3. First-Order Differential Equations with Variables Separable. 
Orthogonal Trajectories 


1°. First-order equations with variables separable. An equation with variables 
separable is a first-order equation of the type 


y’ =} (x) g (y) (1) 

X (x) Y (y) dx +X, (x) Y, (y) dy=0 (1’) 

Dividing both sides of equation (1) by g(y) and multiplying by dx, we get 

MY _ F(x) dx Whence, by integrating, we get the general integral of equa- 
tion (1) in the form 


or 


=| \dx+C 
ZW) f(x) dx + (2) 


Similarly, dividing both sides of equation (1’) by X, (x) ¥ (y) and integrating, 
we get the general integral of (1’) in the form 


X (x) Yi) 
hater) Vy Y=" (2') 


If for some value y=y, we have g(v,)=0, then the function y=y, is 
also (as is directly evident) a solution of equation (1) Similarly, the straight 
lines x =a and y=b6 will be the inteyral curves of equation (1’), if a and 6 
are, respectively, the roots of the equations X, (x)=( and Y (y)=0, by the 
left sides of which we had to divide the initial equation. 

Example 1. Solve the equation 


; u 
y=—-. (3) 
In particular, find the solution that satisfies the initial conditions 
y(1)=2 
Solution. Equation (3) may be written in the torm 
dy 
dx x 


Whence, separating variables, we have 
dy __ dx 
y x 
and, consequently, 
Injy{=— In| x]{+InC,, 


where the arbitrary constant In C, is taken in logarithmicform. After taking 
antilogarithms we get the general solution 


C 
where C= +(C,. 


When dividing by 4 we could lose the solution y=0, but the latter is 
contained in the formula (4) for C=0. 
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Utilizing the given initial conditions, we get C=2; and, hence, the de- 
sired particular solution is 


—2 
y==. 


2° Certain differential equations that reduce to equations with variables 
separable. Differential equations of the form 


y’=f(ax+by+c) (6 4 0) 


reduce to equations of the form (1) by means of the substitution u—ax-+ by+e, 
where uw is the new sought-for function 

3° Orthogonal trajectories are curves that intersect the lines of the given 
family M(x, y, a) =0 (a 1s a parameter) at a right angle. [f F(x, y,y’)=0 
is the differential equation of the family, then 


I 
F (4, ; ——)=0 
4 Y 
is the differential equation of the orthogonal trajectories. 
Example 2. Find the orthozonal trajectories of the family of ellipses 
x? 4+. 21? = a?, (5) 


Solution Differentiating the equation (5), we find the diJerential equa- 
tion of the family 


x-+ 2yy’ =0, 


Fig. 106 


Whence, replacing y’ by -s, we get the differential equation ef the 
orthogonal trajectories 


r—7Y <0 or yf = 24, 
y x 


Integrating, we have y=Cx? (family of parabolas) (Fig. 106). 
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4°. Forming differential equations. When forming differential equations tn 
geometrical problems, we can frequently make use of the geometrical meaning 
of the derivative as the tangent of an angle formed by the tangent line to 
the curve in the postive x-direction. In many cases this makes it possible 
straightway to establish a relationship between the ordinate y of the desired 
curve, its abscissa x, and the tangent of the angle of the tangent line y’, 
that is to say, to obtain the differential equation. In other instances (see 
Problems 2783, 2890, 2895), use is made of the geometrical significance of 
the definite integral as the area of a curvilinear trapezoid or the length of 
an arc. In this case, by hypothesis we have a simple integral equation 
(since the desired function is under the sign of the tntegral); however, we 
can readily pass to a differential equation by differentiating both sides. 

Example 3. Find a curve passing through the point (3,2) for which the 
segment of any tangent line contained between the coordinate axes is divid- 
ed in half at the point of tangency. 

Solution. Let M (x,y) be the mid-point of the tangent line AB. which by 
hypothesis is the point of tangency (the points A and B are points of inter- 
section of the tangent line with the y- and x-axes). It is given that OA=2y 
and OB =2x. The slope of the tangent to the curve at M (x, y) is 


and, consequently, 
Inx+Iny =InCorxy=C. 


Utilizing the initial condition, we determine C=3-2=6. Hence, the desirad 
curve is the hyperbola ay= 6. 


Solve the diflerential equations: 

2742. tan xsin’ ydx -+cos* xcot ydy =0. 

2743. xy’ - y=y’. 

2744. xyy’ -1—x’. 

2745. y—xy’ =a(1+x’y’). 

2746. 3e*% tan ydx-+(1—e*)sec* ydy =0. 

2747. y’ tan x=y. 

Find the particular solutions of equations that satisfy the 
indicated initial conditions: 

2748. (1 +e*) y y’ =e”, y=1 when x=0. 

2749. (xy? -+ x) dx 4-(x*y—y) dy =0; y=1 when x=0. 

2750. y’ sin x=ylny; y=! when k=z . 
Solve the differential equations by changing the variables: 
2751. y’ =(x+y)’. 

2752. y= (8x -+ 2y + 1). 
2753. (2x + 3y— 1) dx -+ (4x + 6y— 5) dy =0. 
2754. (2x—y) dx + (4*—2y 4 3) dy =0. 
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In Examples 2755 and 2756, pass to polar coordinates: 
9755, ya Vet | 


y 

2756. (x? + y*) dx— xy dy=0. 

2757*,. Find a curve whose segment of the tangent is equal 
to the distance of the point of tangency from the origin. 

2758. Find the curve whose segment of the normal at any 
point of a curve lying between the coordinate axes is divided in 
two at this point. 

2759. Find a curve whose subtangent is of constant length a. 

2760. Find a curve which hasa subtangent twice the abscissa 
of the point of tangency. 

2761*. Find a curve whose abscissa of the centre of gravity 
of an area bounded by the coordinate axes, by this curve and 
the ordinate of any of its points is equal to 3/4 the abscissa of 
this point. 

2762. Find the equation of a curve that passes through the 
point (3,1), for which the segment of the tangent between the 
point of tangency and the x-axis is divided in half at the point 
of intersection with the y-axis. 

2763. Find the equation of a curve which passes through the 
point (2,0), if the segment of the tangent to the curve between 
the point of tangency and the y-axis is of constant length 2. 

Find the orthogonal trajectories of the given families of cur- 
ves (a is a parameter), construct the families and their orthogo- 
nal trajectories. 

2764. x’°+y' =a’. 2766. xy =a. 

2765. y* =ax. 2767. (x—a)’* +y’ =a’. 


Sec. 4. First-Order Homogeneous Differential Equations 


1°. Homogeneous equations. A differential equation 
P (x, y) dx-+ Q (x, y) dy=0 (1) 


is called homogeneous, if P (x,y) and Q(x, y) are homogeneous functions of 
the same degree. Equation (1) may be reduced to the form 


y'=1(4); 


and by means of the substitution y=-xu, where uw is a new unknown function, 


it is transformed to an equation with variables separable. We can also apply 
the substitution x= yu. 


Example 1. Find the general solution to the equation 
y 
roet de 
yo =e" + x" 
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Solution. Put y=ux; then u4+x«u’=e"-+u or 


e~"dy =O 
x 
; C 
Integrating, we get u=— In In—-, whence 
C 
y=—xIinin—. 


2°. Equations that reduce to homogeneous equations. 


_ QyX + byt Cy 
vt (phere) °) 


If 


and 5= (75 E 0, then, putting into equation (2) x=u+a, y=uv+f, where 
the constants a and 6B are found from the following system of equations, 


aa+bP+¢c,=0, a,a+6,h+c¢,=0, 


we get a homogeneous differential equation in the variables u and uv. | 
6=0, then, putting in (2) a,x4-b,y=u, we get an equation with variables 
separable. 
Integrate the diflerential equations: 
2 —— 


2769. y’ = —~—~4 

2771. For the equation (x* + y*) dx—2xydy=0 find the family 
of integral curves, and also indicate the curves that pass through 
the points (4,0) and (1,1), respectively. 
2772. ydx +(2V xy—-x) dy =0. 
2773. x dy — ydx=V x? -+- y*dx. 
2774. (4x7 + 3xy+y’ \ de + (4g + 3xy+ x*)dy=0. 
2775. Find the particular solution of the equation (x* —3y*) dx+ 
2xydy=0, provided that y=1 when x=2. 
Solve the equations: 
2776. (2x —y + 4) dy+(x—2y + 5) dx =0. 

,» 1—3x—d3y x+2y-+-1 

2777. y =Tidy ° 2778. y’ = = pay 43 * 
2779. Find the equation of a curve that passes through the 
point (1,0) and has the property that the segment cut off by the 
tangent line on the y-axis is equal to the radius vector of the 
point of tangency. 

2780**. What shape should the reflector of a search light 
have so that the rays from a point source of light are rellected 
as a parallel beam? 


a 


—— 
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2781. Find the equation of a curve whose subtangent is equal 
to the arithmetic mean of the coordinates of the point of tan- 
gency. 

2782. Find the equation of a curve for which the segment 
cut off on the y-axis by the normal at any point of the curve 
is equal to the distance of this point from the origin. 

2783*. Find the equation of a curve for which the area con- 
tained between the x-axis, the curve and two ordinates, one of 
which is a constant and the other a variable, is equal to the 
ratio of the cube of the variable ordinate to the appropriate 
abscissa. 

2784. Find a curve for which the segment on the y-axis cut 
off by any tangent line is equal to the abscissa of the point of 
tangency. 


Sec. 5. First-Order Linear Differential Equations. 
Bernoulli’s Equation 


1°. Linear equations. A differential equation of the farm 
y+ P (x)-y= Q (x) (1) 


of degree one in y and y’ is called linear. 
If a function Q(x) =0, then equation (1) takes the form 


y’ + P (x)-y=0 (2) 


and is called a homogeneous linear differential equation. In this case, the 
variables may be separated, and we get the general solution of (2) in the 
orm 


—{ Pw dx 
y=Cre ; (3) 

To solve the inhomogeneous linear equation(l), we apply a method that 
is called variation of parameters, which consists in first finding the general 
solution of the respective homogeneous linear equation, that is, relation- 
ship (3). Then, assuming here that C is afunction of x, we seek the solution 
of the inhomogeneous equation (1) in the form of (3). To do this, we put into 
(1) y and y’ which are found from (3), and then from the differential equa- 
tion thus obtained we determine the function C(x). We thus get the general 
solution of the inhomogeneous equation (1) in the form 


y=C(je SP Oe 


Example 1. Solve the equation 
y’ =tanx-y-+cos x, (4) 
Solution. The corresponding homogeneous equation is 


y’ — tanx-y=-0, 
Solving it we get: 
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Considering C as a function of x, and differentiating, we find; 


| dC sin x 
cosx dx cos? x 


y= 
Putting y and y’ into (4). we get: 


I dC . sinx C dC 2 
_— s—:C=tanx- +cosx, or ——=cos’X, 
cosx dx ~ cos? x COs x dx 


whence 
C(x) = | cost ade = 5x4 3 sin 2x-+C,. 
Hence, the general solution of equation (4) has the form 


] 1. 1 
y= (S244 sin2x+C, "ex ’ 


In solving the linear equation (1) we can also make use of the substitu- 
tion 


y = UU, (9) 
where u and v are functions of x. Then equation (1) will have the form 


[u’ -+ P (x) uj uv -- 0’u = Q (x). (6) 
If we require that 
u’ +- P (x) u=0, (7) 


then from (7) we find u, and from (6) we find v; hence, from (5) we find y. 
2°. Bernoulli’s equation. A first-order equation of the form 


yo + P (oy =Q (x) y’, 


where a #0 and a 41, is called Bernoullt’s equation lt is reduced to a li- 
near equation by means of the substitution z=y'~*. It is also ;ossible to 
apply directly the substitution gy=uv, or the method of varia- 
tion of parameters. 

Example 2. Solve the equation 


’ 4 — 
y=—ytx Vy. 


Solution. This is Bernoulli's equation. Putting 


Y= Ud, 
we vet 


wo--o'u=— uv +x YWuo or v (w= uw) $o'u=e V wv. (8) 
To determine the function uw we require that the relation 
y+ u=(Q 
x 


be fulfilled, whence we have 
ua: x4, 
Putting this expression into (8), we get 


4 ye 
u'xt=Xx V ox', 
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whence we find v: 


and, consequently, the general solution is obtained in the form 
2 
y=x( > Inet) . 
Find the general integrals of the equations: 
2785. yt =X, 
x 


‘u 2y as 
2786. int yo . 


2787*, (14 y*)dx=(V1+y' sin y—xy) dy. 

2788. y*dx— (2xy + 3) dy =0. 

Find the particular solutions that satisfy the indicated con- 
ditions: 

2789. xy’ +y—e*=0; y=b when x=a. 

2790. y— ya lo a= 0, y=0O when x=0. 


Xx 


2791. y’—ytanx= - y=0 when x=0. 


COS X 
Find the general solutions of the equations: 


dy, y 
2792. Rtas’. 
2793. oxy by +x =0. 


2794. y dx + (x—5 x'y } dy=0. 

2795. 3xdy=y(1+x« sin x—3y’ sin x) dx. 

2796. Given three particular solutions y, y,, y, of a linear 
equation. Prove that the expression = “24 remains unchanged for 


any x. What is the geometrical significance of this result? 

2797. Find the curves for which the area of a triangle formed 
by the x-axis, a tangent line and the radius vector of the point 
of tangency is constant. 

2798. Find the equation of a curve, a segment of which, cul 
off on the x-axis by a tangent line, is equal to the square of the 
ordinate of the point of tangency. 

2799. Find the equation of a curve, a segment of which, cut 
off on the y-axis by a tangent line, is equal to the subnormal. 

2800. Find the equation of a curve, a segment of which, cut 
off on the y-axis by a tangent line, is proportional to the square 
of the ordinate of the point of tangency. 
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2801. Find the equation of the curve for which the segment 
of the tangent is equal to the distance of the point of intersec- 
tion of this tangent with the x-axis from the point M (0,qa). 


Sec. 6. Exact Differential Equations. 
Integrating Factor 


1°. Exact differential equations. If for the differential equation 
P (x, y) dx+Q (x, y) dy=0 (1) 
the equality = 5 is fulfilled, then equation (1) may be written in the 


form dU (x, y)=0 and is then called an exact differential equation. The gen- 
eral integral of equation (1) is U(x, yy=C. The function U (x, y)is deter- 
mined by the technique given in Ch. VI, Sec. 8, or from the formula 


x y 
U=\ P (x, y)dx+\Q (x, yy 


Xo Yo 


ysee Ch, VII, Sec. 9). 
Example {. Find the general integral of the differential equation 
(3x? + 6xy?) dx + (6x?y + 4y*) dy = 0. 


2 2 
Solution. This is an exact differential equation, since 0 (3x0 + bry!) _. 


oy 
25) 8 
= Cry tty) 12xy and, hence, the equation is of the form dU =0, 
Here, y 
OU. : oU_., :. 
ay o* + 6xy? and ay y+ 4y’; 
whence 


U = | (as? + xy") dx +-@ (y) = 2° + 3x44? +9 (Y). 


Differentiating U with respect to y, we find = 6x'y -+ @Q’ (y) = 6x?y + 4y® (by 


hypothesis); from this we get g’ (y)=4y* and @ (y)=y"* + Co. We finally get 
U (v, y) = x8 + 3x?y? + y4+C,, consequently, x?-+ 3x y+yt=C is the sought-for 
general integral of the equation. 

2°. Integrating factor. [f the left side of equation (1) is not a total (exact) 
differential and the conditions of the Cauchy theorem are fulfilled, then there 
exists a function w= p(x, y) (integrating factor) such that 


ju (P dx+ Q dy)=dU. (2) 
Whence it is found that the function p satisfies the equation 
4) 7) 
jy (HP)=5, (HQ). 


The integrating factor p is readily found In two cases: 


1 /oOP oa 

1) 5 (nae HF. then p= yp (x); 
1 f/oP a 
Bajar ) =F. ten nen 
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° 3 
Example 2. Solve the equation (ay teu +4 Jar torte" dy =\. 
3 
Solution. Here P = 2Qxy + xy + - , Q=x*+y? 


1/OP 0Q\_ 2x+x?+y’ = 

and a (5e-)= ee oh hence, = pt (x). 
- , O(MP) 9(uQ) OP _— 0Q du 
Since ay ae OT OB Gy =P Oe +Qa-, 


it follows that 


dp 5 (5 dQ 


~ Q Oy Ox 


a0 ) ae— dx and Infuu=x, p=e*. 


Multiplying the equation by p=e*, we obtain 
3 
e* (ay +xy 44 dx 4-e* (x® +. y”) dy =-0 


which is an exact differential equation. Integrating it, we get the general 


integral 
y? 
ye* (+ 5) =C, 


Find the general integrals of the equations: 

2802 (x+y) dx + (x +- 2y) dy=0. 

2803. (x* + y?+ 2x) dx + 2xydy=0. 

2804. (x°—3xy* + 2) dx— (3x*y—y*) dy =0. 
__ xdy—y dx 

2805. x dx—y dy = a . 

2806, 2%) Y= 3" ty —0, 


2807. Find the particular integral of the equation 


(e468) deped (1—=) dy=0, 


which satisfies the initial condition y (0) =2. 

Solve the equations that admit of an integrating factor of the 
form p=p(x) or p= p(y): 

2808. (x + y*) dx—2xy dy =0. 

2809. y (1 +-xy)dx—xdy=0. 


2810. 2dx + (y*—in x)dy =0. 
2811. (x cos y—y siny)dy+(xsiny-+ ycos y)dx=0. 
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Sec. 7. First-Order Differential Equations not Solved 
for the Derivative 


1°. First-order differential equations of higher powers. If an equation 
F (x, y, y')=0, (1) 
which for example is of degree two in y’, thea by solving (1) for y’ we get 
two equations: 
y= Fy (x,y), y= Fy (%, y). (2) 
Thus, generally speaking, through each point M, (Xo, y,) of some region 


of a plane there pass two integral curves. The general integral of equation 
(1) then, generally speaking, has the form 


® (x, y, C) =, (x, Y, C) a, (x, y, C)=0, (3) 


where (DP, and @, are the general integrals of equations (2). 

Besides, there may be a stngular integral for equation(1). Geometrically, 
a singular integral is the envelope of a family of curves (3) and inay be ob- 
tained by eliminating C from the system of equations 


@D (x, y, C)=0, O- (x, y, C)=0 (4) 
or by eliminating p=y’ from the system of equations 
F (x, y, p)=9, F (x, y, p) =0. (5) 


We note that the curves defined by the equations (4) or (5) are not 
always solutions of equation (1); therefore, in each case, a check is necessary. 
Example 1. Find the general and singular integrals of the equation 


xy’? + Qxy'’—y = 0. 


Solution. Solving for y’ we have two homogeneous equations: 


ya—l+ Vise, yo =—1— V1 +4, 


defined in the region 


x (x+y) >0, 


the general integrals of which are 


2 2 
(YEAS. (Viaex)-2 


(Qx+y—C)—-2Ve8+xy=0, (2xt+y—C)4+2 VF +xy=0. 
Multiplying, we get the general integral of the given equation 
(2x -+ y—C)*?—4 (x? + xy) =0 
(y—C)*? = 4Cx 


or 


or 
(a family of parabolas). 


Differentiating the general integral with respect to C and eliminating C, 
we find the singular integral 
ytx=0. 


(It may be verified that y+x=0 is the solution of this equation.) 
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It is also possible to find the singular integral by differentiating 
xp? +2xp—y=0 with respect to p and eliminating p. 

2°. Solving a differential equation by introducing a parameter. If a first- 
order differential equation is of the form 


x=@ (y, y’), 
then the variables y and x may be determined from the system of equations 


Day td dy » x=Qly, Pp), 


where p=y’ plays the part of a parameter. 
Similarly, if y= (x, y’), then x and y are determined from the system 


of equations 
__ op , apdp _ 
p=a Op dx’ y= (x, p). 


Example 2. Find the general and singular integrals of the equation 
‘ , x? 
y= y'?—xy tz: 


' Solution. Making the substitution y’=p, we rewrite the equation in the 
orm 


2 
y=p'—xpt 5. 


Differentiating with respect to x and considering p a function of x, we have 
_ 6,4? dp 
p= 2p dx Xa t* 
dp dp . wa gs 
or Ax (2P—*) = (29 —*), or hn Integrating we get p=x+C. Substituting 
into the original equation, we have the general solution 


y= (x4 CP —x(x $0) 45 or y= E+ Cx $C 


Differentiating the general solution with respect to C and eliminating C, we 


2 
obtain the singular solution: y=. (It may be verified that y= is the 


4 
solution of the given equation.) 
If we equate to zero the factor 2o>—x, which was cancelled out, we get 


p= and, putting p into the given equation, we get y=> » which is the 
same singular solution. 


Find the general and singular integrals of the equations: 


(In Problems 2812 and 2813 construct the field of integral 
curves.) 


2812. y— Hy’ +.1=0, 
2813. 4y’°—9x = 0. 
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2814. yy’ —(xy+l)y’ +x*=0. 
2815. yy’ —2xy’ +y=0. 
2816. Find the integral curves of the equation y’*+y’?=1 


that pass through the point M (0, I 
Introducing the parameter y’ =p, solve the equations: 


2817. x= siny’ +Iny’. 2820. 4y=x?+y". 
2818. y=y’ e’. x 9ty”? 
2819. y=y’ +2Iny’. 2821. e= ay 


Sec. 8. The Lagrange and Clairaut Equaticns 
1°. Lagrange’s equation. An equation of the form 
y =x (P) +P (p), (1) 


where p=y’ is called Lagrange’s equation Equation (1) is reduced to a linear 
equation in x by differentiation and taking into consideration that dy = pdx: 


p ax = (p) dx + [x@’ (p) +p’ (p)] dp. (2) 


fa p32Q(p), then from (1) and (2) we get the general solution in parametric 
orm: 


x==Cf (p)+g(p), y =(Cf (Pp) +2 (P)) ¢ (P) + ¥ (p), 


where p is a parameter and f/(p), g(p) are certain known functions. Besides, 
there may be a singular solution that is found in the usual way. 

2°. Clairaut’s equation. If in equation (l)p=q@(p), then we get Clai- 
raut’s equation 

y=xp--p(p). 

Its general solution 1s of the form y=-Cx-+ p(C) (a family of straight lines), 
There 1s also a particular soluttoi (envelope) that results by eliminating the 
parameter p from the system of equations 


x= — Wp (p), 
Yy == px+¥ (p). 
Example. Solve the equation 
1 J 
y -2y’x+ yr (3) 


Solution. Putting y’-=p we have y= 2+ — differentiating and replac- 
ing dy by pdx, we get 
pdx =2pdx-+ 2x dp—& 


or 


Solving this linear equation, we will have 


l 
x= D (Inp+C). 
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Hence, the general integral will be 
| = pret. 
== 2px i 
| y= 2px-+ D 
To find the singular integral, we form the system 


y=2px+— ; 0=21— 
in the usual way. Whence 


and, consequently, __ 
y=+2 V 2x. 
Putting y into (3) we are convinced that the function obtained is not 
a solution and, therefore, equation (3) does not have a singular integral. 
Solve the Lagrange equations: 
2822. y=z*(y' +4). 2824. y= (ey aty" 
Ne ¥e =-—t ~ 
2823. y=y' + V1—y™. 2829". y g 9 (2x + y). 
Find the general and singular integrals of the Clairaut equa- 
tions and construct the field of integral curves: 
2826. y= = ty” ty". 
2827. y=xy'+y'. 
2828. y=xy' +V14+(y'). 
2829. y= ry +5. 
2830. Firid the curve for which the area of a triangle formed 


by a tangent at any point and by the coordinate axes is con- 
stant. 


2831. Find the curve if the distance of a given point to any 
tangent to this curve is constant. 

2832. Find the curve for which the segment of any of its 
tangents lying between the coordinate axes has constant length /. 
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2833. Determine the types of differential equations and indi- 
cate methods for their solution: 


a) (x+y)y' = xarctan4; e) xy’ Fy =siny; 
b) (x—y)y' =y’: f) y—xy'¥ =y"; 
c) y’ =2Qxy +x; g) y= xe; 


d) y’ =2Qxy -+y’; h) (y’—2xy) V y=2'; 
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i) y' =(x+y)'; 1) (x?-+ 2xy")de-+ 
j) xcosy’+y siny’ =1, + (y* + 3x’y*) dy =0; 
k) (P—xy) y= m) (x*— 3xy) dx + (x° + 3) dy =0; 


n) (xy’+ Inx) dx = y’dy, 
Solve the equations: 


2834. a) (x—y cos \d Xx cos = dy = = Q; 

b) xin 7 dy—ydx=0. 
2835. xdx=(L—y") dy. 
2836. (2xy’—y) dx +x dy =~ 0. 
2837. xy’ -+y=-= xy" Inx. 
2838. y=xy'-+y' Iny’. 
2839. y= xy’ -+-V —ay’. 
2840. x? (y+ 1) dx+(x°—1) (y—1) dy=0. 
2841. (1 +-y’) (e?* dx—e’ dy) —(1 + y) dy =0. 
9849. y —y%1= . 2845. (lL—x*) y’ +xy =a. 
2843. ye! = (y*-1 2xe) y’. 2846. xy’ — 4 —*=0. 
2844. y'-Ty cos x= sin xcosx. 2847. y’ Uecosy --a sin 2y)=1. 
2848. (x*y—x "+ yl) dx + (xy +2x—3y—6) dy =0. 
9849. y= (1-4¥r!) 


2850. xy’ d= (x'y +2) dy- 

2851. y' == eaeeat - 

2852. 2dx + Ve dy -— V4 dx =0. 

2853. y’=+-+tan=. eee e* dx + (xe” — 2y) dy =0. 

; 62. y= 2xy’ 4- m 

2854. yy’ - yo = cos x. J id +VI Fy 

2855. xdy-| ydx=-y' dx. 2863. yo = — (1 +Iny—Inx). 

2856. y' (x | siny)=1. 2864. (2e* + y*) dy— 

2857. ye =—p+p*. —ye* dx =0. 
{_y+2 \? 

2858. x°dx—(x* | y*) dy --0. 2865. y =2 | 

2859. x*y"* -+ dxyy’ -+ 2865. xy (xy? + 1)dy—dx= 

+ 2y’ =0. —(). 
2860. xdxty ay yay 2867. a(xy’ + 2y)=xyy’. 


WEE cay —yde_ 2868. xdy—ydx=y' dx. 
yee" 
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2869. (x? —1)*/? dy + (x*+ 3xy V x? —1) dx =0. 
2870. tanx¢—y =a. 


2871. Va? +x? dy-+ (xt y—Va" + x*) dx=0. 

2872. xyy"?—(x*+y’)y’ +x«y=0. 

2873. y=xy' +o 

2874, (3x? + 2Qxny—y*) dx + (x* — 2xy— 3y’) dy = 0. 

2875. Qype = Bp" 4-4y?. 

Find solutions to the equations for the indicated initial con- 
ditions: 

2876. y’ = = y=0O for x=1. 


2877. e*~*y’ =I: y=1 for x=1. 
2878. cot xy’ ty=2: y=2 for x=0. 
2879. ev? (y’ + 1)=1; y=0 for x=0. 


2880. y’ + y=COSs x; y=5 for x=0. 


2881. y’—2y =— x’; y= for x=0. 


2882. y ty= 2x; y=—1 for x=0. 

2883. xy’=y; a) y=1 for x=1; b) y=O for x=0. 

2884. 2xy' =y: a) y=1 for xe: b) y=0 for x=0. 

2885. 2xyy' +x°—y*?=0; a) y=O for x=0; b) y-=1 forx=0; 
c) y=0 for x=1. 

2886. Find the curve passing through the point (0, 1), for 
which the subtangent is equal to the sum of the coordinates of 
the point:of tangency. 

2887. Find a curve if we know that the sum of the segments 
cut off on the coordinate axes by a tangent to it is constant and 
equal to 2a. 

2888. The sum of the lengths of the normal and subnormal 
is equal to unity. Find the equation of the curve if it is known 
that the curve passes through the coordinate origin. 

2889*. Find a curve whose angle formed by a tangent and the 
radius vector of the point of tangency is constant. 

2890. Find a curve knowing that the area contained between 
the coordinate axes, this curve and the ordinate of any point on 
it is equal to the cube of the ordinate. 

2891. Find a curve knowing that the area of a sector boun- 
ded by the polar axis, by this curve and by the radius vector 
of any point of it is proportional to the cube of this radius 
vector. 

2892. Find a curve, the segment of which, cut off by the 
tangent on the x-axis, is equal to the length of the tangent. 
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2893. Find the curve, of which the segment of the tangent 
contained between the coordinate axes is divided into half by 
the parabola y’ = 2x. 

2894. Find the curve whose normal at any point of it is 
equal to the distance of this point from the origin. 

2895*. The area bounded by a curve, the coordinate axes, 
and the ordinate of some point of the curve is equal to the 
length of the corresponding arc of the curve. Find the equation 
of this curve if it is known that the latter passes through the 
point (0, 1). 

2896. Find the curve for which the area of a triangle formed 
by the x-axis, a tangent, and the radius vector of the point of 
tangency is constant and equal to a’. 

2897. Find the curve if we know that the mid-point of the 
segment cut off on the x-axis by a tangent and a normal to the 
curve is a constant point (a, 0). 


When forming first-order differential equations, particularly in phvsical 
problems, it is frequently advisable to apply the so-called method of differen- 
tials, which consists in the fact that approximate relationships between 
infinitesimal itcrements of the desired quantities (these relationships are 
accurate to infinitesimals of higher order) are replaced by the corresponding 
relationships between their differentials. This does not affect the result. 

Problem. A tank contains 100 litres of an aqueous solution containing 
10 kg of salt. Water 1s entering the tank at the rate of 3 litres per minute, 
and the mixture is flowing out at 2 litres per minute. The concentration is 
maintained uniform by stirring. How much salt will the tank contain at the 
end of one hour? 

Solution. The concentration c of a substance is the quantity of it in 
unit volume. If the concentration is uniform, then the quantity of sub- 
stance in volume V is cV. 

Let the quantity of salt in the tank at the end of ¢ minutes be x kg. 
The quantity of solution in the tank at that instant will be 100+ ¢ litres, 


and, consequently, the concentration c= kg per litre. 


x 
100 +¢ 
During time dt, 2d? litres of the solution flows out of the tank (the 
solution contains 2cdt kg of salt). Therefore, a change of dx in the quantity 
of salt in the tank is given by the relationship 
2x 


—dx =2c dt = 00 1 dt. 


This is the sought-for differential equation. Separating variables and integrat- 
ing, we obtain 


Inx=— 2In (1004 ¢)+1nC 
_ C 
~ (100 + t)?° 


The constant C is found from the fact that when f=0, 110, that is, 


C= 100,000. At the expiration of one hour, the tank will contain 
__ 100,000 


= T60F 


or 
x 


= 3.9 kilograms of salt. 


344 Differential Equations [Ch. 9 


2898*. Prove that for a heavy liquid rotating about a vertical 
axis the free surface has the form of a paraboloid of revolution. 

2899*. Find the relationship between the air pressure and the 
altitude if it is known that the pressure is 1 kgf on 1 cm’ at 
sea level and 0.92 kgf on 1 cm’ at an altitude of 500 metres. 

2900*. According to Hooke’s law an elastic band of length 
/ increases in length kIF(k=const) due to a tensile force F. 
By how much will the band increase in length due to its weight 
W if the band is suspended at one end? (The initial lengih of 
the band is /.) 

2901. Solve the same problem for a weight P suspended from 
the end of the band. 

When solving Problems 2902 and 2903, make use of Newton’s 
law, by which the rate of cooling of a body is proportional to the 
difference of temperatures of the body and the ambient medium. 

2902. Find the relationship between the temperature 7 and 
the time ¢ if a body, heated to 7, degrees, is brought into a room 
at constant temperature (a degrees). 

2903. During what time will a body heated to 100° cool off 
to 30° if the temperature of the room is 20° and during the first 
20 minutes the body cooled to 60°? 

2904. The retarding action of friction on a disk rotating in 
a liquid is proportional to the angular velocity of rotation. Find 
the relationship between the angular velocity and time if it is 
known that the disk began rotating at 100 rpm and after one 
minute was rotating at 60 rpm. 

2905*. The rate of disintegration of radium is proportional 
to the quantity of radium present. Radium disintegrates by one 
half in 1600 years. Find the percentage of radium that has disinte- 
grated after 100 years. 

2906*. The rate of outflow of water from an aperture at 
a vertical distance A from the free surface is defined by the 
formula 


v=cV 2gh, 


where c 0.6 and g is the acceleration of gravity. 

During what period of time will the water filling a hemi- 
spherical boiler of diameter 2 metres flow out of it through a cir- 
cular opening of radius 0.1 m in the bottom. 

2907*. The quantity of light absorbed in passing through 
a thin layer of water is proportional to the quantity of incident 
light and to the thickness of the layer. If one half of the original 
quantity of light is absorbed in passing through a three-metre- 
thick layer of water, what part of this quantity will reach a depth 
of 30 metres? 
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2908*. The air resistance to a body falling with a parachute 
is proportional to the square of the rate of fall. Find the limit- 
ing velocity of descent. 

2909*. The bottom of a tank with a capacity of 300 litres 
is covered with a mixture of salt and some insoluble substance. 
Assuming that the rate at which the salt dissolves is proportion- 
al to the ditlerence between the concentration at the given time 
and the concentration of a saturated solution (1 kg of salt per 3 
litres of water) and that the given quantity of pure water dis- 
solves 1/3 kg of salt in 1 minute, find the quantity of salt in solu- 
tion at the expiration of one hour. 

2910*. The electromotive force e in a circuit with current i, 
resistance R and self-induction L is made up of the voltage drop 


Ri and the electromotive force of self-induction Lo. Determine 


ihe current ( at time ¢ if e=E sinwt (E and o are constants) 
and i=0O when ¢=0. 
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1°. The case of direct integration. If 
yi = | (a), 
then 
y= { dx ( wes ( f(a) dx 4 Cue" 78-4 Cue? 7324 2.4, 


a James 


2°. Cases of reduction of order. 1) If a differential equation does not 
contain y explicitly, for instance, 


F (x, y’, y")=9, 
then, assuming y’=p, we get an equation of an order one umit lower: 
F (x, p, p’)=0. 
Example {. Find the particular solution of the equation 
xy" + y' +x=0, 


that satisfies the conditions 
y=0, y'=0 when x=0, 
Solution. Putting y’=p, we have y”=p’, whence 
xp’ +p+x=0. 


Solving the latter equation as a linear equation in the function p, 
we get 


x? 
pxraly— >. 
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From the fact that y’=p=0 when x=0, we have 0=C,—0, i.e., C,=0. 
Hence, 


_ Xx 
pP=—> 
or 
dy x 
ax O° 


whence, integrating once again, we obtain 
x 
y= ~ 7 tC, 


Putting y=0O when x=0, we find C,=0. Hence, the desired particular 
solution is 


l 2 
Y= —a* : 


2) If a differential equation does not contain x explicitly, for instance, 
F(iy, yy") =0 
then, putting y’=p, y =e. we get an equation of au order one unit 


lower: 


dp 
F(y, Pp, Pp Z)=0. 


Example 2. Find the particular solution of the equation 


yy” —y"*=y" 
provided that y=1, y’=0 when x=0. 
Solution. Put y’=p, then f=Z and our equation becomes 
up opt ot 


We have obtained an equation of the Bernoulli type in p (y is considered 
the argument). Solving it, we find 


p=+y VC, + y?. 
From the fact that y’=p=0 when y=1, we have C,=—1. Hence, 


p=tyVy—1 
or 


dy _ 2__ 
ax ty Vy. 
Integrating, we have 


arc COS _ +x=C,. 


Putting y=1 and x=0, we obtain C,=U, whence 7 =008 4 Or y= sec x. 
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Solve the following equations: 


2911. 
2912. 


2913. 
2914. 


2915. 
2916. 
2917. 
2918. 
2919. x 


Find 
ditions: 


2928. 
2929. 
2930. 
2931. 


Find 


2932. 


2933. 
2934. 
2935. 


Find 


2936. 
2937. 
2938. 
2939. 


2940. : 


2941. 
2942. 
2943. 
2944. 


y=: 2920. yy”=yty' +y". 
n 2 ” s 4 
y= — 55. 2921. yy’—y' (l+y')=0. 
y’=1—y", 2922. y"= —<. 
xy” -} y' =0. 2923. (x + 1l)y”—(x 4-2) y’ +x+ 
+2=0. 
yy” =y". 2924. xy"=y' In=. 
yy” +y" =0. rl eo, 
(1 L x?) y” ty? +1 -—(). 2925. Yy ray = XY. 
y' (1+ y*) =ay". 2926. xy’ + y"=1+4x. 
2y ” + xy’ — |, 9927. yt y" =1, 
the particular solutions for the indicated initial con- 


(1 Fe) y"— 2xy°=0; y=0, y'=3 for x=0. 
l+y pote y=1, y =1 for x=1. 

yy" +y , y=1, y'=1 for x=0. 

xy” =y'; j= 0, y =0 for x=0. 

the general integrals of the following equations: 
yy’ =V yr ty y"—y'y". 

yy’ = ty Vier ty”. 

y"— yy" = yy’. 

yy’ +y —y" Iny=0. 

solutions that satisfy the indicated conditions: 


y’y gs =|; y =1, y’ =1 for key. 
yy’ +y" =1;, y=1, y’=1 for x=0. 

xy’ =V1 + y"; y=0 for x=1; y=1 for x=e?. 

y" (1 tina) ++-y' =2+Ingy=z, y =1 tor x=1. 
y aE (tine aE y=a, y =1 for x=1. 

y’—y" +y' (y—1) =0; y=2, y’ =2 for x=0. 

3y'y”=y ty +1; y= —2, y'=0 for x=0. 

y? ty" —2yy”’ =0; y=1, y' =1 for x=0. 

yy’ +y"' + yy" =0; y= 1 for x= 0 and y=0 for x=—!], 
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2945. Qy’+(y" ~~ 6x). -y’=0; y=0, y’=2 for x=2. 
2946. y’y* + yy" —y *"=0; y=1, y’ =2 for x=0. 
2947. 2yy”—3y" =4y’?; y=1, y’=0 for x=0. 
2948. ayy" -i-y?—y"? = 0: y=1, y’=1 for x=0. 


2949. y”=y"—y; y=—4, y=5 for x= 1. 

2950. y" 4-07" y' —2yy"* = 0: y=1, y' =e for x-= — 
9951. l4-yy” +y" =0; y=0, y'=1 for x=1. 

2952. (1+yy')y’=(1+y") y's y=1, y’=1 for x=0. 
2953, (x-+l)y"+ xy" =y'; y= —2, y' =4 for x=1. 
Solve the equations: 

9954. y = xy” + yl”, 

2955. y’=xy"+y"—y". 

2956. y= 4y". 


2957. yy'y” =y' +". Choose the integral curve passing through 
the point (0, 0) and tangent, at it, to the straight line y+x=0. 

2958. Find the curves of constant radius of curvature. 

2959. Find a curve whose radius of curvature is proportional 
to the cube of the normal. 

2960. Find a curve whose radius of curvature is equal to the 
normal. 

2961. Find a curve whose radius of curvature is double the 
normal. 

2962. Find the curves whose projection of the radius of cur- 
vature on the y-axis is a constant. 

2963. Find the equation of the cable of a suspension bridge 
on the assumption that the load is distributed uniformly along 
the projection of the cable on a horizontal straight line. The 
weight of the cable is neglected. 

2964*. Find the position of equilibrium of a flexible nonten- 
sile thread, the ends of which are attached at two points and 
which has a constant load g (including the weight of the thread) 
per unit length. 

2965*. A heavy body with no initial velocity is sliding along 
an inclined plane. Find the law of motion if the angle of incli- 
nation is a, and the coefficient of friction is p. 


(Hint. The frictional force is pN, where WN is the force of reaction of the 
plane.) 


i 
2e * 


2966*. We may consider that the air resistance in free fall 
is proportional to the square of the velocity. Find the law of 
motion if the initial velocity is zero.. 
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2967*. A motor-boat weighing 300 kgf is in rectilinear motion 
with initial velocity 66 m/sec. The resistance of the water is pro- 
portional to the velocity and is 10 kgf at | metre/sec. How long 
will it be before the velocity becomes 8 m/sec? 
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1°. Homogeneous equations. The functions y,—q, (x), 4,=9,(X), ... 
»+ +> Yn =Qpy (x) are called linearly dependent if there are constants C,, C,, .. 
not ail equal to zcro, such that 


Cy,+Ciy.+...+C,y, =0; 


otherwise, these functions are called linearly tndependent. 
The general solution of a homogeneous linear differential equation 


y™ + Py (x) y+. 4+ PP, (x) y=0 (1) 
with continuous coefficients P; (x) (i=1, 2, ..., n) 1s of the form 
y= Cy + Cy,+..- + Cnn, 


where 41, Ys, «++» Yq are linearly independent solutions of equation (1) 
(fundamental system of soluttons). 

2°, Inhomogeneous equations. The general solution of an inhomogeneous 
linear differential equation 


ey n 


y+ Py (ry oP + Py (x) oy =f (x) (2) 
with continuous coefficients P;(x) and the right side f(x) has the form 
yY=Yot+Y, 


where y, is the general solution of the corresponding homogeneous equation (1) 
and Y is a particular solution of the given inhomogeneous equation (2). 

If the fundamental system of solutions y,, y,, ..., y, Of the homogeneous 
equation (1) is known, then the gencral solution of the corresponding inho- 
mogeneous equation (2) may be found from the formula 


y=C, (x) yy $C (x) Yet eee +Cn (X) In 


where the functions C; (x) (i=1, 2, ..., m) are determined from the follow- 
ing system of cquations: 


Cox) 4-Cl (x) ¥, eee $C, Oy, =, | 
COW TC AY, Hee $CA (9 =O, 
Le ee ee Dee ee (3) 


Cr (xy $C, (xy 4 ACA (ey =, 
Ch xy gM AC, (x) fH EC, (x) OY =F (x) | 


(the method of variation of parameters). 
Example. Solve the equation 


xy" py! =x", (4) 
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Solution. Solving the homogeneous equation 
xy" +y' =0, 
y=C, Inx+C,. (5) 


Hence, it may be taken that 
y,=Inx andy,=1 


we get 


and the solution of equation (4) may be sought in the form 

y =C, (x) Inx+C, (x). 
Forming the system (3) and taking into account that the reduced form of 
the equation (4) is y'+L=x, we obtain 

oy (x) In x+C, (x) 1=0, 

’ 1 / 

C, (x) zte: (x) O= x. 

Whence 
x? x? x? 

C,()=Zt+A and C,(yy=—Zine+ot+B 
and, consequently, 


2 
y=o+ Alnx+B, 
where A and B are arbitrary constants. 


2968. Test the following systems of functions for linear rela- 
tionships: 


a) x, x+1; e) x, x’, x°; 

b) x°, —2x’; f) e*, e’*, e*; 

c) 0, 1, x; g) sin x, cos x, 1; 
d) x, x +1, x42; h) sin’ x, cos’x, 1. 


2969. Form a linear homogeneous differential equation, know- 
ing its fundamental system of equations: 


a) y,=Sinx, y, = cos Xx; 

b) y, =e, Y, = xe"; 

c) Y,=%, Y, =X", . 

d) y, =e", y, =e” sinx, y, =e cos x. 


2970. Knowing the fundamental system of solutions of a linear 
homogeneous differential equation 


Y,=*, Y,=x", y, =x’, 


find its particular solution y that satisfies the initial conditions 


Y\,2,=9, y le=t =—1, Y' |e, = 2. 
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2971*. Solve the equation 
2, 
y+=y'+y=0, 


knowing its particular solution y, =a 


2972. Solve the equation 
x* (Inx— 1) y"—xy' +-y=0, 


knowing its particular solution y, =x. 

By the method of variation of parameters, solve the following 
inhomogeneous linear equations. 

2973, x*y” —xy'’ = 3x’. 

2974*, x?y" + xy’ —y=x’. 

2975. yy’ +y' =secx. 


Sec. 12. Linear Differential Equations of Second Order 
with Constant Coefficients 


1°. Homogeneous equations. A second-order linear equation with constant 
coefficients p and g without the right side is of the form 


y" + py’ +qy =0 (1) 
If k, and &, are roots of the characteristic cquation 
gy (k) =k? + pk+q =0, (2) 


then the general solution of equation (1) is written in one of the following 
three ways: 


1) y= Cye’i* + C.e** if ky and k, are real and k, #&,: 
2) y-=e"\* (C,+C,x) if ky ==} 


3) y =e** (C, cos Bx+C,sin Ba) if k; =a+ Pr and k, =a—fPr (p ¥ 0). 


2°. Inhomogeneous equations. The general solution of a linear inhomoge- 
neous differential equation 


y" + py’ + qy =f (x) (3) 
may be written in the form of a sum: 
Y=YotY, 


where y, is the general solution of the corresponding equation (1) without 
right side and determined from formulas (1) to (3), and Y is a particular 
solution of the given equation (3). 

The function Y may be found by the method of undetermined coeffictents 
in the following simple cases: 

1. f (x) =e?*P,, (x), where P,, (x) is a polynomial of degree n. 

If a is not a root of the characteristic equation (2), that is, @ (a) <0, 
then we put Y=e** Q,, (x) where Q,, (x) is a polynomial of degree a with 
undetermined coefficients. 

If ais a root of the characteristic equation (2), that is, p(a)=0, then 
Y = x'e9*Q,, (x), where ¢ is the multiplicity of the root a(r=1 or r=2). 

2. f (x) =e?* [P,, (x) cos 6x + Qj, (x) sin ox]. 
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li m(a + bi) #0, then we put 
Y =e [Sy (x) cos bx-+ Ty (x) sin bx], 


where Sy (x) and T(x) are polynomials of degree N-max {n, mb}, 
But if m(a + bi)=0, then 


Y = xe? [Sy (x) cos 6x + Ty (x) sin bx], 


where r is the multiplicity of the roots a + & (for second-order equations, 
r=1). 
In the general case, the method of variation of parameters (see Sec. 11) 
is used to solve equation (3). 
Example t. Find the general solution of the equation 2y”’—y’—y = 4xe**. 
Solution. The characteristic equation 2k?—k—1=U has roots &,=1 and 


k= The general solution of the corresponding homogeneous equation 


Dy . 
~~ 

(first type) is yo=Cye*+C,e *. The right side of the given equation is f (x)= 

=4 xe’* =¢9*P, (x). Hence, Y =e* (Ax-+ B), since n=1 and -=0. Difteren- 

tiating Y twice and putting the derivatives into the given equation, we 

obtain: 

9e* (4Ax+4B + 4A) —e** (2Ax4+-2B 4+ A) —e?* (Ax 4- B) =: 4xe%, 


Cancelling out e?* and equating the coefficients of identical powers of x and 
the absolute terms on the left and right of the equality, we have 54 =4 and 


7A +5B=0, whence A== and B= —-.; 


95° 
Thus, Ye** (F*-5) , and the general solution of the given equation 1s 
1 
ae 0 4 28 
=Cer+C,e * (x — x 
y ie" + Cye +e ($3 55) 


Example 2. Find the general solution of the equation y” —2y’ + y= xe*. 

Solution. The characteristic equation k?—2k+1=0 has a double root 
kR=1 The right side of the equation is of the form f(x) =.xe*; here, a=1 
and n= 1, The particular solution is ¥Y =x?e* (Ax+ 2B), since a coincides with 
the double root R=1 and, consequently, r=2. 

Differentiating Y twice, substituting into the equation, and equating the 


coefficients, we obtain A =u B=0. Hence, the general solution of the given 


equation will be written in the form 
y= (C,+C,x) e* + x xte* | 
Example 3. Find the general solution of the equation y’-+-y=x sin x. 
Solution. The characteristic equation ek?+1=0 has roots k,=i and 


k,=—it. The general solution of the corresponding homogeneous equation 
will {see 3, where a=0 and B=1] be: 


Yy=C, cos x-+-C, sin x. 
The right side is of the form 
{ (x) =e°* [P,, (x) cos be + Q,, (x) sin ox], 
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where a=0, 6=1, P,,(x)=0, Q,,(x)=-x. To this side there corresponds the 
particular solution Y, 


Y =x [(Ax-+ B) cos x + (Cx + D) sin x] 


(here, N=1, a=0, b=1, r=1). 

Differentiating twice and substituting into the equation, we equate the 
coefficients of both sides in cosx, xcosx, sinx, and xsinx. We then get four 
equations 2A+2D=0, 4C=0, —2B+2C=0, —4A=l, [rom which we deter- 
mine A=— +. B=0, C=0, p=. Therefore, You = 


x 
r 7 00S *-+ | sin x. 


The general solution is 
x? 
4 


3°. The principle of superposition of solutions. If the righf side of equa- 
tion (3) is the sum of several funct:ons 


f(x) =f (2) + 2 (4) + ---  hin () 
and Y;(i=1, 2, 3, ..., n) are the corresponding solutions of the equations 
y" + py’ +qy=filx) (21, 2, - ee M), 
Y=Y,+VYet..-+¥n 
is the solution of equation (3). 


y=C,cosx+C, sin x — — cos r+ sin x. 


then the sum 


Find the general solutions of the equations: 


2976. y”—5Sy' + 6y=0. 2982. y+ 2y’+y=0. 
2977. y’ —9y=0. 2983. y”"—4y’ +2y=0. 
2978. y" —y' =0. 2984. y” + ky=0. 

2979. y" +y=0. 2985. y=y"+y’. 

2980. y”—2y’ +2y=0. yy 

2981. y+ 4y’ + 13y=0. 2986. “r= 


Find the particular solutions that satisfy the indicated condi- 
tions: 


2987. y"—5y’ +4y=0; y=5, y’ =8 for x=0 
2988. y” + 3y'4-2y=0; y=1, y’=—1 for x=0. 
2989. y”°+4y=0; y=0, y’ =2 for x=0. 

2990. y”+2y'=0; y=1, y’=0 for x=0 


2991. y’ = 53 y=a, y' =O for x=0. 


2992. y"+3y’ =0. y=0 for x=0 and y=0 for x=3. 
2993. y+ n’y=0; y=0 for x=0 and y=0 for x=1. 


2994. Indicate the type of particular solutions for the given 
inhomogeneous equations: 
22%. 


a) y’—4y=x"e”; 
b) y" + 9y = cos 2x; 


12—1900 
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that satisfies the conditions y==, y’=1 for x=0, 


Differential Equations 


c) y"—4y' + 4y= sin 2x + e**; 

d) y°+2y’ + 2y =e” sin x; 

e) y” —5y’ + by = (x* -+ 1) e* + xe, 

f) y”—2y’ + By = xe* cos 2x — x’e* sin 2x. 


Find the general solutions of the equations: 
2995. y” —4y’' +. 4y = x’. 

2996. y"—y’ +y=x'* +6. 

2997. y" + 2y’+y=e*”*. 

2998. y” —8y’ + 7y = 14. 

2999. y"—y =e". 

3000. y” +y=cos x. 

3001. y’ + y’ —2y =8 sin 2x. 

3002. y” + y’ —6y = xe**. 

3003. y” —2y’ 4-y=sinx+sinhx. 
3004. y”+y' = sin’ x. 

3005. y”"—2y’ + 5y =e” cos 2x. 
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3006. Find the solution of the equation y’+4y= sin that 
satisfies the conditions y=1, y’=1 for x=0. 


Solve the equations: 


3007. “toa sin pt. Consider the cases: 1) p+¥a; 
2) p=. 


3008. y”°—7y' + l2y=—e**, 
3009. y’—2y’ =x’*?—1. 

3010. y”—2y’ +- y= 2e*. 

3011. y”’—2y' =e** +5. 

3012. y”— 2y’ —8y =e” —8 cos 2x. 
3013. y’-+ y’ =5x + 2e*. 

3014. y”"—y’ = 2x—1—3e”. 
3015. y”+2y' +y=e*-+e-*. 
3016. y”—2y' + 10y= sin 3x +e”. 
3017. y”—4y’ + 4y = 2e** +5. 
3018. y"—3y' =x-+ cos x. 


3019. Find the solution to the equation y”—2y’ =e**+x*—] 


1 
8 

Solve the equations: 
3020. y’— y= 2x sin x. 
3021. y”—4y =e** sin 2x. 
3022. y’+ 4y =2 sin 2x—3 cos 2x+ 1. 
3023. y’ —2y' + 2y = 4e* sin x. 
3024. y"=xe*+y. 
3025. y” + 9y = 2x sin x + xe**, 
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3026. y”—2y’ —3y=x (1 +e°%). 

3027. y”"—2y' = 3x + 2xe*. 

3028. y”—4y’ + 4y = xe*”. 

3029. y” + 2y' —3y = 2xe—** + (x4 le”. 

3030*, y” + y= 2x cos x cos 2x, 

3031. y” —2y = 2xe* (cos x—- sin x). 

Applying the method of variation of parameters, solve the 
following equations: : 


3032. y’+y=tanx. 3036. y"+ y= OSX 

3033. y” + y =cot x. 3037. y” + y=——. | 
3034. y’—2y' ty =". 3038. a) y”—y=tanh x. 
3035. y"+2y’ +y=—. b) y” —2y = 4x%e*, 


3039. Two identical loads are suspended from the end of a 
spring. Find the equation of motion that will be performed by 
one of these loads if the other falls. 

Solution. Let the increase in the length of the spring under the action 
of one load in a state of rest be a and the mass of the load, m. Denote by x 


the coordinate of the load reckoned vertically from the position of equilib- 
rium in the case of a single load. Then 


d?x 
m qe MEF (x-+ a), 


where, obviously, k=W8 and, consequently, aa x. The general solu- 


tion is x=(C, cos V Etre, sin V 2. The initial conditions yield x=a 


and dt 9 when ¢=0; whence C,=a and C,=0; and so 


dl 
x= COS Vz t. 
a 


3040*. The force stretching a spring is proportional to the 
increase in its length and is equal to | kgf when the length 
increases by 1 cm. A load weighing 2 kgf is suspended from the 
spring. Find the period of oscillatory motion of the load if it 
is pulled downwards slightly and then released. ' 

3041*. A load weighing P=4 kgf is suspended from a spring 
and increases the length of the spring by 1 cm. Find the law 
of motion of the load if the upper end of the spring performs 
a vertical harmonic oscillation y=2sin30¢ cm and if at the 
initial instant the load was at rest (resistance of the medium is 
neglected). pod ' 


12° 
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3042. A material point of mass m is attracted by each of two 
centres with a force proportional to the distance (the constant 
of proportionality is &). Find the law of motion of the point 
knowing that the distance between the centres is 26, at the ini- 
tial instant the point was located on the line connecting the 
centres (at a distance c from its midpoint) and had a velocity 
of zero. 

3043. A chain of length 6 metres is sliding from a support 
without friction. If the motion begins when | m of the chain 
is hanging from the support, how long will it take for the entire 
chain to slide down? 

3044*, A long narrow tube is revolving with constant angular 
velocity @ about a vertical axis perpendicular to it. A ball in- 
side the tube is sliding along it without friction. Find the law 
of motion of the ball relative to the tube, considering that 

a) at the initial instant the ball was at a distance a from 
the axis of rotation; the initial velocity of the ball was zero; 

b) at the initial instant the ball was located on the axis of 
rotation and had an initial velocity v,. 


Sec. 13. Linear Differential Equations of Order Higher than Two with 
Constant Coefficients 


1°. Homogeneous equations. The fundamental system of solutions y,, 
Ys. +++) Yn Of a homogeneous linear equation with constant coefficients 


y™ +ay"?"-Y4+,..+a,_y’ +a,y =0 (1) 


is constructed on the basis of the character of the roots of the characteristic 
equation 


R®+ak"®-'4+...,.+a,_,k +a, =0. (2) 


Namely, 1) if & is a real root of the equation (2) of multiplicity m, then to 
this root there correspond m linearly independent solutions of equation (1): 
y, =e, y, = xer*, sees Y my XB eh; 

2) if a + Bi Is a pair of complex roots of equation (2) of multiplicity m, 


then to the latter there correspond 2m linearly independent solutions of 
equation (1): 


y,=e"* cos Bx, y,=e"™ sin Bx, ys=xe"* cos Bx, y,= xe sin Bx, ... 
sees Yam—1 =X" 'e™ cos BX, Yom =x 'e** sin Bx. 


2°. Inhomogeneous equations. A particular solution of the inhomogeneous 
equation 


yay" +... +ay_.y’ +any =F (x) (3) 
is sought on the basis of rules 2° and 3° of Sec. 12. 
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Find the general solutions of the equations: 


oo. “— Loy" + ey =0. 3058. y/¥+2y"+y=0. 
~-Y —Y =vNV. ny. Mined) 
3047. y"'’ +y=0. 3059. y+ nan + 
3048. yl¥ —2y" = 0. _A(a—!}) nas) 
3049. y'’’—3y" + 3y —y=0. cn et i 
3050. y/Y + 4y=0. ni —(). 
3051. y!¥ +.8y" + 1éy=0. ws py Ty= 
3052. yy’ — (0, 3060. 4!” —2y"" + y" =e", 
3053. y/Y—2y” +4=0. 3061. y!¥ — dy" y= x". 
8954. y/Y—a‘ty=0. 70e8. dy Lytle i 

fed IV " __ De Yy - Y = COS 4X. 
3055. U] 6y + 9y=0. 3064. y'"' +y"=x*?+1+43xe*, 


3056. y!¥ 4- a’y” = (0. re " ’ x 
Pra 3065. y"+y +y +y=Xxe". 
IV a= 
3057, yl + ey + y= 0. 3066. y’"’ +y' =tanxsecx. 


3067. Find the particular solution of the equation 
yo’ +2y" 4+ 2y'+y=x 
that satisfies the initial conditions y(0)=y' (0) =y" (0) = 


Sec. 14. Euler’s Equations 


A linear equation of the form 


(ax + b)"y 4A, (ax -- By? YE AL (ax +b) y + Any =F (x), (YD 


where a, b, A,, ..., A,_,, A, are constants, 1s called Evuler’s equation. 
Let us introduce a new tndependent variable ft, putting 
ax-+5 = =e! 
Then 
dy d’y dy 
tie apt 2! ” _ p%—2t {| 2 2 a 
nr ed (Gi a 


_ ao [diy d?y dy 
me pp-stf 7 2 gl ort 
y"'' =are (Fi re pot | and so forth 


and Euler’s equation is transformed into a linear equation with constant 
coefficients. 

Example 1. Solve the equation x7y” + xy’ +y=1. 

Solution. Putting x==e', we get 


dy out a d*y aout (FY dy 


dx dt’ dx? , dt? dat J 
Consequently, the given equatio1 takes on the form 
ay yy 
Tin 
whence 
y=C,cost+C, sin t 4-1 
or 


y =C, cos (In x) + C, sin (In x) +1. 
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For the homogeneous Euler equation 


xy) 4 AP Wy + Ay yxy’ + Any =0 (2) 

the solution may be sought in the form 
- y= xt (3) 
Putting into (2) y, y’, ..., y® found from (3), we get a characteristic equa- 


tion from which we can find the exponent R. 
If k is a real root of the characteristic equation of multiplicity m, then to it 
correspond m linearly independent solutions 


y= x®, y= xin x, yg x* (Im x), 22.) Ug =H (In x)BOF 


If a+ Bi is a pair of complex roots of multiplicity m, then to it there 
correspond 2m linearly independent solutions 


y, =x" cos (B In x), y,g= x" sin (B In x), ys =x" In x cos (B In x), 
y,= x" In x-sin(BInx), ..., Yem—17= x" (In x)™7' cos (B In x), 
Yom =x" (In x)*7! sin (B In x). 


Example 2. Solve the equation 
x?y"” —3xy’ + 4y =0. 
Solution. We put 
yaa x®, yl =kxk-1,) yp" =k (R—1) xFo?, 


Substituting into the given equation, after cancelling out x*, we get the 
characteristic equation 


k?—4k+4=0. 
Solving it we find 


Hence, the general solution will be 
y = C,x* + C,x7 In x, 


Solve the equations: 

3068. x7 5443xH%4y=0, 

3069. x*y"—xy' —3y=0. 

3070. x*y’ + xy’ +-4y=0. 

3071. x°y''’ —3x*y” + 6xy' —6by =0. 
38072. (38x + 2) y’+7y' =0. 


3073. y” = 4. 
3074. y’ +444 0. 


x 
8075. x*y"—4xy’ + 6y =x. 
3076. (1+ x)? y"—3(1+.x)y’+4y=(14+<x)*. 


Sec. 15] Systems of Differential Equations 359 


3077. Find the particular solution of the equation 
x*y” —xy' + y= 2x 
that satisfies the initial conditions y=0, y’=1 when x=1., 


Sec. 15. Systems of Differential Equations 


Method of elimination. To find the solution, for instance, of a normal 
system of two first-order differential equations, that is, of a system of the 
orm 


d 
=i (x, y, 2), B= gir, Y, 2), (1) 


solved for the derivatives of the desired functions, we differentiate one of 
them with respect to x. We have, for example, 


d’y of of, . of 
dx? Ox t ay! tae® (2) 


Determining z from the first equation of the system (1) and substituting the 
value found, 


_ dy 

2=o(x. 4H) ) 
into equation (2), we get a second-order equation with one unknown func- 
tion y. Solving it, we find 

y =p (x, C,, C,), (4) 
where C, and C, are arbitrary constants. Substituting function (4) into for- 
mula (3), we determine the function z without new integrations. The set of 
formulas (3) and (4), where y is replaced by 1p, yields the general solution 


of the system (1). 
Example. Solve the system 


dy _ 
dx t 24 t42=1 44x, 


dz _ 3.3 
at y—2= x". 


2 
Solution. We differentiate the first equation with respect to x: 
oY oH 4, 
From the first equation we determine z= > ( 14-42-74 —2y) and then 
from the second we will have es txt g—sy—7 Putting 2z 
and a into the equation obtained after differentiation, we arrive at a secorde 


order equation in one unknown y: 


ay WY gy 6x2? — 
Itt dx 6y = — 6x? — 4x +3, 
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Solving it we find: 
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y = C,e** + Ce ** + x? 4 x, 


and then 
] 


= dy 
2=-7( 1+ 44 F—2y | 


— Cyt 4 Stems F x2, 


We can do likewise in the case of a system with a larger number of 


equations. 


Solve the systems: 


dy 
3078. | dx 


dz 

dx Y 

Hy +52, 
3079. 4 4, 

qx by t3z=0 

oY - — By —2, 
3080. 4 

Z 

dx 4 * 

(dx _ 

rae 

dy 
3081. | 7 =2, 

| #— 

a * 

d 

Way te 
3082. Mx +a, 

d 

| garty. 

d 

sy +?2, 
3083. } 4, 

ioe tye 

Y + Qy+z2=sinx, 
3084. d 

2 

Gn 49 — 22 = COS x. 


dz z=Xx 
dx ~— 


y=Q0, z=0 when x=0. 


~—Ax—y + 361 =0, 
3086. 


Wt Oxy + 2e' =0, 


x=0, y=1 when ¢=0. 


ae oy + 4z = 2x, 
3085. 


dy 
dx 2’ 
3087. LE ; 
dx 27: 
3088", a) = YW _ 


—- ——— 
ae ee 
— 


Y—-z2 2—-x x—y’ 
isolate the integral curve pas- 
sing through the point (1, 1, —2). 


dy 
—~ ++ z= ; 
3089. {i 


d? 
“3+ 2y +42 =e%, 


d’z 
Da 9 82 = — Xx. 


3090. 
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3091**. A shell leaves a gun with initial velocity v, at an 
angle a to the horizon. Find the equation of motion if we take 
the air resistance as proportional to the velocity. 

3092*. A material point is attracted by a centre O with a 
force proportional to the distance. The motion begins from point A 
at a distance a from the centre with initial velocity v, perpen- 
dicular to OA. Find the trajectory. 


Sec. 16. Integration of Differential Equations by Means of Power Series 


If it is not possible to integrate a differential equation with the help of 
elementary functions, then in some cases its solution may be sought in the 
form of a power series: 


y= >) Cy (x—%,)”. (1) 


0 


The undetermined coefficients c, (n=1, 2, ...) are found by putting the 
series (1) into the equation and equating the coefficients of identical powers 
of the binomial x—x, on the left-hand and right-hand sides of the resulting 
equation. 

We can also seek the solution of the equation 


y’ =F (x, ys y (%) =o (2) 
in the form of the Taylor’s series 
ie) 
_. yo) (Xo) n 
y(x) = SY (x), (3) 
n=0 


where y(X.)=Yo, Y’ (X%)=f (Xo. Yo) and the subsequent derivatives y‘ (x,) 
(n= 2,3, ...) are successively found by differentiating equation (2) and by 
putting x, in place of x 

Example 1. Find the solution of the equation 

y" —xy=0, 

if y=yo, y’ =y, for x=0. 

Solution. We put 

Y= CoA CX... fe + cee, 


whence, differentiating, we get 
y” =2-le,4+3-Qeyx+... tn (n—1) c,x"77 + (n+ 1) neg x77 84+ 
+ (n+ 2) (n+ 1) Cy 4x7 + .00 
Substituting y and y” into the given equation, we arrive at the identity 
[2- Icy + 3-2Qcgx +... + (n—1) cgx®7? + (n+ 1) ney 4 x77 1+ 
+ (+2) (A+ 1) Cy gee? +... J —X [Cg text... $e,x" +...) =0. 


Collecting together, on the left of this equation, the terms with identical 
powers of x and equating to zero the coefficients of these powers, we will 
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have 
C, C 
C,=0; 3-2c,—c,=0, a=s5 4-3c,—c,=0, o=75) 5-4c,—c,=0, 
Cc 
CE and so forth. 
Generally, 

Cy, ee nn 
oe 9-3-5-6-...°(GR—1) BR’ sh +1" 3.4-6+7+.., 3k (OR+1)" 
Cp4.=0 (R=1, 2, 3, ...). 

Consequently, 
x3 x? x3% 
yoo (ltggtooget- tree cnn )+ 
x! x? oko) 
44 (e+gatene7 +s T SGT. 3k mant)- (4) 


’ 
where cy=Y, and c;=Yy,. 


Applying d’Alembert’s test, it is readily seen that series (4) converges 
for —o <x<+o. 
Example 2. Find the solution of the equation 


"=x+y5 Yo=uy O)=1. 
Solution. We put 


” poe 


» Yo 
Y=Yot YX +o xr ar xPe+.., 


We have y,=1, y,=O+1=1. Differentiating equation y’=x-+y, we succes- 
sively find y"=1+y’, y=14+1=2, y’"’=y’, y, =2, etc. Consequently, 


2 
y=ltxte epee... 


For the example at hand, this solution may be written in final form as 
y=1)+x+4+2 (e*—1—x) or y=2e*¥ —1—x. 
The procedure is similar for differential equations of higher orders. Test- 


ing the resulting series for convergence is, generally speaking, complicated 
and is not obligatory when solving the problems of this section. 


With the help of power series, find the solutions of the equa- 
tions for the indicated initial conditions. 


In Examples 3097, 3098, 3099, 3101, test the solutions 
obtained for convergence. 


30938. y’=ytx; y=—2 for x=0. 
3094. y’=2y+x—1;, y=y, for x=1. 
3095. y’ =y* + x’; y=5 for x=Q. 

3096. y’ =x*—y’; y=0 for «=0. 

3097. (l—x)y’ =14x«—y; y=0 for x«=0., 
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3098*. xy"+y=0; y=0, y’=1 for x«=0. 
3099. y”+xy=0; y=1, y’=0 for x=0. 


3100*. y+ y’ +y=0; y=1, y’ =0 for x=0. 


3101*. y+—y’ +y=0; y=1, y’ =0 for x=0. 
3102. ot +xcost =0; X=; =0 for ¢=0. 


Sec. 17. Problems on Fourier’s Method 


To find the solutions of a linear homogeneous partial differential equation 
by Fourier’s method, first seek the particular solutions of this special-type 
equation, each of which represents the product of functions that are dependent 
On one argument only. In the simplest case, there is an infinite set of such 
solutions u, (n=1, 2,...), which are linearly independent among themselves 
in any finite mumber and which satisfy the given boundary conditions. The 
desired solution uw is represented in the form of a series arranged according 


to these particular solutions: 
@ 
u= » CrUn: (1) 
n=! 


The coefficients C, which remain undetermined are found from the initial 
conditions. 

Problem. A transversal displacement u=u (x, ¢) of the points of a string 
with abscissa x satisfies, at time ¢, the equation 


du 0% 
a7 Ox? ’ (2) 


where a? = Por, is the tensile force and g is the linear density of the 
string). Find the form of the string at time ¢ if its ends x=0 and x=/ are 


U 


Fig. 107 


fixed and af the initial instant, ¢=0, the string had the form of a parabola 
u ate (i—x) (Fig. 107) and its points had zero velocity. 


Solution. It is required to find the solution u=u (x, ¢t) of equation (2) 
that satisfies the boundary conditions 


u (0, t)=0, ui(l, t)=0 (3) 
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and the initial conditions 


4h , 
u (x, 0)= je x (/—%), u, (x, 0)=0. (4) 
We seek the nonzero solutions of equation (2) of the special form 
u=X (x) T (t). 
Putting this expression into equation (2) and separating the variables, we get 
T” (t) — X” (x) 
a*T (t)  X (x) ° (5) 


Since the variables x and ¢ are independent, equation (5) is possible only 
when the general quantity of relation (5) is constant Denoting this constant 
by — 2, we find two ordinary differential equations: 


T” (t) + (ad)?-T (t) =0 and X” (x) + A2X (x) =0. 
Solving these equations, we get 
T (t) = Acos adt+ B sin ant, 
X (x) =C cos Ax + D sin Ax, 


where A, B, C, D are arbitrary constants. Let us determine the constants. 
From condition (3) we have X(0)=0 and X(/)=0; hence, C=O and 
sinAl=0O (since D cannot be equal to zero at the same time as C is zero). 


For this reason, mat, where & is an integer. It will readily be seen that 
we do not lose generality by taking for k only positive values (k=1, 2, 3,...). 
To every value A, there corresponds a particular solution 


t= (Ap cosa t+ By sin “2 t) sin 


that satisfies the boundary conditions (3). 
We construct the series 


' a 
_ kant _ Rkant\ | kx 
w= 2 (Ar cos 7 t+ Be sin ) Sinl TT > 
=1 


whose sum obviously satisfies equation (2) and the boundary conditions (3). 
We choose the constants A, and B, so that the sum of the series should 
satisfy the initial conditions (4). Since 


Ou ~ kan _ Rant Rant\ | kx 
Fy > T ( — A, Sil “T+ By cos =~ | sin TT ° 


it follows that, by putting ¢=0, we obtain 


76) 
u (x, >> Ar sin AOE aes OF (Ia) 
kR=1 


and 
Ou (x, 0) . kan kmx 
—a = TT B, sin Tr = 0, 


k=) 
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Hence, to determine the coefficients A, and By, it is necessary to expand in 
4 
a Fourier series, in sines only, the function ua (x, == x (I—x) and the 


function 24 & ©) — 9, 
From familiar formulas (Ch. VIII, Sec. 4,3°) we have 


i 
24h Rnx 32h 
A=—\ e—9 sin —p t= ape 
0 


if k is odd, and A,=0 if & is even; 


l 
a B,=+ ( 0sin dx —o, B,=0. 
0 


The sought-for solution will be 


» cos (2n -+- l) ant 
32h l sin (2n + 1) 1% 
TS goog (2n 4- 1)8 l ° 
n=0 


3103*. At the initial instant ¢#=0, a string, attached at 
iis ends, x=QO and x=J/, had the form of the sine curve 


u=A_ sin =, and the points of it had zero velocity. Find the 
form of the string at time ¢. 
3104*. At the initial time ¢f=0, the points of a straight 


string O<x</ receive a velocity a = 1. Find the form of the 


strinz at time ¢ if the ends of the string x=0O and x=l are 
fixed (see Problem 3103). 

3105*. A string of length /=100 cm and attached at its ends, 
x=0O and x=1, is pulled out to a distance h=2 cm at point 
x=:50 cm at the initial time, and is then released without any 
impulse. Determine the shape of the string at any time ?. 

3106*. In longitudinal vibrations of a thin homogeneous 
and rectilinear rod, whose axis coincides with the x-axis, the 
displacement u=u(x, t) of a cross-section of the rod with 
abscissa x satisfies, at time ¢, the equation 

Ou 40° 

ot? «Ox? ? 
where at == (E is Young’s modulus and Qg is the density of the 
rod). Determine the longitudinal vibrations of an elastic hori- 
zontal rod of length /= 100 cm fixed at the end x=O and pulled 


back at the end x=100 by Al=1 cm, and then released without 
impulse. 
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3107*. For a rectilinear homogeneous rod whose axis coincides 
with the x-axis, the temperature u =u (x, ¢) in a cross-section with 
abscissa x at time ¢, in the absence of sources of heat, satisfies 
the equation of heat conduction 


du _ 4s Ou 
ot 


ox? 
where a is a constant. Determine the temperature distribution 
for any time ¢ in a rod of length 100 cm if we know the initial 
temperature distribution 


u(x, 0)=0.01 x (100—x). 


Chapter X 
APPROXIMATE CALCULATIONS 


Sec. 1. Operations on Approximate Numbers 


1°. Absolute error. The absolute error of an approximate number a which 
replaces the exact number A is the absolute value of the difference between 
them. The number A, which satisfies the inequality 


is called the limiting absolute error. The exact number A is located within 
the limits a—A <= A<=a-+A or, more briefly, A=a+A 

2°. Relative error. By the relative error of an approximate number a 
replacing an exact number A(A >0) we understand the ratio of the absolute 


error of the number a to the exact number A. The number 6, which satisfies 
the inequality 
| A—a| 


A 
is called the limiting relative error of the approximate number a. Since in 


actual practice Aa, we often take the number 6 = — for the limiting 


relative error. 

3°. Number of correct decimals. We say that a positive approximate 
number a written in the form of a decimal expansion has n correct decimal 
places in a narrow sense if the absolute error of this number does not exceed 
one half unit of the nth decimal place. In this case, when n >1 we can 
take, for the limiting relative error, the number 


1/1\a7 
8=3, (55) 


where & is the first significant digit of the number a. And conversely, if it 


te 
is known that o= FET (i) , then the number ahas n correct decimal 
places in the narrow meaning of the word. In particular, the number a 


definitely has » correct decimals in the narrow meaning if b<4 10 

If the absolute error of an approximate number a does not exceed a 
unit of the last decimal place (such, for example, are numbers resulting 
from measurements made to a definite accuracy), then it is said that all 
decimal places of this approximate number are correct in a broad sense. If 
there is a larger number of significant digits in the approximate number, 
the latter (if it is the final result of calculations) is ordinarily rounded off 
so that all the remaining digits are correct in the narrow or broad sense. 
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Hencetorth, we shall assume that all digits in the initial data are 
correct (if mot otherwise stated) in the narrow sense. The results of inter- 
mediate calculations may contain one or two reserve digits. 

We note that the examples of this section are, as a rule, the results of 
final calculations, and for this reason the answers to them are given as 
approximate numbers with only correct decimals. 

4°, Addition and subtraction of approximate numbers. The limiting ab- 
solute error of an algebraic sum of several numbers is equal to the sum of 
the limiting absolute errors of these numbers. Therefore, in order to have, 
in the sum of a small number of approximate numbers (all decimal places 
of which are correct), only correct digits (at least in the broad sense), all 
summands should be put into the form of that summand which has the 
smallest number of decimal places, and in each summand a reserve digit 
should be retained. Then add the resulting numbers as exact numbers, and 
round off the sum by one decimal place 

If we have to add approximate numbers that have not been rounded off, 
they should be rounded off and one or two reserve digits should be retained. 
Then be guided by the foregoing rule of addition while retaining the appro- 
priate extra digits in the sum up to the end of the calculations. 

Example 1. 215.21 + 14.182 +21.4 = 215.2(1) + 14.1(8) +21 4 = 250.8. 

The relative error of a sum of positive terms lies between the least and 
greatest relative errors of these terms. 

The relative error of a difference is not amenable to simple counting. 
Particularly unfavourable in this sense is the ditference of two close numbers. 

Example 2. In subtracting the approximate numbers 6 135 and 6.131 to 
four correct decimal places, we get the difference 0 004. The limiting relative 


subtracting close approximate numbers and to transform the given expression, 
if need be, so that this undesirable operation is omitted. 

5°. Multiplication and division of approximate numbers. The limiting 
relative error of a product and a quotient of approximate numbers is equal 
to the sum of the limiting relative errors of these numbers Proceeding from 
this and applying the rule for the number of correct decimals (3°), we retain 
in the answer only a definite number of decimals 

Example 3. The product of the approximate numbers 25,.3-4.12 = 104.236. 

Assuming that all decimals of the factors are correct, we find that the 
limiting relative error of the product is 


] 
§=55 


I 

0.01 + 29 98-9! = 0.003. 
Whence the number of correct decimals of the product is three and the 
result, if it is final, should be written as follows: 25.3-4 12=104, or more 
correctly, 25 3-4.12= 104 2 + 0.3. 

6°. Powers and roots of approximate rumbers. The limiting relative error 
of the mth power of an approximate number a is equal to the m-fold limiting 
relative error of this number 

The limiting relative error of the mth root of an approximate number a 


is the min part of the limiting relative error of the number a. 


7°. Calculating the error of the result of various operations on approxi- 
mate numbers. If Aa,,..., Aa, are the limiting absolute errors of the appro- 
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ximate numbers a,,..., @,, then the limiting absolute error AS of the resulf 
S=f (a, ..., @,) 
may be evaluated approximately from the formula 


0 
AS = ie Aa,+.. +15 ie Aa,. 
The limiting relative error S is then equal to 

Of | Aa Of | Aa 
6s o> — > ——H os 
isin |aer iri tet lal 

Ol1n Oln 

—_ a | A a,t+.. +1 Se ar n 


Example 4. Evaluate S=1n(10.3+ V4.4); the approximate numbers 
10.3 and 4.4 are correct to one decimal place. 


Solution. Let us first compute the limiting absolute error AS in the 
l 


— l Ab 
eneral form: S=In(a+ V 0), MS=—— = ( ba +375) . We have 
6 a-+ V b 2 V 6 
ha=Ab= 5 V 4. 4 = 2.0976...; we leave 2.1, since the relative error of 
~t iit 
“~ 2 40° 80 


is then equal to = 25 = =a: we can be sure of the first decimal place. Hence, 


the approximate number V 4.4 is equal to ; the absolute error 


] ] | l ] | 13 
i | (045 aoc) “ma (It 73) = 3604 = 0-008. 


Thus, two decimal places will be correct. 

Now let us do the calculations with one reserve decimal: 
log (10.3+ V4 4) = log 12 4=1.093, In(103+ V4.4) 1.093-2.303 = 2.517. 
And we get the answer: 2 52 

8°. Establishing admissible errors of approximate numbers for a given 
error in the result of operations on them. Applying the formulas of 7° for 
the quantities AS or 6S given us and Considering all particular differentials 


ot 


absolute errors Aa,,..., Aa,,... wt I the approximate numbers a,,...,@,, ... 
that enter into the operations (the principle of equal effects). 

It should be pointed out that sometimes when calculating the admissible 
errors of the arguments of a function it is not advantageous to use the 
principle of equal effects, since the latter may make demands that are 
practically unfulfilable In these cases it is advisable to make a reasonable 
redistribution of errors (if this is possible) so that the overall total error does 
not exceed a specified quantity. Thus, strictly speaking, the problem thus 
posed is indeterminate. 

Example 5. The volume of a “cylindrical segment”, that is, a solid cut 
off a circular cylinder by a plane passing through the diameter of the base 
(equal to 2R) at an angle a to the base, is computed from the formula 


Vaz R? tan a. To what degree of accuracy should we measure the radius 


| 
an Aa, or the quantities 


li equal, we calculate the admissible 
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R= 60 cm and the angle of inclination a so that the volume of the cylindrical 
segment is found to an accuracy up to 1%? 

Solution. If AV, AR and Aa are the limiting absolute errors of the 
quantities V, R and a, then the limiting relative error of the volume V that 
we are calculating is 


3AR , 2Aa 1 


b= Rt sin2a = 100 ° 
3AR l 2ha _ l 
We assume Rp <= 500 and ——— sin sin a = 500° Whence 
R 60 cm 
AR Say = 600 =1 min; 
sin 2a ] . ; 
Aa = “G00 499 T2dian = 9. 


Thus, we ensure the desired accuracy in the answer to 1% if we measure 
the radius to 1 mm and the angle of inclination a to 9’. 


3108. Measurements yielded the following approximate numbers 
that are correct in the broad meaning to the number of decimal 
places indicated: 

a) 12°07°14"; b) 38.5 cm; c) 62.215 kg. 

Compute their absolute and relative errors. 

3109. Compute the absolute and relative errors of the follow- 
ing approximate numbers which are correct in the narrow sense 
to the decimal places indicated: 

a) 241.7; b) 0.035; c) 3.14. 

3110. Determine the number of correct (in the narrow sense) 
decimals and write the approximate numbers: 

a) 48.361 for an accuracy of 1%; 

b) 14.9360 for an accuracy of 1%; 

c) 592.8 for an accuracy of 2%. 

3111. Add the approximate numbers, which are correct to the 
indicated decimals: 

a) 25.386 + 0.49 +3.10+ 0.5; 

b) 1.2.10? + 41.72 + 0.09; 

c) 38.1 +2.0+3.124. 

3112. Subtract the approximate numbers, which are correct 
to the indicated decimals: 

a) 148.1— 63.871; b) 29.72— 11.25; c) 34.22—34.21. 

3113*. Find the difference of the areas of two squares whose 
measured sides are 15.28 cm and 15.22 cm (accurate to 0.05 mm). 

3114. Find the product of the approximate numbers, which 
are correct to the indicated decimals: 

a) 3.49-8.6; b) 25.1-1.743; c) 0.02-16.5, Indicate the possible 
limits of the results. 
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3115. The sides of a rectangle are 4.02 and 4.96 m (accurate 
to 1 cm). Compute the area of the rectangle. 

3116. Find the quotient of the approximate numbers, which 
are correct to the indicated decimals: 


a) 5.684 : 5.032; b) 0.144: 1.2; c) 216:4. 


3117. The legs of a right triangle are 12.10 cm and 25.21 cm 
(accurate to 0.01 cm). Compute the tangent of the angle opposite 
the first leg. 

3118. Compute the indicated powers of the approximate 
numbers (the bases are correct to the indicated decimals): 


a) 0.4158; b) 65.2°; c) 1.5%. 


3119, The side of a square is 45.3 cm (accurate to 1 mm), 
Find the area. 

3120. Compute the values of the roots (the radicands are 
correct to the indicated decimals): 

a) V2.715; b) 7/65.2; c) V8I.1. 

3121. The radii of the bases and the generatrix of a truncated 
cone are R=23.64 cm-+0.01 ecm; r=17.31 cm +0.01 cm; /= 
= 10.21 cm +0.01 cm; n=3.14. Use these data to compute the 
total surface of the truncated cone. Evaluate the absolute and 
relative errors of the result. 

3122. The hypotenuse of a right triangle is 15.4 cm +0.1 cm; 
one of the legs is 6.8 cm+0.1 cm. To what degree of accuracy 
can we determine the second Ieg and the adjacent acute angle? 
Find their values. 

3123. Calculate the specific weight of aluminium if an alumin- 
ium cylinder of diameter 2 cm and altitude 11 cm weighs 
93.4 gm. The relative error in measuring the lengths is 0.01, 
while the relative error in weighing is 0.001. 

3124. Compute the current if the electromotive force is equal 
to 221 volts +1 volt and the resistance is 809 ohms +1 ohm. 

3125. The period of oscillation of a pendulum of length / is 


equal to T 
T = 2n Vi ’ 


where g is the acceleration of gravity. To what degree of accuracy 
do we have to measure the length of the pendulum, whose period 
is close to 2 sec, in order to obtain its oscillation period with a 
relative error of 0.5%? How accurate must the numbers x and g 
be taken? 

3126. It is required to measure, to within 1%, the lateral 
surface of a truncated cone whose base radii are 2 m and 1 m, 
and the generatrix is 5 m (approximately). To what degree of 


372 Approximate Calculations [Ch. 10 


accuracy do we have to measure the radii and the generatrix and 
to how many decimal places do we have to take the number x? 

3127. To determine Young’s modulus for the bending of a 
rod of rectangular cross-section we use the formula 


1 Pp 

B=" is’ 

where J is the rod length, b and d are the basis and altitude of 
the cross-section of the rod, s is the sag, and P the load. To 
what degree of accuracy do we have to measure the length / and 
the sag s so that the error E should not exceed 5.5%, provided 
that the load P is known to 0.1%, and the quantities d and b 
are known to an accuracy of 1%, 150 cm, s#2.5 cm? 
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1°. Newton’s interpolation formufa. Let xo, x,, ..., x, be the tabular val- 
ues of an argument, the difference of which h= Ax; (AX; = Xj 44—4;: i=0,1, 
.., N—1) is constant (table interval) and y, y,,  ., Y, are the correspond- 


ing values of the function y Then the value of the function y for an inter- 
mediate value of the argument x is approximately given by Newton’s inter- 
polation formula 


0» 


— 1 
y=Yotg-Ayy +e A*yst...+ Al (1) 
where q=a* and Ay,=Y,—Yo, A?y,=Ay,— Ayo, ... are successive finite 
diflerences of the furction y. When x=x; (t=0, 1, ..., 2), the polynomial 
(1) takes on, accordingly, the tabular values y; («=0, 1, . ., nm). As partic- 


ular cases of Newtcn’s formula we obtain: for n=1, linear interpolation; 
for n= 2, quadratic interpolation. To simplify the use of Newton's formula, 
it is advisable first to set up a table of finite differences. 

If y=f (x) is a polynomial of degree n, then 


A"y, = const and A?t!y;=0 


and, hence, formula (1) is exact 

In the general case, if f(x) has a continuous derivative f+" (x) on the 
interval [a, 6], which includes the points x9, x,, ..., x, and x, then the error 
of formula (1) is 


n 
1 9(9—1)...(g—i+]) ,, 
Ry tay SAD IED yy 


f=o 


n419(9— 1).. (q—n) (72 4-1) 
=h ee rary een (8), (2) 
where & is some intermediate value between x;(¢=0, 1, ..., mn) and x. For 


practical use, the following approximate formula is more convenient: 


R, n (x) & ie q(q—1)...(q—f). 
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If the number n may be any number, then it is best to choose it so that 
the difference A”+'y, 0 within the limits of the given accuracy; in other 
words, the differences A”y, should be constant to within the given places of 
decimals 

Example 1. Find sin 26°15’ using the tabular data sin 26°=0,43837, 
sin 27° -- 0.45399, sin 28° — 0.46947, 

Solution. We set up the table 


| Ay, A?y, 


26° | 0 42837 | 1562 | —14 
27° | 0 45399 | 1548 
28° | 0 46947 


, 26°15’ — 26° = 1 
Here, h=60’, =——69 


4 
Applying formula (1) and using the first horizontal line of the table, we 
have 
] 1 ) 
1 (ao! 


Let us evaluate the error R, Using formula (2) and taking into account 
that if y=smx, then |y'”’|}<1, we will have: 


ECE1)(E*) cay tae 


3] 180 123 


sin 26°15’ = 0.43837 +7 0. 01562 + — - (—0.00014) = 0.44229. 


als = 198 ° 57.335 ~~ 
Thus, all the decimals of sin 26°15’ are correct. 

Using Newton’s formula, it is alsc possible, from a given intermediate 
value of the function y, to find the correspouding value of the argument x 
(inverse interpolation). To do this, first determine the corresponding value g 
by the method of successive approximation, putting 


io 4¥—Yo 
d AY 
an 
v4. gto 7 9 — 1) | A*y g(g—1)...(q—n-t 1) Aty, 
qth =g— ai 7 EY Vi 
2! "Ay 7 n} Ay, 


(©=0, 1,2. ...). 


Here, for g we take the common value (to the given accuracy!) of two suc. 
cessive approximations g&™ = 3!"+")| Whence x=x )+q-h 
Example 2. Using the table 


| y= sinh x Ay | A7y 


4.457 1.009 0.220 
0.466 1 229 
6.695 


approximate the root of the equation sinhx=65, 
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Solution. Taking y,=4.457, we have 
5—4.457 0.543 


(0) — we ES ; 
= 009 = T009 = 0-988 
(J — gi) A? 0.538-0.462 0.220 
nay — nto 9 OE 9) | At ; 402 | _. 
g?= 94 COT) , Se 9.5984 9g 
— 0,538 -+-0.027 =0.565; 
g'?) = 0,538 + 2:265-0.435 | 0.220 _ 9 538 4 0.027 = 0.565. 


2 1.009 
We can thus take 
x=2.2+-0.565-0.2 =2.2+4-0.113=2.313. 


2°, Lagrange’s interpolation formula. In the general case, a polynomial of 


degree n, which for x= x, takes on given values y; (i=0, I, ..., n), is given 
by the Lagrange interpolation formula 
ya A em) etn) yp te) a) En) 


(Xg— 4) (Xo— Xo)... (Xp —%Xy) Of (Xp Xo) (XH)... (%1 — Ky) 
4 (X—Xo) (X—2X,). .. (X—Xp~_1) (XX p41)... (X— Xp) 
TT (Kg Xo) (Xp HX y). «(Xp Xp (Kp 4). XR Xn) 
(X— 2%) (X—x,). . .(X¥—X,-1) 
TG) nea) Onin) 
3128. Given a table of the values of x and gy: 


x 1 | 2 3 4 


y 3 12 


| 1s 


a | 


Set up a table of the finite differences of the function y. 

3129. Set up a table of differences of the function y=x*— 
—5x?-+%*-—1 for the values x=1, 3, 5, 7, 9, 11. Make sure that 
all the finite differences of order 3 are equal. 

3130*. Utilizing the constancy of fourth-order differences, set 
up a table of differences of the function y=x«*— 10x’ + 2x? + 3x 
for integral values of x lying in the range l<x< 10. 

3131. Given the table 


log 1 = 0.000, 
log 2+ 0.301, 
log 3= 0.477, 
log 4 = 0.602, 
log 5 = 0.699. 


Use linear interpolation to compute the numbers: log 1.7, log 2.5, 
log 3.1, and log 4.6. 


Sec. 2] Interpolation of Functions 375 


3132. Given the table 


sin 10°=0.1736, sin 13° = 0.2250, 
sin 11°=0.1908, sin 14°=0.2419, 
sin 12°= 0.2079. sin 15° = 0.2588. 


Fill in the table by computing (with Newton’s formula, for n = 2) 
the values of the sine every half degree. 


3133. Form Newton’s interpolation polynomial for a function 
represented by the table 


3134*, Form Newton’s interpolation polynomial for a function 
represented by the table 


x 


6 | 8 | wo 


27 


ofa 


so | 8 


Find y for x=5.5. For what x will y=20? 
3135. A function is given by the table 


x || 


y | 25 | -2 | -15 | -2 


2 4 


Form Lagrange’s interpolation polynomial and find the value of 
y for x=0. 

3136. Experiment has yielded the contraction of a spring (x mm) 
as a function of the load (P kg) carried by the spring: 


x 25 40 


5 | is | 


0 | a 


P | 49 | 105 | 172 


253 | 352 


473 | 619 | 793 


Find the load that yields a contraction of the spring by 14 mm. 
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3137. Given a table of the quantities x and y 


x 5 


of 


of 4 


y 7 —3 | 25 | 129 | 381 


Compute the values of y for x=0.5 and for x=2: a) by means 
of linear interpolation; b) by Lagrange’s formula. 


Sec. 3. Computing the Real Roots of Equations 


1°. Establishing initial approximations of roots. The approximation of the 
roots of a given equation 
f (x) =0 (1) 


consists of two stages: 1) separating the roots, that is, establishing the inter- 
vals (as small as possible) within which lies one and only one root of equa- 
tion (1); 2) computing the roots to a given degree of accuracy 

If a function f (4) is defined and continuous on an interval [a, 6] and 
f (a)-f (b) <0, then on [a, 6] there is at least one root &€ of equaticn (1). 
This root will definitely be the only one if f’ (x)>0 or f’ (x) <0 when 
a<x<b. 

In approximating the root € it is advisable to use millimetre paper and 
construct a graph of the function y=f(x). The abscissas of the points of 
intersection of the graph with the x-axis are the roo‘s of the equation f (x) =0. 
It is sometimes convenient to replace the given equation with an equivalent 
equation @ (x)= (x). Then the roots of the equation are found as the abs- 
cissas of points of intersection of the gravhs y=@ (x) and y=yp (x). 

2°. The rule of proportionate parts (chord method). If on an interval [a, 5] 
there is a unique root € of the equation f(,4)=0, where the function f (x) 
is continuous on [a, 6], then by replacing the curve y=/(x) by a chord 
passing through the foints [a, f(a)] and [b, f(b)], we obtain the first 
approximation of the root 


¢.=a—_ 1) _ (6—a). (2) 


f (6) —f (2) 


To obtain a second approximation c,, we apply formula (2) to that one of 
the intervals [a, c,] or [c,, 6] at the ends of which the function f(x) has 
values of oppcsite sign. The succeeding approximations are constructed in the 
same manner. The sequence of numbers c,(n=1, 2, ...) converges to the 
root &, that is, 

lim c, =. 

mo 


Generally speaking, we should continue to calculate the approximations ¢,, 
C,, ..., until the decimals retained in the answer cease to change (in accord 
with the specified degree of accuracy!); for intermediate calculations, take 
one or {wo reserve decimals This is a general remark. 

If the function f (x) has a nonzero continuous derivative f’ (x) on the 
interval [a, 6}, then to evaluate the absolute error of the approximate root 
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C,, we can make use of the formula 
mv 9 
where p= min iF (x) |. 


agkxXS 
3°. Newton’s method (method of tangents). If f’ (x) 40 and f’ (x) 40 for 
a<x<b, where f(a)/f(b) <0, f(a) f(a) >0, then the successive approxima- 
tions x, (n==0, 1, 2, ...) to the root € of an equation f (x) =0 are computed 
from the formulas 
f (Xn -1) 


FP (%qa-1) 


Under the given assumptions, the sequence x, (n=1, 2, ...) is mono- 
tonic and 


(n=1, 2, ...). (3) 


lim Xn ==. 
nR>o@ 


To evaluate the errors we can use the formula 


Lf Gn) 
ntl, 
tn—§ |S 


where w= min iF (x) ]. 


agXKS 
For practical purposes it is more convenient to use the simpler formulas 
Xy =4, Xy=Xy__1— af (x,,~1) (n=1, 2, weeds (3’) 
where aaa, which yield the same accuracy as formulas (3). 


If f (6) f’ (6) > 0, then in formulas (3) and (3’) we should put x,=5. 
4°. Iterative method. Let the given equation be reduced to the form 


x=@ (x), (4) 


where |’ (x)|<<r <1 (r is constant) for axx<b, Proceeding from the ini- 
tial value x,, which belongs -to the interval [a, 6], we build a sequence of 


numbers x,, x,, ... according to the following law: 
Xy==Q (Xo), X2 =P (%q), «es Hp =PCXpoa)s oo (5) 
Ifa<xx,<b (n=1, 2, ...), then the limit 
E=lim x, 
n> @ 


is the only root of equation (4) on the interval [a, 6]; that is, x, are succes- 
sive approximations to the root &. 

The evaluation of the absolute error of the nth approximation to x, is 
given by the formula 


| Xn qx 
\g—x, |< Sate) 


Therefore, if x, and x,4, coincide to within e, then the limiting absolute 
error for x, will be 


In order to transform equation f (x)=0 to (4), we replace the latter with 
an equivalent equation 
x=x—Af (x), 


where the number A #4 0 is chosen so that the function 5 [x—Af (x)] =1—A/’ (x} 
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should be small in absolute value in the neighbourhood of the point x, [for 
example, we can put 1—Af’ (x,)=O}. 

Example 1. Reduce the equation 2x—Inx—4=0 to the form (4) for the 
initial approximation to the root x, =2.5. 

Solution. Here, f (x) =2x—Inx—4, f' (2) =2—+ . We write the equiva- 


lent equation x=x—A(2x—Inx—4) and take 0.5 as one of the suitable 
values of A; this number is close to the root of the equation 


[ia (2-—) 
! x x=2. 


The initial equation is reduced to the form 
x=x—0.5 (2x—In x—4) 


==Q, that is, close to | ~06, 
5 1.6 


or 
l 
x= 2+ 5 In x, 


Example 2. Compute, to two decimal places, the root & of the preceeding 
equation that lies between 2 and 3. 


Computing the root by the iterative method. We make use of the result 


of Example 1, putting x,=2.5. We carry out the calculations using formulas 
(5) with one reserve decimal. 


H=2t5 In 2.5 = 2.458, 

xp= 244 In 2.458 = 2.450, 
x= 2-45 In 2.450 = 2.448, 
Kya Qty Im 2.448 2. 448, 


And so £2 45 (we can stop here since the third decimal place has 
‘become fixed) 
Let us now evaluate the error. Here, 


] ae 
P(x) =2 +5 Inx and @ (N=5- 
Considering that all approximations to x, lie in the interval [2.4, 2.5], we 


get 


r=max | 9’ (x) |= 59 q=0-21. 


Hence, the limiting absolute error in the approximation to x, is, by virtue 
of the remark made above, 


0.001 


Thus, the exact root & of the equation lies within the limits 
2 447 << E < 2.449; 


we can take § 2.45, and all the decimals of this approximate number will 
be correct in the narrow sense. 
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Calculating the root by Newton’s method. Here, 
feyateine—s, roomed, Peed. 


On the interval 2<¢x<3 we have: f’(x)>0O and f’ () > 0; f2) FG) <0; 
f (3) 7’ (3) > 0. Hence, the conditions ef 3° for x,=3 are fulfilled. 


We take ' 


We carry out the calculations using formulas (3’) with two reserve decimals: 
x, =3—0.6 (2-3—In 3—4) =2 4592; 
X= 2.4592 —0.6(2-2 4592—In2 4592 —4)=2 4481; 
X= 2.4481 —0.6 (2-2.4481 —In 2.4481 —4) = 2.4477; 
X4=2.4477—0.6 (2-2 4477 —1n 2.4477—4) =2 4475. 


At this stage we stop the calculations, since the third decimal place 
does not change any more. The answer is: the root —=2.45. We omit the 
evaluation of the error 

5°, The case of a system of two equations. Let it be required to calcu- 
late the real roots of a system of two equations in two unknowns (to a given 


degree of accuracy): 
f (x, y) =0, (6) 
p (x, y) =0, 


and let there be an initial approximation to one of the solutions (&, ny) of 
this system x=—X,, Y=Yp. 

This initial approximation may be obtained, for example, graphically. 
by plotting (in the same Cartesian coordinate system) the curves f(x, y)=0 
and @(x, y)=0 and by determining the coordinates of the points of inter- 
section of these curves. 

a) Newton’s method. Let us suppose that the functional determinant 


_ off, ®) 
0 (x, y) 


does not vanish near the initial approximation x=x,, y=y,. Then by New- 
ton’s method the first approximate solution to the system (6) has the form 
X= Xp ty, Ys =Yot Bo. Where ay, B, are the solution of the system of two. 
linear equations 


1 (Xr Yo) + Gaby (Xor Yo) + Bol, (Xo» Yo) =0, 
 (Xos Yo) + 4oP, (Xo: Yo) + BoP, (Xor Yo) =O. 
The second approximation is obtained in the very same way: 
Xe=X +, Ye=4 t By 
where a,, B, are the solution of the syste of linear equations 
P(x, yd tal, i w+ Bi, Cs 91) =0, 
ten Wr) +O Py (4 Ws) +B, 1 ¥1)=0. 


Similarly we obtain the third and succeeding approximations, 


380 Approximate Calculations [Ch 10 


b) Iterative method. We can also apply the iterative method to solving 
the system of equations (6), by transforming this system to an equivalent one 


x== F (x, y), 
7 
\ y= (x, y) ot 
and assuming that 


[Fry [+]O,@, plar<li [FL v[+]O,@ al<r<1 ©) 


in some two-dimensional neighbourhood U of the initial approximation (x), y,), 
which neighbourhood also contains the exact solution (§, yn) of the system. 

The sequence of approximations (x,. y,) (n==1, 2, ...), which converges 
to the solution o! the system (7) or, what is the same thing, to the solution 
of (6), is constructed according to the following law: 


X, =F (Xp, Yo), Y, =D (Xp, Yo)s 
Xe=F (x1, Wi), Ye=P (xX, Y,), 
Xg=F (X,, Y2), Yy=D (Xq, Ye), 


If all (x,, y,) belong to U, then lim x,=& lim y,=1. 
a n> 


no @ 
The following technique ts advised for transforming the system of equa: 
tions (6) to (7) with condition (8) observed. We consider the system of 
equations 


af (x. yy +Be (x, y)=0, 
yi (x, ¥) + 69 (x, y) =0, 


which is equivalent to (6) provided that Bs 5 #0. Rewrite it in the form 
x=x-+af (x, y)+Bep (x, 4) =F (x, 9), 
Y=Yt+vi(x, y)+ dy (x, y) =O (x, 9). 


Choose the parameters a, B, y, 6 such that the partial derivatives of the 
functions F(x, y) and ® (x, y) will be equal or close to zero in the initial 
approximation; in other words, we find u, B, y, 6 as approximate solutions 
ol the system of equations 


L-+afy (Xo, Yo) BP, (Xo Yo) =0, 
af, (Xo. Yo) + BQ, (Xo. Yo) =0, 
Vg (Xo. Yo) + OPy (Xo. Yo) =O, 

L+yh, (Xo. Yo) +80, (Xo. Yo) =0. 


Condition (8) will be observed in such a choice of parameters a, B, y, 8 
on the assumption that the partial derivatives of the functions f(x, y) and 
(a, y) do not vary very rapidly in the neighbourhood of the initial approx- 
imation (x9, Y)- 

Example 3. Reduce to the form (7) the system of equations 


r+ yr—] =0, 
x3— 4 =0 


given the initial approximation to the root x,=0.8, y)=0.55. 
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Solution. Here, f(x, yy=x*+y’—l, O(x, yy=e—y; fie (Xo. Yo) = 1.6, 


Fi, (oy Yo) = 1-15 &y (tas Yo) = 1.92, Gy (os Yo) =— I. 
Write down the system (that is equivalent to the initial one) 


y 3%?) 


x=x+a(x?+y?—1)+ 8 (P—y), 

y=y ty (e+y—1)+6(e—y). 
For suitable numerical values of a, B, y and 8 choose the solution of the 
system of equations 


| vats eoi bute oo ( 
Vy (x? + y?—1) +6 (x? —y) =0 


in the form 


1+ 1.60 + 1.928 =0, 


l.la—Bp=0, 
1.6y +- 1.925 =0, 
1+-l.ly—6=0; 


i. e., we put a>—0.3, B >—0.3, y=—0.5, 620.4. 
Then the system of equations 
x=x—0.3 (x? -+ y? — 1) —0.3 (x? — y), 
y=y —0.5 (x? + y? —1) +0 4 (x28 —y), 


which is equivalent to the initial system, has the form (7); and in a suffi- 
ciently small neighbourhood of the point (x9, y,) condition (8) will be fulfilled. 


Isolate the real roots of the equations by trial and error, and 
by means of the rule of proportional parts compute them to two 
decimal places. 

3138. x°—x41=0. 

3139. x*-+0 5x—1.55=0. 

3140. x*—4x —1=-0. 

Proceeding from the graphically found initial approximations, 
use Newton’s method to compute the real roots of the equations 
to two decimal places: 


3141. x?—2x—5=—0. 3143. 2* = 4x. 
3142. 2x—Inx—4=0. 3144, loge =. 


Utilizing the graphically found initial approximations, use the 
iterative method to compute the real roots of the equations to 
two decimal places: 

3145. x°—5x4 0.1=0. 3147. x*—x—2=0. 

3146. 4x = cos x. 

Find graphically the initial approximations and compute the 
real roots of the equations and systems to two decimals: 

3148. x°>—3x+1=0. 3151. x-Inx—-l14=0. 

3149. x®—2x? 4+ 3x—5=0. 3152. x°+3x—0.5=0. 

3150. x*+x%7—2x—2=0. 3153. 4x—7sin x =0. 
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3154, x*+2x—6=0. 3157 xv?+y—4=0, 

3155. e*~+e-**—4=0. * \ y—logx—1=0. 
x*+y*’—1=0, 

3156. {yn 


3158. Compute to three decimals the smallest positive root of 
the equation tan x=x. 

3159. Compute the roots of the equation x-tanh x=1 to four 
decimal places. 


Sec. 4. Numerical Integration of Functions 


1°. Trapezoidal formula. For the approximate evaluation of the inteyral 
b 


Wit dx 


a 


[f (x) is a function continuous on [a, b]] we divide the interval of integration 
[a, b] into n equal parts and choose the interval of calculations n= 
Let x;=Xx)+ih (x), =a, X,=6, i=0, 1, 2, ..., n) be the abscissas of the par- 
tition points, and let y;=/(x;) be the corresponding values of the integrand 
y= f(x). Then the trapezoidal formula yields 


b 
(Fp dew h (454 tutu. tins] (1) 
a 


with an absolute error of . 
h 
Rn S75 (0-4): Ms, 


where M,=max|/f" (x)| when aaqx<b. 
To attain the specified accuracy e when evaluating the integral, the in- 
terval A is found from the inequality 


hr 122 


(6—a) M, ° 2) 


That is, h must be of the order of Ye. The value of A obtained is rounded 
off to the smaller value so that 


should be an integer; this is what gives us the number of partitions n. 
Having established A and n from (1), we compute the integral by taking the 
values of the integrand with one or two reserve decimal places. 

2°. Simpson’s formula (parabolic formula). If n is an even number, then 
in the notation of 1° Simpson’s formula 


b 
V F(a) de =F [vot Yn) +4 tos ee Ena) + 
9 +2 (Yat Yat eee +Yn—2)] (3) 
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holds with an absolute error of 
h* 
Ris 180 (b—a) M,, (4) 


where M,=max | /!¥ (x)| when axxo, 
To ensure the specified accuracy e when evaluating the integral, the 
interval of calculations A is determined from the inequality 


h4 
Tao (° —2) M,<e. (5) 


That is, the interval A is of the order fe. The number A is rounded off 


to the smaller value so that n=? 


a, , 
is an even integer. 


Remark. Since, generally speaking, it is difficult to determine the inter- 
val h and the number n associated with it from the inequalities (2) and (5), 
in practical work A is determined in the form of a rough estimate. Then, 
after the result is obtained, the number n is doubled; that is, A is halved. 
If the new result coincides with the earlier one to the number of decimal 
places that we retain, then the calculations are stopped, otherwise the pro- 
cedure is repeated, etc. 

For an approximate calculation of the absolute error R of Simpson’s 
quadrature formula (3), use can also be made of the Runge principle, accord- 
ing to which 


pa|2—3| 
15 


where & and © are the results of calculations from formula (3) with interval 
h and H =2h, respectively. 


3160. Under the action of a variable force F directed along 
the x-axis, a material point is made to move along the x-axis 


from x=0 to «=4. Approximate the work A of a force F if a 
table is given of the values of its modulus F: 


x | 9.0 | 0.5 |1.0 |1.5 | 2.0 | 2.5 | 3.0 | 3.5 | 4.0 
F | 1.50 | 0.75 | 0.50 0.75| 1.60] 2.75] 4.50 | 6.75 | 10.00 


Carry out the calculations by the trapezoidal formula and by 
the Simpson formula. 


3161. Approximate \ (8x*—4x) de by the trapezoidal formula 


putting n=10. Evaluate this integral exactly and find the abso- 
lute and relative errors of the result. Establish the upper limit A 
of absolute error in calculating for n=10, utilizing the error 
formula given in the text. 
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3162. Using the Simpson formula, calculate iS to four 
decimal places, taking n=10. Establish the upper limit A of abso- 
lute error, using the error formula given in the text. 

Calculate the following definite integrals to two decimals: 


1 2 
3163. \- 3168. (= dx. 
nt 
3164. \ a 3169. { eas. 
” - 
3165. \ 3170. \ Sax. 
0 1 


of 


2 — 
2 
3166. | xlogxdx. 3171, ( 84 dy 
1 ) I+<x 


2 
log x 
3167. \ *E ay, 3172. ( e~” dx, 
1 


0 


3173. Evaluate to two decimal places the improper integral 
(a by applying the substitution ket. Verily the calculations 


by applying Simpson’s formula to the integral \ =: where 6b 
+ @ 
is chosen so that \ eK - 10-7. 


b 
3174, A plane figure bounded by a half-wave of the sine curve 
y=sinx and the x-axis is in rotation about the x-axis. Using the 
Simpson formula, calculate the volume ot the solid of rotation 
to two decimal places. 


3175*, Using Simpson’s formula, calculate to two decimal 
places the length of an arc of the ellipse T+ weap =! situated 
in the first quadrant. 


Sec. 5. Numerical Integration of Ordinary Differential Equations 


1°. A method of successive approximation (Picard’s method). Let there 
be given a first-order differential equation 


‘=f (x, 9) 4) 
subject to the initial condition y=y, when x=xy. 
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The solution y (x) of (1), which satisfies the given initial condition, can, 
generally speaking, be represented in the form ; 


y (x) = iim y; (x) (2) 


where the successive approximations y;(x) are determined from the formulas 


Yo (x) =Yo, 


yi) =Yot | Fe yin) ax 
x 


(¢=0, 1, 2, ...). 


If the right side f(x, y) is defined and continuous in the neighbourhood 
R{|x—xo|<a, |y—yo| <5} 


and satisfies, in this neighbourhood, the Lipschitz condition 
lf (x, yJ—F (x, yd) ISL yi. —ye| 


(L. is constant), then the process of successive approximation (2) definitely 
converges in the interval 
|x—x yl<h, 


where h=min (a, i) and M=max]|/(x, y){. And the error here is 
R R 


M 


_ nyt 
Ra=/Y (4)—Yn (x) | = ML" ae 


|x—xy| <A. 


The method of successive approximation (Picard’s method) is also appli- 
cable, with slight modifications, to normal systems of differential equations. 
Differential equations of higher orders may be written in the form of systems 
of differential equations. 

2°. The Runge-Kutta method. Let it be required, on a given interval 
Xp = X<X, to find the solution y (x) of (1) to a specified degree of accuracy e. 
—~Xo 


To do this, we choose the interval of calculations A= by dividing 


the interval [x,, X] into n equal parts so that h*<e. The partition points 
x; are determined from the formula 


Xp=Xottih (¢=0, 1, 2, ..., a). 


By the Runge-Kutta method, the corresponding values y;=y (x;) of the desired 
function are successively computed from the formulas 


Yirr =Yit Ay; 
dbyi=z ( a0? + 2k) 4 2k) + Ri), 


131900 
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where 
i=0, 1, 2, ..., n and 
ROD =F (xj, yj) h, 
h Rn 
Marlatt , n+} h, 


(2) 
h 4 
Marat h. nt eh, 
RO = f (xpth, ys RP) A. 


To check the correct choice of the interval A it is advisable to verify 
the quantity 


Ri) — Rp) 
Rit) ___ ple) 


The fraction @ should amount to a few hundredths, otherwise A has to be 
reduced. 

The Runge-Kutta method is accurate to the order of At. A rough estimate 
of the error of the Runge-Kutta method on the given interval [x,, X] may 
be obtained by proceeding from the Runge principle: 


_ | Yem—-Y m | 
R=—"5 , 


where n=2m, Yom and y,, are the results of calculations using the scheme (3) 
with interval A and interval 2h. 
The Runge-Kutta method is also applicable for solving systems of diffe- 
reitial equations . 
y’=f (x, y, 2), 2" = Q(x, y, 2) (4) 


with given initial conditions y=y , z=z, when x =X). 
3°. Milne’s method. To solve (1) by the Mulne method, subject to the 
initial conditions y=y, when x=x,, we in some way find the successive 
values 
Y,=Y (X1),  Yo=Y (%2), Ys =H (Xs) 


of the desired function y (x) [for instance, one can expand the solution y (x) 
in a series (Ch. 1X, Sec. 17) or find these values by the method of successive 
approximation, or by using the Runge-Kutta method, and so forth]. The ap- 


proximations y; and y; for the following values of y; (i=4, 5, ..., n) are 
successively found from the formulas 
Fi=Yinat ye Ohia—fi-a + Aid 
i=Yiart Git 4hiathoo). ° 
where f;=f (x;, yj) and f;=/ (x;, yj). To check we calculate the quantity 


li- = 
ei = ag | yi-yi |» (6) 


Sec. 5] Numerical Integration of Ordinary Differential Equations 387 


If ¢; does not exceed the unit of the last decimal 107” retained in the 


answer for y (x), then for y; we take y; and calculate the next value y;,,, 
repeating the precess. But 1f e;> 107”, then one has to start from the be- 
ginning and reduce the interval of calculations. The magnitude of the initial 
interval is determined approximately from the inequality h*+< 107”. 

For the case of a solution of the system (4), the Milne formulas are 
written separately for the functions y (x) and z(x). The order of calculations 
remains the same. 

Example 1. Given a differential equation y’ =y—x with the initial con- 
dition y (0)=1.5. Calculate to two decimal places the value of the solution 
of this equation when the argument is x= 1.5. Carry out the calculations 
by a combined Runge-Kutta and Milne method. 

Solution. We choose the initial interval 4’ from the condition A*< 0.01. 
To avoid involved writing, let us take h=0.25. Then the entire interval of 
integration from x=0 to x-==1.5 is divided into six equal parts of length 
0.25 by means of points x; (i=0, 1, 2, 3, 4, 5, 6); we denote by y; and y; 
the corresponding values of the solution y and the derivative y’. 

We calculate the first three values of y (not counting the initial one) by 
the Runge-Kutta method [from formulas (3)]; the remaining three values 
— Ya, Ys, Ye — we calculate by the Milne method [from formulas (5)] 

The value of y, will obviously be the answer to the problem. 

We carry out the calculations with two reserve decimals according to a 
definite scheme consisting of two sequential Tables 1 and 2. At the end of 
Table 2 we obtain the answer. 

Calculating the value y,. Here, f(x, y)=—x-+y, x,=0, yy=1.5 


h=0.25. Ayyg= = (RO 4. 20) 4. D409) 4 pl) — 


— (0.3750 +- 2-0.3906 + 2-0.3926 + 0.4106) = 0.3920; 


RO) = F (x9, Yo) == (— 0+ 1.5000)0.25 = 0.3750; 
pi 


1 

2 
h Rp) 
RO): f (x+y: vo+—- | h=(— 0 125+ 1.5000 + 0.1953) 0.25 = 0.3926; 


=F (at 5 Yo-t ) 4 =(— 0.125 + 1.5000 + 0.1875) 0.25 = 0.3906; 


RO) — F (xg hy Yot RO) A= (—0.25 + 1.5000 + 0.3926) 0.25 = 0.4106; 


Yi == Yo + AY, = 1.5000 + 0.3920 = 1.8920 (the first three decimals tn this 
approximate number are guaranteed). 
Let us check: 


RO) _ Ro) 


__ |0.3906—0.3926} 20 
B69) __ (9) 


~ 10.3750—0.3906| 156 


== 0,13. 


By this criterion, the interval h that we chose was rather rough. 
Similarly we calculate the values y, and y,. The results are tabulated 
in Table 1. 


13* 
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Table 1. Calculating y,, y,, y, by the Runge-Kutta Method. 
f(x, yy=—x+y; h=0.25 


h 
, f (“+5 ? 
=f (ti yd i+ w) 


0 0 1.5000 1.5000 0.3750 ] 5625 0.3906 
] 0.25 1.8920 1.6420 0.4105 1.7223 0.4306 
2 0.50 2.3243 1.8243 0.4561 1.9273 0.4818 
3 0 75 2.8084 2.0584 0.5146 2.1907 0.5477 
h 
i («i +>, 
2 , | Fata, 
Value of i Ato Rit) 4“ i BO) Rie) Ay; Yeas 
Yi 4 
0 1.5703 0.3926 1.6426 0.4106 0.3920 1 .8920 
] 1.7323 0.433) 1.8251 0.4562 0.4323 2.3243 
2 1 .9402 0.4850 2.0593 0.5148 0.4841 2.8084 
3 2.2073 0.5518 2.3602 0.5900 0.5506 3.3590 


Calculating the value of y,. We have: f(x, yy=—x+y, h=0.25, x,=1; 
' Yy== 1.5000, y, = 1.8920, y, = 2.3243, y, = 2.8084; 
y, = 1.5000, y;= 1.6420, y, = 1.8243, y, = 2.0584, 


Applying formulas (5), we find 
_ Ah , ’ 
Ya=Yot 3 (2y, —Y, + 2y,) = 
— 1.8243 + 2-2.0584) = 3.3588; 


¥' =f (Xq coer 3588 = 2. 3688; 


W=W+— 2G, + 4y) + y.) = 2. 3243.9 (2.3588 + 4. 2.0584 + 1.8243) == 3.3590; 


aSAn | 3.3588 —3.3590| _ 0.0002 ~ 1 


hence, there is no need to reconsider the interval of calculations. 
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We obtain Y4= Yq = 3.3590 (in this approximate number the first three 
decimals are guaranteed). 


r preailarly we calculate the values of y, and y,. The results are given in 
able 2. 


Thus, we finally have 


4°. Adams’ method. To solve (1) by the Adams method on the basis of 
the initial data y(x,)=y, we in some way find the following three values 
of the desired function y (x): 


Yr = Y(X)=Y (Ko +A), Yo=y (X2) = y (Xo + 2K), Yy =Y (Xs) =Y (X + 3A) 


{these three values may be obtained, for instance, by expanding y(x) in a 
power series (Ch IX, Sec. 16), or they may be found by the method of suc- 
cessive approximation (1°), or by applying the Runge-Kutta method (2°) 
and so forth]. 


With the help of the numbers x9, x4, X%_, X3 aNd Yo. Yy, Yo, Ys We calcu- 
late do. V1» Ya» Js, Where 


qo=hy, = Af (Xo, Yo): qy = hy, =hf (x1, 44), 
da=hy, =hf (Xe, Yo)s Gg=hy, =H (xg. Ys). 


We then form a diagonal table of the finite differences of g: 


Ay= y=F(x, y) | o_,, - _ At g= A'g= 
x |u| =Un+i-Va g=y’h | Aq=Gn4+1-9n =Agu+1—-Adn = Ady bm 


| F (Xo, Yo) | qo | Aqo | A’do | A", 
Xy y.| Ay, | F(x. Ys) | "1 | Aq | A’q, | M9, 
Xe}Y2| Ave | F (Xa, Ys) | q2 | Aq, | A’q, | 
Xs {Ys} Ads | [ (Xa. Ys) | 93 | Aq, | A’G, 
Xe}Ya} Aa | F(t Ya) | 4% | Aq, : 
valu] au | Fer wd | a | | 
| 


Pt 
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The Adams method consists in continuing the diagonal table of differen- 
ces with the aid of the Adams formula 


l 5 3 
AYn=In To AGn-1 +15 A*dn-2+ R A"Gn 3 (7) 


Thus, utilizing the numbers g,, Ag,, A?g,, A*q, situated diagonally in 
the difference table, we calculate, by means of formula (7) and puttingn=3 


in it, d= tty Mate A+ A®g,. After finding Ay;, we calculate 


Ys= 43+ Ay,. And when we know x, and y,, we calculate g,=hAf (x4, y,), 
introduce y,, Ay, and q, into the difference table and then fill into it the 
finite differences Ag,, A?g,, A°qg,, which are situated (together with g,) along 
a new diagonal parallel to the first one. 

Then, utilizing the numbers of the new diagonal, we use formula (8) 
(putting n= 4 in it) to calculate Ay,, y, and q, and obtain the next diagonal: 
gs, Ay, A*q3, A®g,. Using this diagonal we calculate the value of y, of the 
desired solution y(x), and so forth. 

The Adams formula (7) for calculating Ay proceeds from the assumption 
that the third finite differences A*g are constant. Accordingly, the quantitvA 
of the initial interval of calculations is determined from the inequality 
h’ < 10-" (if we wish to obtain the value of y(x) to an accuracy of 
107 *]. 

In this sense the Adams formula (7) is equivalent to the formulas of 
Milne (5) and Runge-Kutta (3). 

Evaluation of the error for the Adams method is complicated and for 
practical purposes is useless, since in the general case it yields results with 
considerable excess. In actual practice, we follow the course of the third 
finite differences, choosing the interval h so small that the adjacent diffe- 
rences A®g; and A®q;,, differ by not more than one or two unitsof the given 
decimal place (not counting reserve desimals). 

To increase the accuracy of the result, Adams’ formula may be extended 
by terms containing fourth and higher differences of g, in which case there 
is an increase in the number of first values of the function y that are needed 
when we first fill in the table. We shall not here give the Adams forinula 
for higher aceuracy. 

Example 2. Using the combined Runge-Kutta and Adams method, calcu- 
late to two decimal places (when x=1.5) the value of the solution of the 
differential equation y’=y—x with the initial condition y(0)=1.5 (see 
Example 1). 

Solution. We use the values y,, Yo, ys that we obtained in the solution 
of Example 1. Their calculation is given in Table 1, 


We calculate the suhsequent values y,, y;, y, by the Adams method (see 
Tables 3 and 4). 


The answer to the problem is y,=4.74. 
For solving system (4), the Adams formula (7) and the calculation scheme 
shown in Table 3 are applied separately for both functions y (x) and z(x). 


Find three successive approximations to the solutions of the 
differential equations and systems indicated below. 

3176. y =x? -+y*; y(0)=0. 

3177. y =x+y+z2, 27 =y—z; y(0)=1, z(0)=—2. 

3178. y"=—y; y(0)=0, y’ (0)=1. 


rm ern rr mene A SS rs rss est Us Ss Us eS Ss use NSS 


PL b= (GIA :JaMSTIY | 


mom we] iar] on | ae [oe (Me 


won val ee [owe] ww [oe] on | ill ent 


mn a ware [oe oem ore | woe _[ we lille 
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*(g) B[nurloy yo 
SUOTJESIPUL SUIMOTLO} (A x) {=A 1 19 "fi (A ‘tx) Jala 7, CA x) {='A 7] hy 
‘SUOTJ B[MOTeO fo ~, — — ’ 
JEAIBJUL Japisuo0say 
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Table 3. Basic Table for Calculating y,, y,, y, by the Adams Method. 
f(x, yy=—x+y;, h=0.25 
(Italicised figures are input data) 


© t, Yi Ayi y= qi= y,h Aq A?aq, A*q, 
= =f (xi, ys) 

~ 

0| 0 | 1.5000 AOI 1.5000 | 0.3750 | 0 0355 | 0.0101 | 0 0028 


20 50| 2.9243 AAAI 1.8243 | 0.4561 | 0.0585 | 0.0166 | 0.0047 


3|0.75 2.8084 : 0.5504 | 2.0584 | 0.5146 | 0.0751 | 0.0213 


all 00 3.3588 | 0.6356 | 2. 3588 | 0.5897 | 0.0964 


5 25 


3.9944 | 0.7450 | 2.7444 | 0.6861 


sit 
61.50 7308 | | | 


ee eee 


Answer: 4.74 


4 


Table 4 Auxiliary Table for Calculating by the Adams Method 
l 5 3 
Ay, =9j+ o Aqj-4+ 12 A’qj-2 tg A’g;-s 


" 5 2 8 87; 
Value of ; q) ~ Aq,—, > A?q,—2 > ANdi-s Ay, 
3 | 0.5146 | 0.0293 | 0.0054 | 0.0011 | 0.5504 
4 | 0 5897 | 0.0376 | 0.0069 | 0.0014 | 0.6356 


5 | 0.6861 | 0.0482 | 0.0089 | 0.0018 | 0.7450 
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Putting the interval h=0.2, use the Runge-Kutta method to 
calculate approximately the solutions of the given differential 
equations and systems for the indicated intervals: 

3179. y =y—x; y(N=15 (O<x< 1). 


3180. y’=2—y"; y(l)=1 (lxx <Q). 


3181. y’=z+1, 2=y—x, y(O=1, zO)=1 (OSx<l). 
Applying a combined Runge-Kutta and Milne method or 
Runge-Kutta and Adams method, calculate to two decimal places 
the solutions to the differential equations and systems indicated 
below for the indicated values of the argument; 
3182. y’=x+y; y=1 when x=0. Compute y when x=0.5. 
3183. y’ =x’--y; y=1 when x=0. Compute y when x=1. 
3184. y’ =2y—3; y=1 when x=0. Compute y when x=0.5. 
3185. mere ney Z, 
z=x-+2y4+32z; y=2, z=—2 when x=0. 
Compute y and z when x=0.5. 
3186. {y= uy 
zo=y—2z; y=2, z=—1 when x=0. 
Compute y and z when x=:0.5. 
3187. y” =2—y. y=2, y’= —1 when x«=0. 
Compute y when x=1. 
3188. y*°y”"+1=0; y=1, y’=0 when x=1. 
Compute y when x =1.5. 


3189. ot +X cos 2 =0; x=0, x’ =1 when ¢=0. 
Find x(m) and x’ (x). 
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Twelve-ordinate scheme. Let y, =f (x,) (n=0, 1, ..., 12) be the values 
of the function y=f (x) at equidistant points “= of the interval [U,2n], 
and Yo —Yiz We set up the tables: 


B YG, Yo Ys Ya Ys Yo 
Yi1 Yio Yo Ya Yr 


4 
Sums (>) Ug Uy Un Ug Uy Ug Uy 
Differences (A) U, Uy Us Uy Us 
Uy Uy Uy Uy U, Us Og 
Uy Us Uy U, Uy 
Sums Sy S, Se Ss Sums 0, 0, 0 
oe g ¢ 3 
Dillerences t, t, ty Differences T, Ts 
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The Fourier coefficients a,, 6, (n=0, 1, 2, 3) of the function y=f (x) 
may be determined approximately from the formulas: 


6a, = Sot 5, +S5e+5s, 6b, = 0.50, + 0.8660, + 03, 

6a, = t, + 0.8667, 4-0.52,, 6b, = 0.866 (t,+7,), 

6a, = 5,—S,+0.5(s,—S,),  6b,=0,—0z, 

6a,=t)—t,, . (1) 


V3 1 1 
where 0.866 = —5— = I-39 s 
We have 


3 
f(x) “ + > (a, cos nx + b,, sin nx). 


n=) 


Other schemes are also used. Calculations are simplified by the use of 
patterns. 


Example. Find the Fourier polynomial for the function y=/ (x) (0<x<2n) 
represented by the table 


Yo Yy | Yo Ys | Y, Ys | Ye Yy | Ys Yo | Yro | 911 
38 | 38 | 12 | 4 | 4. | 4 | — 18] —23 |—27|-24 8 | 32 
Solution. We set up the tables: 
38 38 12 4 14 4—18 
32 8 —24 —27 — 23 
u | 38 70 20 —20 —13 —19 — 18 
U 6 4 28 41 27 
y 38 70 »=20 — 20 0 6 4 28 
— 18 —19 — 13 27 =A) 
S 20 ~=~+6] 7 — 20 o 33. 45 28 
t 56 89 33 t|— 2]1— 37 


From formulas (1) we have 
a)=—9.7; a, = 24.9; ag= 10,3; ay=3.8; 
6b, = 13.9; 6, =— 8.4; b,=0.8. 
Consequently, 
f (x) = 4.8 + (24.9 cos x + 13.9 sin x) + (10.3 cos2x —8.4 sin 2x) + 
+ (3.8 cos 3x + 0.8 sin 3x). 


Using the 12-ordinate scheme, find the Fourier polynomials 
for the following functions defined in the interval (0,2) by the 
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tables of their values that correspond to the equidistant values 
of the argument. 


» 3190. y,=—7200 y,=4300 y,=7400 y,=7600 


y, = 300 Y,= Y, == — 2250 y,, = 4600 
y, = 100 Y,=—9200 y,=3850 y,,=250 
3191. y, =0 Y, = 9.72 Y, = 1.42 y, =9.60 


y, = 6.68 y,=8.97 y,=6.81 y,, = 4.88 

y, = 9.68 y,=8.18 y,=6.22 y,, = 3.67 
3192. ys =2.714 yy=1.273 y,=0.370 yy, =—0.357 

Y,=3.042 y,=0.788 y,=0.540 y,,=—0.437 

y,=2.1384 y.=0.495 y,==0.191  y,, =0.767 


3193. Using the 12-ordinate scheme, evaluate the first several 
Fourier coeticients for the following functions: 


) f(x) =o (x — Bux? -+2n?x) Osx <2n), 


b) 7 ( =a (0<x <2n), 


ANSWERS 


Chapter | 


1. Solution. Since a=(a— 6)-+-6, then [a| <|a—6/+|6]|. Whence |a— 8 [> 
sSl|a|—|b| and |a—bd|=|b—al>j[b|—(aI. nity ja—b|>/a|—| |. 
Besides, Ja—b =a (“91 <lal¢1—b|= [41-41 |. 38. a) —2<x<4; 
by x<—8, x>1;¢c) —~-l<x<0; aia —6; 0; 0; 0; 6. 5. 1; 


Lo: V 14x; [x [Vix 1/V 1+ .x?. 6m; = > ; 0. 7. jey=—2 ett. 


8. payee tet. 9. 0.4. 10. 5 (e+1e]). 11. a) —leex<t+o; 


b)— 0 <x<-+ oo. 12. (—o, —2), (—2, 2), (2, +00). 13.a) —o <xa— V 2, 
V 2<x<+0; b) x=0, xj V2 2. 14. —lea<x2. Solution. It should 
be 2-+-x—x?>0, or #1250} that is, (x-+ 1) (x—2) <0. Whence either 
x+1>0, x—2<0, e., —l<xac2 or x4+-160, x—2>50,i.€., xxc—], 
x=>2, but this is ‘impossible. Thus, —laex<2. 15. —2<x<0. 
16.—o <x<—1, OS xe). 17. —2< «<2. 18 —l<x<l, Wx< +o. 


19. —a<tcl. 20. 1<_x< 100. 21. knxc hn t+ (k=0, +1, +2,...). 


22. @ (x) = 2x4— 5x? — 10, wp (x) = — 3x*-+ Gx. 23. a) Even, b) odd, c) even, d) odd, 
e) odd.24. Hint. Utilize the identity f wml (x) + f (—x)] + sli (x) —f (—x)}. 


26. a) Periodic, Taam, b) periodic, ra, c) periodic, 7 =«a, d) periodic 


T=, e) nonperiodic. 27. y= 2x, ifOaxacc y=b ifc< xa; Sao x 


iff Omx<c, S=ox—2 if c<x<a. 28. m=q,x when 0O<xel; m= 


mah + 9,(x—l,) when 1,< x<1,+/1,,5 m=g9,l,+9.l,+4q3 (x—/,—l,) when 
Lti<x<l, +h +1,=1. 29. @ [YP (x)] = 2?*5 b [@ (x) ] = 2 30. x. 31. (x + 2)?. 
37. "59, % T° 38. a) y=0O when x=—1, y>O when x>—1, y<0 
when x<—1; b) y=O when x=—1 and x=2, y>0O when —1<x< 2, 
y<0O when —o <x <—1 and 2<x*<+ 0; c) y>O when —w<x< 4-0; 
d) y=0 when x=0, x=— V3 and x=Y 3, y>O when —V3<x<0 and 
V 3<x< + 0, y<0 when —O<cK<c— V 3 and0<x< V 3; e)y=Owhen x=], 


y>0 when—o<x<—J and l<x< +0, y<0 when0<x<!1 39. a) r=> (y—3) 
(—o<y<+o); b) x=Vy+l and x=—VyFl (—ly<+o); 
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c) x= / i—y (—co<y<-+0); d) x=2-10% (—wo<y<+oo); e) r= 


1 _ 
= tany ~% << ). 40. x=y when —o<y<0; x=Vy when 
O<y<-+o. 41. a) y=u, u=2x—5, b) y=2", u=cosx;c) y=logu, 
u= tang, v=zi d) y=arc sinu, u=3", v=—x?, 42. a) y=sin? x; b) y= 


= arc tan V log x; c) y=2(x?—1) if f[x{<—1, and y=0 if [x[>1. 
43. a) y=—cosx’, Vneax|x|< VY 2m; b) y=log(10—10*), —o <x <1; 
a) y= = when —o<x<0 and y=x when 0<x<-+oo. 46. Hint. See Appen- 
dix VI, Fig. 1. 51. Hint. Completing the square in the quadratic trinomial 
we will have y=y,+a(x—x,)* where x,=—6/2a and y,=(4ac— 6’)/4a. 
Whence the desired graph is a parabola y=ax?® displaced along the x-axis by 
x, and along the y-axis by Yo- 53. Hint. See Appendix VI, 
Fig. 2. 58. Hint. See Appendix VI, Fig. 3. 61. Hint. 


The graph is a hyperbola y=, shifted along the x-axis by x, and along 


the y-axis by yp). 62. Hint. Taking the integral part, we have y=5-~| 


(«+ 5) (Cf. 61*). 65. Hint. See Appendix VI, Fig. 4. 67.Hint. See Appendix VI, 


Fig. 5. 71. Hint. See Appendix VI, Fig. 6. 72. Hint. See Appendix VI, 
Fig. 7. 73. Hint. See Appendix VI, Fig. 8. 75. Hint. See Appendix VI, 
Fig. 19 78. Hint. See Appendix VI, Fig. 23. 80. Hint. See Appendix VI, 
Fig. 9. 81. Hint. See Appendix VI, Fig. 9. 82. Hint. See Appendix VI, 
Fig. 10 83. Hint. See Appendix VI, Fig. 10. 84. Hint. See Appendix VI, 
Fig 11, 85. Hint. See Appendix VI, Fig. 11. 87. Hint. The period of the function 


is T= 2n/n, 89. Hint. The desired graph is the sinecurvey=5 sin 2x with am- 
plitude 5 and period x displaced rightwards along the x-axis by the quantity 


1 5 . 90. Hint. Putting a=A cos g and b=—A sin g, we will have y=A sin (x—@) 


where A= Va?+0? and g=are tan( ~=); In our case, A=10, p=0.927. 92. 


Hint. cos? => (1-+cos 2x). 93. Hint. The desired graph is the sum of the graphs 


y,=x and y,=sinx. 94. Hint. The desired graph is the product of the graphs 
y,=x and y,=sinx. 99. Hint. The function is even For x>0 we determine 
the points at which 1) y=0; 2) y=1; and 3) y=—l. When x_.+ 0, 
y—>1. 101. Hint. See Appendix VI, Fig. 14. 102. Hint. See Appendix VI, 
Fig. 15. 103. Hint. See Appendix VI, Fig. 17. 104. Hint. See Appendix VI, 
Fig. 17. 105. Hint. See Appendix VI, Fig. 18. 107. Hint. See Appendix VI, 
Fig. 18. 118. Hint. See Appendix VI, Fig. 12. 119. Hint. See Appendix VI, 
Fig. 12. 120. Hint. See Appendix VI, Fig. 13. 121. Hint. See Appendix 
VI, Fig. 13. 182. Hint. See Appendix VI, Fig. 30. 133.Hint. See Appendix VI, 
Fig. 32. 134. Hint. See Appendix VI, Fig. 31. 138. Hint. See Appendix VI, 


Fig. 33. 139. Hint. See Appendix VI, Fig. 28. 140. Hint. See Appendix VI, 
Fig. 25. 141. Hint. 
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Form a table of values: 


Constructing the points (x, y) obtained, we get the desired curve (see Appen- 
dix VI, Fig. 7). (Here, the parameter ¢ cannot be laid off geometrically!) 
142. See Appendix VI, Fig. 19. 143. See Appendix VI, Fig. 27. 144. See 
Appendix VI, Fig. 29. 145. See Appendix VI, Fig. 22 150. See Appendix VI, 
Fig. 28. 151. Hint. Solving the equation for y, we get y= + V25—x?. It is 
now easy to construct the desired curve from the points. 153. See Appen- 
dix VI, Fig. 21. 156. See Appendix VI, Fig. 27. It is sufficient to construct 


the points (x, y) corresponding to the abscissas x=0, £S +a. 157. Hint. 


Solving the equation for x, we have x=:10 logy—y™). Whence we get the 
points (x, y) of the sought- for curve, assigning to the ordinate w arbitrary 
values (y>0) and calculating the abscissa x from the formula‘) Bear in 
mind that logy~—o as yO. 159. Hint. Passing to polar coordinates 
r=Vx*+y? and tang=4 , we will have r=e? (see Appendix VI, Fig 32) 


160. Hint. Passing to polar coordinates x=rcosq@, and y=rsing, we will 


__ 3sin @ cos @ _ 
have = cos p -tsin® @ (see Appendix Vi, Fig. o2) 161. F= 32 + 1, 8C 
162. y=0.6x(10—x);  Ymax=15 when x=5._ 163. ya? SiN xX; Ymax = ab 


2 2 
I 
when x=. 164. a) =a X,==2; b) x=0.68; c) x,=1.37, x,=10; 


d) x=0.40; e) x=1.50; f) x=0.86. 165. a) x,=2, y,=5; x,=5, y,—2:; 
b) 4, =— 3, Y= — 2; X= — 2, Yga=— 3; X3=2, Ys = 3; X= 3, Yy=2; c) x, = 2, 
Yy=2; x, 3.1, y,=—2.5; d) x,>=—3.6, y, =—3.1; x, —2.7, 4, =29; 


Xp 7e2.9, yy 71.8; x4 3.4, y,=—1.6; e) 4= >. n= X= a ; 
ya V2. 166. n> Janes: b) n> 10; c) n=22. 167. n >t 
2 Ve & 


—1=N. a) N=9; b) N=99; c) N=999. 168. b= (@<1). a) 002: 
b) 0 002; c) 0.0002. 169, a) logx <<—N when 0<x<6(N); b) 2*>N when 
x>X(N); c) |f()|>N when |x| > X(N). 170. a) 0; b) 1; c) 2; d) x 

171. > 172. 1. 178. —s 174. 1. 175. 3. 176. 1. 177. S. 178. x Hint. 
Use the formula a ea (n-+-1)(2n-+-1). 179. 0. 180. 0. 181. 1, 
182. 0. 183. oo. 184. 0. 185. 72. 186. 2. 187. 2. 188. oo. 189. 0. 190.1. 191. 0. 


a—| 2 l 
192. 00, 193. —2. 194. oo. 195. 3 «196. poy. 197. 3x? 198. —1. 199. Z° 
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4 { 
200. 3. 201. a _ 202. a 203. — 5, . 204. 12. 205. =. 206. —5. 207. I, 
210. — 1. on. 0. 212. 2%. 213, —>. 214. 


] 
OVn 3 Wee 3 D 2 2 
215. 0. 216. a) I sin 2; b) 0. 217. 3. 218. 5 , 219. i 220. m. 221. I 
2 2 a 2 
222. cosa. 223. —sina. 224. m. 225. cosx. 226. at 227. a) 9; b) I. 
] 1 
‘ 2 . "~~ e ° ee oy 2. 2 — 
29 9 230. Q. 231. at 232. (n m*), 233. 5 234. i. 
236. 2. 237, —-1. 038, n. 239. 1. 240. 1. 241. 1. 242, +. 
1 3 4 4 4 
243. O 244. r° 245. 0. 246. e7~'. 247. e7. 248. e7!, 249, e-§, 


1 1 
250. e*. 251. e. 252. a) 1. Solution. lim (cos x)* = lim [1 —(1 —cos x))* = 


x0 


Qsin? ~ — 
1 _ 2 


|= 


x 
sin? 2 


— lim (1 —2sint 5)" — lim (1-2 sin? >) , — 
2 2 


x >0 x >0 


2sin? sin-> \ 2 x 
Since lin\ — = —2lim =~. |=—2-1- lin <0, it follows 
x x30 4 


x->0 x->0 


| 
> 1 
that lim (cos x) * =e®=1. b) Va: Solution. As in the preceding 
e 


x0 


2sin? 
1 him —_—_— — 2 sin’ > 
. V2 x->0 x . . 
case (see a), lim (cos x)* =e . Since lim \———3 —] = 


x—>0 x0 


ees Pee uy , it follows that lim (cos y* =e * = 
x 4x? 2 x>0 
2 


——— . 253. In2. 254. 10 loge. 255. 1. 256. 1. 257. —s 258. 1. Hint. 
e 
Put e~—1l=a, where a0. 259. Ina. Hint. Utilize the identity a=e'"?. 


260. Ina Hint. Put oe where a-~0O (see Example 259) 261. a—é. 


262. 1. 263. a) 1; b) 2 > . 264. a) —1; b) 1. 265. a) —1; b) 1. 266. a) 1; b) 0. 
267. a) 0; b) 1. 268. ‘ —1; b) 1. 269. a) —1; b) 1. 270. a) —0; b) +0. 
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271. Solution. If x«Akn (R=0, +1, +2,...), then cos*x<1 and y=0; 
but if x==kn, then cos*x=1 and y=}. 272. y=x when 0@ x <1; y= = 


2 
when x=1; y=0 when ¢>1 273. y=|x|. 274. y=— > when x<0; y=0 
when r=0; y= when x>0. 275. y=1 when Om@xe@l; y=x when 
l<x<+oo. 276. a 277. aoe; Xe>o. 278 $j. 279. QnR. 
a0 2. ast. 1b. coe, VET! ope, tim AC, = —. 285. 9? . 286. r=I1, 

e*? —] 
/ : ; : xt+ | 
b=0; the straight line y=x is the asymptote of the curve Y= I ° 


287. Qi) = Q, (1 +5)" where R& is the proportionality factor (law of 


compound interest); Q,=Q,e"*. 288. |x| > ? a) |x|> 10; b) |x] > 100; 


c) |x] > 1000. 289. |x—11< = when O<e<1; a) |x—1}<0.05; 


b) |x—1|< 0.005; c) |x—1|< 0.0005 290. [x—2\< a =6; a) 6=0.1; 


b) 6=0.01; c) 6=0.001, 291. a) Second, b) third. - ae 292. a) 1; b) 2; 


c) 3. £93 a) 1; b) zi c) 2. d) 2; e) 3, 295. No 296. 15. 297. —1. 298. —1. 
299. 3. 300. a) 1.03(1 0296); b) 0.985 (0.9849); c) 3.167(3.1623) Hint. 


Yi0=V9F1=3 Vi +o5 d) 10.954 (10.954). 301. 1) 0.98 (0 9804); 
2) 1.03(1.0309); 3) 0.0095 (0.00952); 4) 3.875 (3.8730); 5) 1.12(1.125); 
6) 0 72 (0.7480); 7) 0.043 (0.04139). 303, a) 2; b) 4; c) + d) 5. 307. Hint. 


If x«>0, then when |Axj<x we have |V¥x+Ax— VY x|= 


=| Ax|(Vix+ Ax+ V x) <| Ax|/V x. 309. Hint. Take advantage of the 


inequality |cos (x-+ Ax)—cosx]<|Ax| 310. a) x# 5 -+-kn, where & is an 


integer, b) x A kn, where k is an integer 311. Hint. Take advantage of the 
inequality |]x+Ax]—|x||<|Ax| 313. A=4. 314. f(0)=1. 315. No 


316. a) f(O)=n; b) F()=>; c) FO)=2 d) fF O)=2 e) F(0)=0; 1) fF (O)=1. 


317. x= 2 is a discontinuity of the second kind. 318. x=—1 is a removable dis- 
continuity. 319. x=—2 is a discontinuity of the second kind; x=2 is a removable 
discontinuity 320. x=0 is a discontinuity of the first kind. 321. a) x=0 is 
a discontinuity of the second kind; b) x=0 is a removable discontinuity. 322. x =0 
is a removable discontinuity, x=An (k= +1,+2,...) are infinite discontinuities 


323. x= 2mk + + (RA=0, +1, +2,...) are infinite discontinuities. 


324. x=kn (k=O, +1, +2, ...) are infinite discontinuities. 325. x=0O is a 
discontinuity of the first kind. 326. x=—J1 is a removable discontinuity; 
*4=1 is a point of discontinuity of the first kind. 8327. x=-—1 is a discon- 
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tinuity of the second kind. 328. x=0 is a removable discontinuity. 329. x=1 
is a discontinuity of the first kind. 330. x=3 is a discontinuity of the first 
kind. 832. x=1 is a discontinuity of the first kind. 333. The function is 
continuous. 384. a) x0 is a discontinuity of the first kind; b) the function 
is continuous; c) x=&n (k& is integral) are discontinuities of the first kind. 
335. a) x=k (k is integral) are discontinuities of the first kind; b) x=k 
(k 4 0 is integral) are points of discontinuity of the first kind. 337. No, since 
the function y=E (x) is discontinuous at x=1. 338. 1.53. 339. Hint. Show 
that when x, is sufficiently large, we have P (—x,) P (x,) <0. 


Chapter Il 


341. a) 3; b) 0.21; c) 2h+h*. 342. a) 0.1; b) —3; c) f/atn—P/a. 
344. a) 624; 1560; b) 0.01; 100; c) —1; 0.000011. 345. a) aAx; b) 3x2Ax+ 


; ; __ 2x Ax-+ (Ax)? | 2x+ Ax. 
+ 3x (Ax)? + (Ax); 3x? 3x Ax+ (Ax)*; ce) Ub An® > ~ GL Ade Gt Ax’ 
— = ] ox ( g4* _ 1) 
d Ax— Vx} ————=—— =; ox(94*_ 4); OAS Tl, 
) VxFax— Vx naive ® ( ) AD 
f) In 2EO*, ain (it =). 346. a) —1; b) 0.1; c) —A; 0. 347. 21. 


348. 15 cm/sec. 349. 7.5. 350. [XTAV—FO) | 354. f(xy = im LE FAN?) | 
Ax Axo Ax 


352. a) Ag. b) a® _. lim AQ where g is the angle of turn at time ¢. 
At dt A,t-+oAt 


353. a) AT. b) aT _ lim AT where T is the temperature at time tf. 
Al dt At-+o At 


354. dQ _. lim AQ. where Q is the quantity of substance at time f. 


“dt At+o At ' 5 
Am . Am 
; ——; b) lim =~ — 356. —— =—0.16; b) —~— >—0 238; 
3558) nee Bx » —% , 5 
c) ~2 = —0.249, y_,=—0.25. 357. —sec®x. ~—Sollution. 
jim tan et Ax)—tanx yj sin Ax — lim Sim_Ax y 
4 Ax >0 Ax ~ Ax+»o Ax cos x cos (x+- Ax) Ax-s0 Pa 
l 
lim ———________ = = sec? x. 358. a) 3x7} b) — 4; ¢ : 
area cos x cos (x-+ Ax) cos? x ) x? ) 9V ¢ 
—! a5. 1 Solution. f’ (8)= lim f(8 + Ax) —f (8) _ 
sin? x 12 Ax->0 Ax 
$/ RTL 8S RB 
8--Ax—*/ 8 8+ Ax—8 
= lim VY B+ Ar—/f 8 lim ae 
Axo Ax Axo Ax[)/(8 + Ax)? + j/ (8+ Ax) 8+ j/ 8 | 
1 l 


= lim ———————--_______ —-—. 360. f’(0))=—8, f’(1)=0, 
Ax+o 3/ (8+ Axt+2)/8+Ax +4 12 () 


f’ (2)=0. 361. x,=0, x,==3. Hint. For the given function the equation 
f’ (x)=f (x) has the form 3x?=x*. 362. 30m/sec. 363. 1, 2. 364. —1. 


365. f’ (x)=. 366. —l, 2, tang =3. Hint. Use the results of Example 3 
x 


. 3/ (Roe 
and Problem 365. 367. Solution. a) /f’ (0) = Jim | = lim 
x—>0 


= lo os 
Ax Ax-+01/ Ax 
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b)  f’ (1)== lim Vitae —1_ lim——_1__=0; 0) —(4}-«)-= 
Axo Ax Ax->0 ?/ (Ax)* 2 


2k+1 

cos( n+Ax) ; 

_ am C(t) lim Lin Ax] __oy. f+ (Ae t) = 
Ax 7-0 Ax Ax >~—~0 Ax 


[sin Ax] 1, 368. 5x*— 12x249, 369. — 1 492x— 2x9, 370. Qax-+o. 
Ax++o Ax 3 


g71. —22 372. mat™-4.6(m-+n)i"+"-1, 373, —8_. 37, —2 , 
a app OM 
8 


5 2 
-_— —_ 8 — — — 
875. 2x * —5r* —3x-*, 376. 3x? . Hint. y=stx? =x". 877. Sas 75 


bc—ad — 2x? — 6x + 25 1—4x 

_——>= _ ———. 379. —~—_—_—. oC. 

3x jf x (c+ dx)? (x? — 5x + 5)? x* (2x—1)? 

4 3 —2 
sin? 2x (sin x—cos x)? 
2 si _ _—_*_ __* __ 
385. ?t*sin?. 386. y’=0. 387. cotx sin? x" 388. arc sin x-++ Via’ 
x—2 oxt — x5 
389. xarctanx. 390. x%e*(x-+7). 391. xe*. 392. e* 393 . 


xs rn 


397. x (2Inx—1) ; 
In? x 


1 8 


1 
381. ————_—__-—.,. 382. 5cosx—3Ssin x. 383. 
Vz(1—V 2)’ 


394. e* (cos x—sin x). 395. xe*. 396. e* (are sin x-+- i 
Vi — x? 


398. 3x?Inx. 399. oy BES 400 2inx 1 401. sinh x-+x coshx, 


x?" ‘" xInlO. x° 
2 hx—x? 
402. x cosh x x sinh x 403. —tanh?x. 404. —3(xIlnx-+sinh x cosh x) 
cosh? x x In? x-sinh? x 
405 — 2x" 406 arc sinh x + | arc sin x 
j— x4 VY 1—x VY 14+ 
— 2_ 2 
407. x V x 1 arc cosh x 408. 1+ 2x arc tanh x 410. 3a pare ) 
eV e—l (1—x?)? ; C Cc 
x*— | —X 
All. 12ab+ 18b7y. 412. 16x (34-2x?)®, 413. ————. 414. ————. 
+ 18b°y ++ 2x") Ox Vio 
2 [3/22 __ 2 4 
a5. —— eo. 46. V 21, 41g, Lotan’ xftan' x, 
3/ (a bx)? x cos? x 
419. at . 420. 2— 15 cos? x sin x. 421. — 16 cos 2f . Hint. x=sin-? t+ 
2 sin? x V cot x sin® 2¢ 
. e 3 e 
+cos~?t. 422 __ Sine . 423, SE aoa, _Scosx+2sinx . 
(1 —3cosx)§ cos*x 2 V 15sin x— 10 cosx 
2 cos x 3 sin x 1 
425. ——__—— + . 426. OT —————————————— Ow 
3 V/ sin x cos! x 2V 1—x? V 1-4 arcsinx 
I 3 (arc sin x)? — | 


SO  ——————————————— e 428. ng 
2(1-+ x2) V arc tanx Vi—xe (1 + x?) (arc tan x)? 


Answers 403 


x x x _ 9x 4 ° 
4g, TRE TE | 430, an? oimx 432, (2x—5) x 
2) xe*¥ +x 3 / (2e* —2* +. 1)? x 
4 cos(x6—5x + 1) —————., 433. —asin(ax+f). 434.  sin(2é+ @). 
x? cos? — 
x 
435. —2°°* 43g, =! gaz. x cos 2x?sin 3x2, 488, Solution. 
sin? x 3 X 
sin? — 
: 2 1 l 
1 2 — -— — 
————_—_—=== 2x) = . 439. —————. . 440. —-~——— . 441. —_———e 
Vino V t—4x? x Vx] 2Vx—x 1+ x? 
442. Tat 443. —10xe~*". 444, —2e57** Ind. 445. Qx10?* (1+. x In 10). 
pr 
446. sin2'4-2ft cos2'in2. 447. 448. 2 449, cot x loge. 
V j—e* 2x 4-7 
~~ x — 2 
450, 2". agn, 2m) gge __(@* +5 c08x) Vitam 4 
1—x? x xinx (e* +5 sin x—4 are sinx) V 1—x? 
l 1 


453 i ana 454. a ney nee | 
(pin?ayx (po) are tans 2x Vinx+1 T O(Vaae) 


455. Solution. y’ = (sin® 5x)’ cos? “s + sin’ 5x (cost = = 3 sin?5x cos 5x 5 cos? + 


3 3 
ein’ pene X ( en ©) 1 +2 cane? * 2 ging ee xX 
+-sin® 5x 2 cos 3 ( sin ) 5 == 15 sin? 5x cos 5x cos 3 — ay Sin? 5x cos 3 sin x ° 
2 _ 7 _ 
456, “*t3 g57, HAH 8 ggg ggg, — 
(x— 2) (x — 3)5 (1 —x?)5 x? W291] 
2 .\3 
460, —— ast, ao, VEY agg. ys 3/ Tx 
V (a? 4-0?) V +2) Vx 
464. eS . 465. 4x3 (a— 2x°) (a — 5x), 
x— x -|- 
2ubmnx"—! (a 4-br.")77! x? — | a—3x 
466.  (q—oxtymar . 467. (x + 2)8 ° 46 . 2Va—x —x 
469 3x? + 2(a4-b+c)x+ab+bc+ac 470 1+2 Vy _ 
| 2V (xa) (e+b)(x+e) 6Vy W(yt Vy) 
471. 2(7t-+4) 3/3¢42. 472, — Y= 2 __ 473, ————. 474. sin x cos? x. 
EEN V (2ay—y?) Ver+i 
475. we 476. l0tan5xsec?5x. 477. xcosx*®. 478. 34? sin 2¢3. 
479. 3cos.xcos 2x. 480. tantx, 481, °°S2* , age, —(@=B)sin2x _ ggg 
sin’ x 2 V asin? x+ 8 cos? x 
484. 1 are sin x (2 arc cos x—arc sin x) 4gs. 2 486. 
2 V1 — x? x V 2x21 1 +- x? 
° -_— —_—_ 2 _~ ee 
ag7, *atecose—Vi=x? ggg __1__ ggg y= 490. 2 Var—x?, 
(1 —x2)°/2 V a — bx? a+x 
491. —* 492. arcsin VY x, 493. 5 


V 2x —x?- V 1—25x2arc sin 5x 
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494, —__!__— r 495. __sina e 496. _ | e 
x V1—In*x 1—2x cos a+ x* 5 +4 sin x 
x sin? x a wr-ax ; sin?x 

497. 4x Ves . 498. Tacos? x . 499. — Ve ° 500. sin 2xe ° 


+ 
501. 2m*p (2ma™* +. b)P-1a™* Ina. 502. e** (acos Bf —f sin Bt). 503. e%* sin Bx. 
504. e~* cos 3x. 505. x”~ !a-x2 (n — 2x? Ina). 506. oY tanx (1+ V cos x Ina). 


| 
3cot — 7 ins —~ 
507. ——_—. sos, + 59g, — opto, —P*_. 
(sin =) ax? +. bx -+¢ V atx 1+ V x 
x 
61. ——, sia. 2. sts, —Ltan2*—! srg Zt ntint 
Y 2ax + x? xin®?x x x x?—x—2 
3x? — 16x + 19 
y=5 In (x—2)—3 In (x-+ 1). 515. 1) (eH 3) ' “Sint x COs x 
——. — 6x? 15a In? (ax + 6) 
2_ 2 a. 
517. YV x?—a?, 518. Gay inGoy: (Ne ab ; 
5200, ——~——. sa. ™*t"® 500 Wsininx. 523, —_. 
Vx +. q? x? — a? sin? x 
2 
524. Vite 525. aa . 526. 3 ————— | 22re sit 8% 1 24 2 (1 —arc cos 3x)}. 
x xe — V 1—9x? 1 — 9x? 
sin ax 
cos bx in? ax \acos ax cos 6x + 6 sin ax sin bx l 
527. (3 wna tite) cos? bx - 526. 1+2sinx © 
529. ng 530. ———==s In x H a - SoU RRR 
* (1+ Int x) Vil—x?arcsinx x x V1—In? x 
x? 2 x? — 3x 
531.0 —————_——— . 582. ————————_.. 5383. ————__-———.._ 34. . 
rey xt4 x22 cosx V sin x xi—|] 
535. —. 536. oe 537. 6sinh? 2x-cosh2x. 638. e** (a cosh Bx + 
|—vx 2 
+8 sinh Bx): 5389. 6tanh? 2x (1—tanh? 2x) 540. 2coth 2x. 541. = . 
ai+x 
542, |) 43. . 544. a! . 545. 2 . 546. x arc tanh x 
x Y int?x—1 cos 2x sin x |1—x? 


547. xarcsinhx. 548. a) y’=1 when x>0; y’=—1 when x <0; y’ (0) does 


not exist; b) y’=|2x|. 549. == 550. ro={ ~e-¥ when x>'0 
V3 


l , , , y) 
552. ata: 553. 6m. 554. a) f_ (O)=—I, fF, (0)=1; b) f_ (0) a 


’ —?2 U , ’ ’ ‘ 
f , (0)= =; ¢) F_(O)=1, fF, (0)=0; d) F_ (0) =f, (0)=0, e) f_ (0) and 
f ,. (0) do not exist. 555. 1—x. 556. 244°. 557. —1. 558. 0 561. Solu- 
tion. We have y’=e~* (1—x). Since ent e, it follows that y=2 (1-4 


or xy’=y(l—x) 566. (29) 1480) +2(1 +2) (1430) +3 (640 (L428) 
567. __ (4 +2) (547 + 19x + 20) 568. 


(etl (x+3)) 2 a 
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3x?-+45 V/ x? (x— 2)? (x?—7x + 1) 
569. —— . 670,  ——____ 4) es) 
3 (x? + 1) x24] (x— 1) (x—2) (x —3) V(x —1)* (x— 3)! 
571. oxi +x—24 . 572, x* (1+1n x). 573. xx7+1(1 +2 In x), 


4-— 


574. s/yiolne . 575, x , (1+5 Ine). 576. em #( 24 Inetlnte), 


x? 
577. xsinx ee +cosxInx]. 578. (cos x)*""* (cos x Incos x — sinx tan x). 
1 \* ] l x. 
579, (1 + =) E (1 + x +7z5| . 580. (arc tan x)* x 
x ’ l 
xX | tn are tan *+ x3) are tana . 581. a) xy ~ 3(1+x?)’ 
’ _ 2 . ’ _ 2 — | — 
b) xy =F —cosx ; c) xy = * . 582. 5} t?, 583. P+. . 584. =F ° 
; 1+ 5e? 
55, 2") seg. 2. 5e7, +! seg. tant. sso, — 2. 
1 —228 3/1 t (t? +1) a 
b , _ — | when t< 0, st 
590. > tan t. 591. — tan 3t. 592. y, =| 1 when t> 0. 593. —2e'. 


594. tant. 596. 1. 597. oo. 599. No. 600. Yes, since the equality is an iden- 


2 b?x x? x (3x + 2y) V y 
t . e —_ °@ e ae e — TF f = ng 5, — — i.e 
ity. 601 5 602 ay 603 7 604 4 Dy 60 : 
3/y 2 s 
y 2y Il—y 10 
fi . — — . DD ee ~~ yy &+2+8 «  @ @ 8 a _.6hChCUrD e 
06 x 607 3 (x? —y?)+2xy 14+ 3xy? + 4y 608 10—3ccsy 
_ y cos? y y 1—?—y? 2 re 
609. 1. 610. 1—x cos? y . 611. x Tfxtty? . 612. (x+y) . 613. y= 
ee 6144, A ox 615 Y 616. XY 
ey —] x+y—1 . e x . e x—y e e x—y' 


2 2 _ 
617. tx V ety eis, iy yy 
cx—y V x? +y? ylnx—x x 
arc tan 2 = 63° 26’. 623. 45°. 624. arc tan > = 36° 21’. 625. (0, 20); (1, 15); 


. 620. a) 0; b) = c) 0. 622. 45°; 


(—2, —12). 626. (1, —3). 627. yat—x +1. 628, k=! . 629. (ze - 7} . 

631. y—5=0; x+2=0, 632. x—1=0; y=0. 633. a) y=2x; y=—5 Xx; 

b) x—2y—1=0; 2x+y—2=0; c) 6x+2y—n=0; 2x—6y+3n~=0; 

d) y==x—1; y=1—x; e) 2x+y—3=0; x—2y+1=0 for the point (1, 1); 

2x—y+3=0; x+2y—1=0 for the point (—1, 1). 634. 7x—10y+6=0, 
2 

10x -+ 7y—34=0. 635. y=0; (+4) x-+-(n—4) y—2 2 0. 636. 5x + 6y— 


—13=0, 6x—5y+21=0. 637. x+y—2=0. 638. At the point (1, 0): 
l—x 


y) 9 
(3, 0): y=2x—6; =>. 639. 14x—13y+12=0; 138x+14y—41=0. 


y=2x—2; y= at the point (2, 0): y= —x+2; y=x—2; at the point 
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640. Hint. The equation of the tangent is s-tye=!. Hence, the tangent 


crosses the x-axis at the point A (2x,, 0) and the y-axis at B (0, 2y,). Finding 
the midpoint of AB, we get the point (x9, y,). 648. 40° 36’. 644. The para- 


bolas are tangent at the point (0,0) and _ intersect at an angle 
arctana ~8°8’ at the point (1, 1). 647, S;=S,=2; t=n=2V'2. 


1 t t t t t 
— , . = 2a sin — —} = 2a sin — : — 2a sin? — —_: 
648. ind 652 T =2a sin 5 tan 5} N =2a sin 7? S;=2a sin 9 tan zy} 
S,=asint. 653. arctan 2 654. = +29. 655. S,=4n’a; S,=a; 
t=2naVi+4n?, n=aVi+4n, tanp=2n. 656. S,=a; Su= oa 
0 


t= V +o’; N= ol tanjt=—q,. 657. 3 cm/sec; 0; —9 cm/sec 


658. 15 cm/sec. 659. + m/sec. 660. The equation of the trajectory isy=x tan a— 


g . v ¢sin 2a 
— ———___—— x’. The range is —_—_- . The velocity, 
2u5 cos? a g 
V vndogisina helt. , _ vosina—gt 
v,—2v gt sina -+ grl*; the slope of the velocity vector is 9, c0sa COS a 


Hint. To determine the trajectory, eliminate the parameter ¢ from the given 
system. The range is the abscissa of the point A (Fig. 17). The projections 


of velocity on the axes are a and The magnitude of the velocity is 


dx \2 dy\2. ; . gs 
ai + a)? the velocity vector is directed along the tangent to the 


trajectory 661. Diminishes with the velocity 0.4 62. —_ 3) 
663. The diagonal increases at a rate of ~ 3.8 cm/sec, the area, at a rate 
of 40 cm?'sec 664. The surface area increases at a rate of 0 2n in?/sec, 


the volume, at arate of 0.052 m?/sec. 665. = cm/sec 666. The mass of the rod 


is 360g, the density at M is 5x gicm, the density at A is 0, the density 
at B is G60 gicm. 667. 56x*°+210x*. 668. e** (4x°-+-2). 669. 2cos 2x 


2(1—x? — 
670. 2(1—x') ; 71. —— 672, 2 arc tanx + . 
3 (1 +-2*)? V @ +2) L4- x? 
673, —— 4 x are sinx p74 | cosh ~ . 679. y’'=6. 680. f’”" (3) = 4320 
1] —x? (1 — x?) lz a a 


24 

681. y=—TD 682. yvl = —64sin2x 684. 0; 1; 2; 2. 685, The velocity 
is u=5; 4997; 4.7. The acceleration, a=0; —0.006; —0.6. 686. The law 
of motion of the point M, is x=acoswt; the velocity at time ¢ is 
—awsinwt; the acceleration at time ¢ is —aw*coswt. Initial velocity, 0; 
initial acceleration: —aw*; velocity when x«=0 is —aw; acceleration when 
x=0 is 0. The maximum absolute value of velocity is aw; the maximum 
absolute value of acceleration is aw*. 687. y) =nla". 688. a) ni (L—x)7@+), 

1-3... (2n—3 . 

by (arte ER) ggg, a) sin (x mj b) 2" cos (2 +05); 


n-2 2 
Qn, # 
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» (n—I)!, (—1)"t*nl | Qn! 
(1 +x)?’ ) Txt? ) (I—x)"*i? 


g) 2°7? sin x-(n—1) | 3 h) a 690. a) x-e*+ne*s 


b) Q?-1g-2* 2(— Ita + 2a (—1yrte- OD ayes] c) (l—x*) x 


c) (—3y"e**%, dy (= 1)"7 


X cos («4 arses ( rp OO) n(n—1I1) cos xp “= 2)R An ): 
d) (—1)?71. 1.8... (2n —3) (—1)"6 (n—4)! 


antl Le xe~s 
ony, ? 
691 y (0)=(n—1)! 692. a) 91°; b) 242-42; c) —V1—#*%. 693. a) 
1 = —] 


—(2n—1)];  e) for no~4. 


— | 
asin? f° 


. . . sal 2 
) Sa cost? sini’ c) ——F +} d) asin? * 694. a) 0; b) 2e8@°. 695. a) (1+-2?7) x 
4a sin 9 
1-+-t —2e~! d’y 
| 2); b ——_— , —,>7/. . —> 
x (1+ 38") ) ‘T= 696 (cos ¢ -+ sin f)? 697 (5). 
2 cot t 4e*" (2sin {—cos ?) st 2 num 
699. “sing . 700. (sin f--cost)> . 101. — 6e (+3t+2 ). 702. m™t™, 
d*x_ F(x), ax _ 3 Ph oP—f WP" p* bt 
703. > = = SOF FO .. 705. —. 706. ——— 
dy? [f'(ph? dy (F’ (x) y* a*y® 
2y? + 2 d?y y d*x 1 11 I 
707, — =... . eo OS . ome. _=-—— 
; os dep dey 709 556 710 Tae 
711. a) a b) - . 712. Ay=0.009001; dy=0.009. 713. d(1—x*)=1 when 
x=1 and Ar=— 714. dS =2x Ax, AS=2x Ax+(Ax)?, 717. For «=O, 
m1 ] 
718. No. 719. di = — 75 —0.0436. 720. dy = 709 = 0.00037. 
—mdx dx dx 
725. ae | 726, —2Qxe-** dx. 727. Inxdx. 728, —4* _ 799, —1 +6089 
x? + Q? 1—x? sin? @ 
x 
. eldt 10x + 8y —ye Ydx yy x+y 
730. +e: 732. — Wy Bi + By dx. 733. = = 7 734 x—y dx, 
y? — xe 1] 


735. de, 737. a) 0.485; b) 0.965; c) 1.2; d) —0.045; e) 7 +0.025 =0 81, 


738. 565 cm’, 739. V5~2.255 VYI7~ 4.13; V70~8.38; VY 640 = 25 3. 

740. 3/10 = 2.16; §/ 704.13; 7/200 5.85. 741. a) 5; b) 1.1; c) 0.93; 
__ 2 __ 2 

d) 0.9. 742. 1.0019, 743. 0.57. 744. 2.03. 748, =)" _ 74g, =X (G0) 
(1 —x?)*/2 (1—x?*)/2 

20s ~) (dx). 751. one 3 (dx)? 752. —e-*x 


xX (x2 — 6% -+ 6) (dx)®, 753. ee 754. 3-2” sin (2x45 + 3) (dx)". 


750. (—sin x Inx+- 
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755. e*°°S% sin (x sina-+na)-(dx)”. 757. No, since f’ (2) does not exist. 


758. No. The point r=5 is a discontinuity of the function. 762. —E=0, 


763. (2, 4). 765. a) =o: by) B=. 708, In x= (x—I)— 5 (x—1)*+ 
9 _1\8 3 4 

ee where E=1+0(x—1), O<O0< 1. 769. sinx=x—F-+5 sin &, 
3 5 6 

where §,=0,x, 0<0,<1; sinx=x— 7+ — 7 sin by, where £&=60,x, 

0 770, e* xt xt gt 

V< 2<i. 70. é =iteto tat. +o ta 


(nl e*, where &=Ox, 
; in both cases §=Ox; 
$ 


xs 5 x? 
(1-+E)"2° 81 
Q<6< 1. 773. The error is less than 


Q0<@<1. 772. Error: a) = b) 
2 775. Solution. We have 


1 1 


—s 2 2 
V 4=(1+2) (1—= . Expanding both factors in powers of x, 


7 Ly 2 
Multipl,ing, we will have: VY Hew ip tg H. Then, expanding e in 


Xx 
. 109 x i aw x x l 
rowers of 7 Wwe get the same polynomial e*~1+ 7 +57 - 777. —z. 
2 
778 o 779.1 780.3. 781. 5 782. 5. 783. o. 784. 0. 785. — 
788. 1. 788. 2 789. 1. 790. 0. 791. a. 792. o for n> l1; a for n=1; 
0 forn<1. 793. 0. 795. _ 796. 797. —1. 799. 1. 800. e*. 801. 1. 


802 1 803. 1 804. —. 805. -. 806. 807. 1. 808. 1. 810. Hint. 


2 
Find lim — where s=* (a—sin a) is the exact expression for the area 
ad >o — bh 
3 


of the seginent (R is the radius of the corresponding circle). 


Chapter Hl 
811. (—o, —2), increases; (—2, o), decreases. 812. (—oo, 2), decreases; 
(2, ©), increases. 813. (— 0, 00), increases. 814. (—o, 0) and (2, 0), 
increases; (0, 2), decreases 815. {— 00, 2) and (2, 00), decreases. 816. (— oo, 1), 
increases, (1, 00), decreases, 817. (—o, —2), (—2, 8) and (8, 0), decreases, 
818. (0, 1), decreases; (1, «), increases. 819. (—o, —l) and (1, ©), in- 


creases; (—1, 1), decreases 820. (—oo, ©), increases 821. | 0, +) de- 


l , 
creases; (=: o), increases. 822. (—2, 0), increases. 828. (— 0,2), decreases; 
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(2, ), increases. 824. (—0o, a) and (a, 00), decreases. 825. (—o, 0) and 
(0, 1), decreases; (1, 0), increases 827, Ymax = 7 when Xz. 828. No 


extremum. 830. Ynin =O when *=0; Ymin=0 when x= 12; ymax = 1296 when x =6. 


831. Ymin = —0.76 when x~0.23; Ymax=0 when x=1; Ymin = —0.05 when 
x= 1.43. No extremum when x=2. 832. No extremum. 833. Ymax=—2 


when x =0; Ymin=2 When x=2 834. Vmax 7 when x=3.2. 835. Ymax= 


— 2 — 2 5 
=—3W3 when x=——e; Ymin=3V3 when x=->= 836. ymax=V 2 
V3 ” min . V3 - max ‘ 

when x=0 887. Ymax=—V 3 when x=—2V3; Ymin = V 3 when x=2Y)3. 
838. Yin = 0 When x=+1; Ymax=1 when x=0 8839. Ymin = — > V3 when 
r= (t—g) x Ymax => V3 when r=(4 +5 n) (k=0, +1, +2, ..). 


840. Ymay = 5 When x= 12 ku; Ymax= 8 608 = when r=12 (k=) 1; Umin= 


=—5 cos = when x= 12 Gs. NT Ymin== 1 when x=6(2k+1)n (k=0, 
+1, +2, ...). 841. Ymin=O When x=0. 842. Yin = —— when rae. 
843. Yinox = oe when r= 4) Ymin= 9 when x=1 844.) Ymine=] when 


x=0 845. Yin =— when x=—1. 846. Ymin =O when x=0; 


Ymax = > 
e 
when x=2 847. Ymi,=e when x=1. 848. No extremum. 849. Smallest 


value is m=— 5 for x=—4; greatest value, M=> when x=1. 850. m=0 
when x=0 and x=10; M=5 for x=5. 851. m= when x=(2k +1) >; 


M=1 for ree (k=-0, +1, +2, ...). 852. m=0 when x=1; M=nx when 


x=—l. 853. m=—I1 when x=—J]; M=27 when x=3. 854. a) m--—6 
when x=1; M-=:266 when x=5; b) m=—1579 when x=—10; M =3745 when 


x=12. 856. p=—2, q-=4. 861. Each of the terms must be equal to 5 


862. The rectangle must be a square with side 7 863. Isosceles. 864. The 
side adjoining the wall must be twice the other side 865. The side of thie 
cut-out square must be equal to z- 866. The altitude must be half the 
base. 867. That whose altitude is equal to the diameter of the base 
868. Altitude of the cylinder, 7a radius of its base R V2. where ic 
is the radius of the given sphere. 869. Altitude of the cylinder, RV2 


where R is the radius of the given sphere. 870. Altitude of the cone, 3° 
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where R is the radius of the given sphere. 871. Altitude of the cone, <R, 
where R is the radius of the given sphere. 872. Radius of the base of the 
cone >, where 7 is the radius of the base of the given cylinder. 873. That 
whose altitude is twice the diameter of the sphere. 874. p=1, that is, the cross- 
section of the channel is a semicircle. 875. The central angle of the sector 


is 2n V2 . 876. The altitude of the cylindrical part must be zero; that 


2 2 3 
is, the vessel should be in the shape of a hemisphere. 877. h= (, >_<? -_ 


878. z 3,7): 879. The sides of the rectangle are aV 2 and bY 2, where 
0 0 


a and b are the respective semiaxes of the ellipse. 880. The coordinates of 
the vertices of the rectangle which lie on the parabola (Fa, +2 V ea) 
881. (+ ‘a 7) 882. The angle is equal to the greatest of the numbers 


1 h 
arccos-—— and  arctan—. 883. AM =a ~~... . —, 
fe d i p+i/q V2 


885. a) r=I= 75 b) x= ae y=d V2. 886. x= y ; 


Pmin= V 2agQ. 887. V Mm. Hint. For a completely elastic impact of two 
spheres, the velocity imparted to the stationary sphere of mass m, after 
impact with a sphere of mass m, moving with velocity v is equal to 


2Ngv NR 


mi, km, 888. n= — (if this number is not an integer or is not a divisor of 
Niwe take the closest integer which is a divisor of NV). Since the internal resistance 
n’r 


of the battery is , the physical meaning of the solution obtained is as 


N 
follows: the internal resistance of the battery must be as close as possible to the 


external resistance. 889. yath. 891. (— 0, 2), concave down; (2, o), 


concave up; M (2, 12), point of inflection. 892. (—0, 0), concave up. 
893. (—0o, —3), concave down, (—3, oo), concave up; no points of inflection. 
894. (— oo, —6) and (0, 6), concave up; (—6, 0) and (6, ©), concave down; 
points of inflection M, (6, -3) ,O(0, 0), M, (6, x): 895. (— 00, 
— V3) and (0, V 3), concave up; (— V3, 0) and (V3, oo), concave down; 


points of inflection M,. (+ V3, 0) and O(0, 0). 896. (e+ 1 5 
(4k + 3) 3) concave up; ( (4k -+ 3) > (Ak-+5) 3 | , concave down (k=0, 


+1, +2, ...); points of inflection, (Qk-+1) =, 0), 897. (2kn, (2k+ 1) x), 

concave up; ((2k—1), 2kn), concave down (k=0, +1, +2, ...); the abscis- 

sas of the points of inflection are equal to x=kn. 898. ( 7a): concave 
e 
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] | 3 } oT, , 
down;({——, ©), concave up; M {—=, _—< } is a point of inflection. 
(5 ) P (Va 2¢8 


899. (— oo, 0), concave up; (0, o), concave down; O(0, 0) is a point of 
inflection. 900. (—o, —3) and (—1, 0), concave up; (—3, —I), concave 


down; points of inflection are M,| —3, a and M,|—l, ah 901. x = 2, 


y=0. 902. x=1, x=3, y=0 9038. x=42, y=1. 904. y=X. 905. y= — x, 
left, y= x, right. 906. y=—1, left, y=1, right 907. x= +1, y=—x, left, 
y=x, right 908. y=—2, left, y~=2x—2, mght. 909. y=2 910. x-<9 

y= 1, left, y=0, right. 911. x=0, y=1. 912. y=0. 913. x=—l. 
914. y=x—n, left; y=x-+n, right. 915. y=a. 916. y,,,=0 when x=0; 
Ymin = —4 when 129: point of inflection, M,(1, —2). 917. Ymax=1 when 


x=+V3; Ymnz=0 when x=0; points of inflection M, x +1, @ 
918. Ymax=4 when x=—1; Ym =O when x=1, point of inflection, M, (0, 2). 
919. Ymax=8 when ¥=—2, Ymin=0 when x= 2; point of inflection, M (0, 4). 
920. Ymin=—! when x-=0; points of inflection M, .(+ V 5, 0) and 
+1, — Toe ~ 921. Ymax == —2 When x==0; Ymin==2 when x=2; asymp- 
totes, x==1, y=x—I1. 922. Points of inflection M, .(+1, +2); asymptote 


x=0. 923. Yma,-=—4 when x=—1; Ymin=24 when x=1; asymptote, x=0. 
924. Ymin=3 when x=1; point of inflection, M V9, 2, 0); asymptote, 
x=0Q. 925. max = when »=0O, points of inflection, M +1, 

asymptote, y=0 926. Ymax-- —2 when x-=-0; asymptotes, ee 4s and ye 0. 
927. Yminzz—! when x=--1l; ¥myy=!1 whenx=1; points of inflection, O(0, 0) 
and M, , +2V 3, V3). asymptote, y=0O 928. Ynay=1 when x—4; 
point of inflection, M (5, z)3 asyimptotes, x=2 and y-=0. 929. Point 
of inflection, O(0, 0); asymptotes, »=+2 and y=0. 930. Ymax = — T¢ 
when x-= —; asymptotes, x--0, x=4 and y=0 931. nay =—4 when 


3 
X=-—1; Yniy=4 when x=1; asymptotes, x=0O and y=3v 932. A(0, 2) 


and B(4, 2) are end-points; Umay—=2V 2 when x=2 933. A(—8, —4) and 
B(8, 4) are end-points. Point of inflection, O(0, 0). 934. End-point, 


A (—3, 0); Ymin =—2 when x=—2. 935. End-points, A(—YV 3, 0), 0(0, 0) 
and B(V 3, 0); Ymax= V2 when x=—I; point of inflection, M(V 3+2YV3, 


2 
6 V i+). 936. Ymay==1 when x=0, points of inflection, 


M,,2(+1, 0). 937. Points of inflection, M,(0, 1) and M,(1, 0); asymptote, 
y=—x. 938. yna,=0 when x=—I; Yin = —! (when x=0) © Gmax = 


when x=0; points of inflection, M,, M, (+41, / 2); asymptote, y= 0. 
940. Ymin =—4 when x=—4; Ymax=4 when x =4; point of inflection, O (0, 0); 


3 
asymptote, y=0. 941. Ymin= V/ 4 when x=2, Ymin = 4 when x=4; 
Ymax==2 When x=3. 942. Ymin=2 when x=0; asymptote, x= +2. 


943. Asymptotes, x=+2 and y=0. 944. vain 72 when x= V3; 
2 
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Ymax==— z7= When x==—3; points of inflection, M, (—3, — 5). 0(0, 0) 


when x=6; point 


and M, (3, >) asymptotes, x=+1 945. Yoin= 


3 
12 V2 
of inflection, M / 12, === |; asymptote,x=2 946. Yay =~ when x=1; point 
/ 100 e 


of inflection, M (2, 2 ; asymptote, y=0. 947. Points of inflection, 
e 
M, (—32, 7) and M,(—a, 7) asymptote, y=0. 948. Yma,=e? when 
3 


x=4; points of inflection, M,, 2 S22V 2 e? ; asymptote, y=0. 


3 
949. Vmax =2 when x=O0; points of inflection, M, , (41, =): 950. Ymax= 1 


when x=+1; Ymin=0 when x=0. 951. Ymax=0.74 when x=e? 7 39; 
point of inflection, M (eM = 14, 39, 0.70); asymptotes, x=0 and y=0. 


a 3a* 
952. Ymin= -£ when =e point of inflection, M rt —ia) 


2 
953. Ymin=e@ When x=e; point of inflection, M G J) sasymptote, x= 1 


| 
y+>0O when x0. 954. Ymax==—~ = 0.54 when x= | —1=—0.86; 


ee 
1 

Ymin =0 when x=0; point of inflection, M (4-1 =— 0.63; = =0.37] 

y +0 as x-+—1+0 (limiting end-point). 955. ynjg=1 when x= +: V 2; points 


of inflection, M, .(+1.89, 1.33); asymptotes, x=+1. 956. Asymptote, 
y=0. 957. Asymiptotes, y=0 (when x+-+0) and y=—vx (aS x +— 0). 


958. Asymptotes, r=——, x=0, y=1; the function is not defined on the 
interval ~F 9], 959. Periodic function with period 27. ymin=—V 2 
when x=7 T+ Qk; Ymax= V2 when rattler (k=0, +1, +2, ...); 


points of inflection, M, (fate, 0). 960. Periodic function with 


period 2n. Ymin= _+ V3 when =2 t+2kN;  Ymax = SV3 when 


= =+ 2kn (R=0, +1, £2, ...); points of inflection, M,(kn, 0) and 
Ny (ar cos ( — 7) +2kn, Rs Vib). 961. Periodic function with period 2n. 


‘On the interval [—x, a], Ynax= > when reba Ymin=— 2 ~when 


xX=+%; Ymin=0 when x=0; points of inflection, M, .(+0.57, 0.13) and 
Ms, ,4(4+2 20, —0.95). 962. Odd periodic function with’ Period Qn. On inter- 


val (0, 2m}, Ymax= i when x=0; yai,=0.71, when raz: Ymax = 1 when 
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x =: Ymin=—1 when *=%; Ymay=—O0.71 when = 25 Yin =—1 when 


eam Ymax=!1 when x=2n; points of inflection, M, (0.36, 0.86); 
M, (1.21, 0.86); Ms(2.36, 0); M,(3.51, —0.86); M, (4.35, —0.86); 
M,(5.50, 0). 963. Periodic function with period 2m. Yin = 5 when 
x =p + ke max = — Le when xa D4 Qkn (k=0, +1, +2, ...); 
asymptotes, rat u+kn 964. Periodic function with period x; points of 
inflection, Ms (= + R01, ya (k=0, +1, +2, . ..); asymptotes, «= n-bha, 
965. Even periodic function with period 2x On the interval [0, x 


Y max = V3 when x =arc cos 73 > Ymax = 0 when * == 03 Yin = — 33 when 
xX == arc COS -73)) Ymin=0 when x=0; points of inflection, M, (=. 0) ‘ 
V2 4V7 V2 4V7 
M, arcsin V 2, —_— } > — in —— — ; 
( 5 97 ): M,|{ x —arc sin 7° 7 966. Even 
periodic function ywith period 2x. On the interval (0, x] Yamane | when 
x=0;  Ymax= e when zane cos ( — VE) Y'min = 3V6 when 


xX == arc C08 Te Ymin=— 1 when x=; points of inflection, M, (+ ; 0), 


—— i3 4 y8 _ yj 4 | 

M (ae cos 6° 9 oF M (are cos ( a): 9 8)" 
967. Odd function. Points of inflection, M, (kn, kn) (k=O, +1, +2, ...). 
968. Even function. End-points, A, (+2 83, —1 57) Ym = 57 when x=0 
(cusp); points of inflection, M, 2(£1.54, —0.34). 969. Odd function. 
Limiting points of graph (—1, oto) and (1, +0). Point of inflection, 


O(0, 0); asymptotes, x=+1. 970. Odd function. Ymax = — 1+ Pha when 


x a + he Yin == H+ 1+ Dk when rain tho; points of inflection, 


M, (kx, 2kx), asymptotes, ro 


mn (kR=0, +1, +2, ...). 971. Even 


function. Ymjn=0 when x=0; asymptotes, y=—> x—1 (as X-—oo) and 


y =r! (as x +--+ 00). 972. Yminp=O0 when x=0 (node); asymptote, y=1. 


973. Ymin = 1 +55 When x=1; Ymax= ey when x=—1; point of 


inflection (centre of symmetry) (0, x); asymptotes, y=x-+2n (left) and y=x 
(right). 974. Odd function. ymi,z=1.285 when "r=; Ymax = 1.856 when 


x=—l1l; point of inflection, M (0, 2.) ; asymptotes y=stn (when 


xX —+—0o) and y=5 (as x-»+-+ 00). 975. Asymptotes, x=0 and y=x—In2, 
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976. Ymin= 1.32 when x= +1; asymptote, x=0. 977. Periodic function with 


period 20. Yj _t when x= oom 4 ko; max =e@ When x= 4 2k 
n 6 y a 9 


2 
— V5-1' 
V5—1 5 | 


+ 2 
9 2kn, e 


(k=0, +1, +2, ...); points of inflection, M, (ar sin 


V5—1 vs+1) 
and N, \ — arc sin —5— + (2k-+1) x, @ ? y 978. End-points, A(0, 1) 
and B(1, 4.81). Point of inflection, M (0.28, 1.74). 979. Points of inflection, 
M (0.5, 1.59); asymptotes, y=0.21 (as x >— 00) and y=4.81 (as x ++ 0). 
980. The domain of definition of the function is the set of intervals (2ka, 
2ku-+n), where R=0, +1, +2, ... Periodic function with period 27, 


Ymax=0 when rast Qkn (k=0, +1, +2, .«..); asymptotes, x=A&n. 
981. The domain of definition is the set of intervals | (2-5) = 
Qk +3) x, where k is an integer. Periodic function with period 2x. 
Points of inflection, M,(2kn, 0) (k=0, +1, +2, ...);  asymptotes, 
x=+ + ke. 982. Domain of definition, x > 0; monotonic increasing 
function; asymptote, x=0. 983. Domain of definition, | #— 2k |< 
(k=0, +1, +2, ...). Periodic function with period 2% Yyjy=1 when 


x=2kn (R=0, +1, 42, ...); asymptotes, caf hkn. 984. Asymptote, 
y= 1.57; y+—1.57 as x—+0O (limiting end-point). 985. End-points, 


1 

l — 
Ay 2(4£1.31, 1 57); Ymin-==0 when x=0. 986. Ymin=(> )* = 0.69 when 
y= 230.37; y>ilas x++0 987. Limiting end-point, A(+0, 0); 


Ymax =e “= 1.44 when x=e> 2.72; asymptote, y=1; point of inflection, 
M, (0.58, 0.12) and M, (4 35, 1 40). 988. xin ==—1 when ¢=1! (y=3); Yan =—! 
when ¢t = —1 (x==3) 989. To obtain the graph it is sufficient to vary ¢ from 0 to 2z. 
min =— @ when f= 2 (y=0); Xmaxy =a when t=0 (y=0); Yimin =— @ (cusp) when 


3 q 
t=-+ > (x =0); Ymax= + @ (cusp) when t= = (x=0); points of inflection 


when t=22- 3st 51 71 ra4-—2 a 
ab eee (4 G75. u=4 75): 
] 
990. Xmin= —> when t= —1 (y= —e); Ymax => when ¢=1(x=e); points of 


inflection when t=—YV 2, i.e., (- y2 — ya) and when t= VY 2, 
e 2 


—~ 7 2° 
i.e., (v3 eV 2 v3) asymptotes, x=0 andy=0. 991. %min=1 and Ymin= 1 
e 


when ¢=0 (cusp); asymptote, y= 2x when ¢ ++ 00. 992. ymin =O when ¢=0. 
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. 74 pey2 
993.ds=—dx, cosa=4; sina=——. 994. ds=+ —— —< dx; 
y a a a a?—x 
2.2 _ 
cos at Y= sin a= — ee, where c= V a?—6?, 995. ds= 
V at— cx? V at?¥—c2x? 
l Vp y , p 
=— VY p?+y?dx; cosa=—=—==—;_ sina= —————.. 996. ds= Vie 
y V p+ V pty 
3/X 3 fy 
COS = —; sina=— =—. 997, ds = cosh — dx; COS @ == ; 
a a 
cosh — 
a 
sin a= tanh — 998. ds=2asin + dt; cosa=sin + ; sin a= cos >. 999. ds= 


= 3asint cost dt; cosa—= —cost; sina-sint. 1000. sa V 1 +9" dg; cos B = 


—__| 401. as= 5 “V1+ 9? dq; cos B= — 


=== « 1002. ds = dq; 
I+@ Vie cos? 
2 
sin B == cos ‘ . 1003. ds =acos + dq; sin B =cos at . 1004. ds = 


ee 2 
=r VI+ (Ina)? dg; TTF Ora 1005. ds-=—- dg; sin B =cos 2p. 


a b 6 
Tat be 8 a 3V 13 
1010. K= 1 at both vertices. 1011. (5 ; 3) and (Fz —3) . 
a 
In 2 9 _ (1 +- 9x43? (b* x? + a‘ y?)3/? 
1012. (— 2, Ve). 1043. pal toe . 1014. R= ——aape 


3 
5 asin 2t]. 1017. R=jaf|. 1018. R= 


— 4 
==|r Vitk®|. 1019. R=| x acos 2 |, 1020. Ryorst={pl. 1022. (2,2). 


3 
2 
1023. (-54 52). 1024. (x3) + ( -+] =>. 1025. (x-+-2)?+- 
° 2 
+(y—3)?=8. 1026. p¥?= 5 (X—p) (semicubical parabola). 1027, (aX)* + 
2 4 
+ (bY) * -=c*, where c?=a?—b?. 
Chapter IV 


In the answers of this section the arbitrary additive constant C is omit- 
ted for the sake of brevity. 1031. 2 atx’ 1032. 2x°+-4x?+-3y. 1033. 4 
n-—1 


by x? abx* 7 
+ Cre 1034. ate BE OE 1035. = V2 px. 1036. ~ i 
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1037, yn. 1038. atx—sa*x 3 + pats! —-=. 1089. ax mys ———— + x. 


8x4 3S xy 8x2 3/7 y 3 2m ify m+n on 
1040. vo _ Vv —6 j/ *. 1041. am Vix 4x Vx aE 
intl amt an 4n+1 


Xx 
1042. 2a ae 4x V ax— 2x? 1043. a arc tan = 
+ + Ve V7 V7 

1044, —1—In z—V10 1045. In(@xt+ V4422). 1046. arc sin—— 
“29V10 |x+Vti0l’ 2V 2 


1047. arc sin veo (x-+- V x*+9). 1048*, a) tanx—vx. Hint. Put tan? x= 


I 


= sec? x—1; b) x—tanhx. Hint. Put tanh?x=—1— . 1049. a) —cotx— 


cosh? x 
, . (3e)* c . a _ 
—x; b) x—coth x. 1050. Indl: 1051. ain <I. Solution. \-5 dx = 
_ d(a—x) _ C 
=—a\ oe = —aln|a—x|+alnc=aln ait 1052. x+In[2x+1]|. 
. er . 2x+3 _ 
Solution. Dividing the numerator by the denominator, we get i i 
_ 2 2x +3 2dx d(2x-+1)__ 
=I+oy47- Whence ax bei =) tet Sacer “ox+l 
=x+In{Qx+1]. 1053. — get gn se 2a, 1054. = —F In |a+ ox]. 
2 
1055. 254% oH in jax +B. 1056. ¥pex+2In]x—l]. 1057. tet 
+In|[x+3]. 1058. BS pat4 x43 in| x1. 1059. a?x + 2ab In | x —a|— 
b* l xdx —( («+ 1)—1 _ 
y= 4" 1060. aT Hint. c+ie a+ dx = 
_ —_ — 3° _~ 8 
=| - \ a 1061, 2o>Vi—y. 1062. 2 Vf Gain. bx). 


2 
1063. x?+1. Solution, ( 22 — 1 (¢@4i+) = Vx?t+1, 1064.2 VY x+ 
Veri 2) Vert 
In? x 1 yp 1 cya 
—— , 1065. — arc tanx —. 1066. ——In | ————_|!. 
+9 V 15 5 4V14 |xV¥74+2V 2 
l n J a+o+% po 1068. x—YV2 arc tan *. . 
Va+b6—x V a—b V 2 


1067, 


2 V a?—6? 
x 2 5 2 x 
1069. —| —-+—— In| a?—x? | 1070. x— —In(x?+4)+ arctan —. 
2 2 2 2 
1071. Wi In (2 V 2x+ V 7+ 8x?). 1072. Vi = are sin x V2 . 
1073. § in] 3x22 | -—= xV3—V 2 


3 


5 
—— In} ——————— |. 1074. 3 are tan V 2s 
2V6 Vary V 35 7 
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—Fln (5x? +7). 1075. S V 5x? + 1+ 73" (xV 5+ V 5x? +1). 1076. V x?—4 + 


+ 3in[ x+ V 2—4]. 1077. 7 Loin | x7—5|. 1078. qin (2x? + 3). 


1079. | In (a?x* +- ot) 4 arc tan —~ . 1080 t arc sin oa 1081 i arc tan x? 
3g b 5 7 3 . 


2 
9 (arc tan 3) 
njxt+ V x®—I1|. 1083. z V (arc sinx)®. 1084. 


1082. xl ; 2 

1085. x In(i+ at) — are tan 2 1086. 2 Vine+ VI+ 2. 

1087. —— eo me, 1088. st x 1089. ef-te-!. 1090. et +o 

2x 
—* e 4. 1091. manna (—e) —* 1092. Ve ae™ aS 
1 
1093. aEreat 1094. sat 1095. —e*. 1096. 5% 
x a 

1097. In{e*~—1] . 1098. 5 V (a—be*)> 1099. et +h)? 1100. =— 

= in (2*+3) Hint. e3= 5 ('-e53): 1101. | are tan (a*). 
~ 31n2 “pee 13 3 2* +3 Ina 

1102. -" ae . 1103.  arcsine’ 1104. — + cos (a+ x). 

1105. V 2sin V3 1106. x— 5 Cos 2ax. 1107. 2sin V x. 1108. —In10x 

xcos (log x) 1109. x _ See Hint. Put sin? x= 4 (1—cos 2x). 110. ++ 

4 Suet Hint. See hint in 1109 1t11. ~ tan (ax + 0). 1112. ee. 

1113. ain tan 114. = In tan (F+ ar 1115. <n tant? 

1116. 9 tan (x?). 1117. 5 cos (1—x" ). 1118. rpg cots V 2— 


— VY 2\n tan SV 2). 1119. —In|cosx|. 1120. In|sinx]. 1121. (a—86)x 


xX In }sin |. 1122. 5in 


sin =. 1123. —2in|cos V x]. 1124. | inx 


5 2 
om (x2 a og x sin? 6x 

x] sin (x?-+1)]. 1125. In| tanx]. 1126. 9 sin? —. 1127. A 

| l | —____~. 
1128. — 7. 1128. —-z In (3-+cos 3x). 1130. — V cs 2x. 
1131. — 4 Ya +3cos?x)® 1132. > tant = . 1133. * Y tan? x. 

5 

3 cot ay 1 l ax 

1134, ——S>_*. 1135.5 (tan 3x+ = am) 1136. s(™ | tan | +2sinax ). 


14-1900 
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1137. + In| b—a cot 3x]. 1138. = cosh ox a sinh 5x. 1139. —< 44 sinh2x. 


1140. In| tanh 5 |. 1141. 2arctane*. 1142, In|tanhx]. 1143. Incoshx. 


i 
1144, Inj sinh x]. 1145. —75 2 §/G— a — xi). 1146. 7 In] x*—4x + 1). 1147. 


] 
= & 
5 
1 e7*?, “v 
Xare tan —= “at 1148. > 1149. Vy: arc tan (+ V 3) _ 
2 
Ve 


I 
=): 1154. Thx: 
| 


4(2x?+1) ~ 


ee 3 2 
—73 (x V 3+ V2+ 3x). 1150. ap tx 2 inet. 1151. — 
3 
1152. Injx+cosx|. 1153. 3 (In sec 3x + tan 3x 


1155. In] tanx+ Y tan? x—2]. 1156. V 2 arc tan (x V 2)— 


! 3 3 2 
1157. ae 1158. fey 1159. = are sin (x?). 1160. + tan ax—x. 


1161. * _ sink 1162. are sina 1163. aln ied =) 1164.5 3/ (i+ In x)*. 
tan — =|: 1167. earc tan x4 


2° 2 9 
1165. —2Injcos¥x—1]. 1166. > 


2 2 — 
4 IEE) 4 are tan x. 1168. —In|sinx-+cosx|. 1169. WV 2In tan ———|— 
4 5 2V2 
x—YV 2 
—2x—YV 2cos = ——. 1170. x+—iin ae 1171. In] x|+2arc tan x. 
V2 V2 |x+V2 
1172. e sin of 1173. ares 2V 3 4+ V 4—3x?. 1174. x—In(1+e*). 
1 b 
1175. — arc tan x V2. 1176. In(e* e2* __9 1177. In tanax 
iF = (e* + V e* —2). |tan ax}. 
x 2 
T Ont 2+1nx (sew) 
1178. — Zoos (+4). 1179. In lax 1180. a 
‘ 2 
1181. —e7'2"*, 1189, zaresin (7 =). 1183. —2cot 2x, 1184, (Arcsin zy 
2 V 2 2 
—~Vi—x?. 1185. In (sec x+ V sec? x-+ 1). 1186. | in V5 +sin 2x . 
4y5 — sit) 2x 


tan x dx dx 
1187. vi arc tan ( V2 ) . Hint. \ pear | sin?x }2cos*x 


(ath, 1188. VY tin e+ VIF HP. 1189. | sinh (x*43). 


tan? x +2 3 


1190. noe" *, 1191. a) — are cos V2 when x > V3; b) —In(1 +e7*); 


V2 
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c) gy (B83); d) = V G+ i—2V esi: e)  In(sinx + V 1+ sin? x). 


1192. 3 (Sea ]. 1193. 2(Ve_* 42 VY x—2Injl+ Vx) 


4} 12 i 3 
1194. In pe _ 1195. Qarctan Ve*—1. 1196. Inx—In2In[inx+ 
XxX 
* 3 __ 
4.2in2]. 1197. (ere 1198. © (e* —2) Ver +1. 1199. 2 (cost x—5) x 
x V cos x. 1200. In sal: Hint. Put xo . 1201. -5 V 1—x? + 
1+ Vx?+1 t 
2 —_—_ —_————_ ___-— 
+5 are sin x. 1202. — 5 Viv V2—x*, 1203. Vx?—a?— 


1\., . 
—a are cos — 1204. arc cos if x > 0, and arccos (-=) if x<0*) Hint. 


= ——z 
1+V¥44) _ 1206. _V4=* note. The 


Put oe 1205. V x?+1—In 
substitution — may be used in place of the trigonometric substitution. 
1207. = V1 B45 arcsinx. 1208. 2arcsin VY x. 1210. = V x? —a? + 


2 —$_—_—$_— 
+5 Inf xt Veta? ]. 1211. xInx—x. 1212. xare tan x——y In (1 4-2"). 


1213. xarcsinx+ Vl—x?. 1214. sinx—xcosx. 1215. — Se 4 coset . 
In2+1 a 
1216. ~2*. 1217, —S . 1218. 5; (9x* 6x +2). Solution. In place 


of repeated integration by parts we can use the following method of undeter- 
mined coefficients: 


\ x?e®*dx = (Ax? + Bx +C) e* 
or, after differentiation, 
x?et* — (Ax? 4+- Bx + C) 3e** + (2Ax + Bye. 
Cancelling out e** and equating the coefficients of identical powers of x, we get: 
1=3A; 0=3B842A; 0==3C+8B, 


whence A=x; p=—; c=Z. In the general form, \P, (x) e@* dx = 

= Q,, (x) e?*, where P,, (x) is the given polynomial of degree n and Q, (x) is 

a polynomial of degree n with undetermined coefficients 1219. —e-* (x?-+5), 
x 


Hint. See Problem 1218*. 1220. —3e¢e # (x8 +. 9x2 + 54x + 162). Hint. See 


*) Henceforward, in similar cases we shall sometimes give an answer that 
is good for only a part of the domain of the integrand. 


14° 
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: 2 
Problem 1218*. 1221. — 2008 Pe ane 1222. cee TE in Qe + 


2x +5 
4 


+- 


mined coefficients in the form 


cos2x Hint. It is also advisable to apply the method of undeter- 


( P,, (x) cos Bx dx = Q,, (x) cos Bx + R,, (x) sin Bx, 


where P,, (x) is the given polynomial of degree n, and Q, (x) and R,, (x) are 
polynomials of degree n with undetermined coefficients (see Problem 1218*), 


1223. In xX 1224. xin? x—2xinx-+ 2x. 1225. _inx 
3 9° Ox? 4x? 
_— ne 2 2 
1226. 2 V xinx—4 V x. 1227. * - arc tan x5. 1228. 5 are sin mF x 


x arc sin x += V t—x?. 1229. xIn(xt+ VI+x7)—V 142%. 1230. —x cot x+ 


x x e* (sin x —-cos x) 
+i1n|sin x|/. 1231. sig tin| tan 5], 1232. nn 
3* (sin x +cos x In 3) e@* (asin bx—6 cos bx) xX, 
1233. i+ (in 3)" . 1234. ———— Te . 1235. 5 [sin (In x) — 


—%x2 _ _ 8 
—cos (In x)]. 1236. eee 1237. 2e” * (WV x—1). 1238. (F—x+ 


x? x —x In?x 2inx 2 
+3x Jin t— 9 + 53k. 1239, ~ 7 Mint lx —x. 1240. ST Te 
x! 2 ste 
1241. [in (In x)— 1]-Inx. 1242. g are tan 31—* ap In (9 +1). 1243. 
(are tan x)? —x arc tans+o In(l+x*), 1244. x (arcsin x)?+42 aa 
X arcsinx—2x. 1245. _ ae aes tin AS . 1246. —2Vi—xx 
& 1+ V i—*x? 


_ _ 2 ~x 
xarc sin V x+2 V x. 1247, stan ee Mice erl 1248. <~*x 


oe oa 1} 1249. x 4 ke x cos (2 In x) + 2x sin (2 In x) — 
2 10 
1250. +5 = arc fan x. Soluti Puttin and du= x dix 
—sgnt olution. Putting w=x =D?’ 
we get du=dx and v= apen Whence \ "n a — WET + 
x x 
+\ sarcy Teh — OG Et “5 are tanx+C. 1251. sa(z arc fan = + 


x 
+e ;}. Hint. Utilize the identity l= [+a —21], 1252. zx 


gt __ 
xVaGa—e+s arc sin — Solution, Put .= V at—x? and du=dx; whence 
du = — andu=x:wehave | Vai—xdx=x Vai—xvi— as dx 

a? — x 


on X V at— x? ~ (Cates va—a— Va—wax+al __ oe 
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Consequently, 2| V &—x? dx=x V a?—-x?+-a? arc sin ~ —. 1253. _ 5VA + x? +. 


+4 In|x+ VA+x|. Hint. See Problem 1252*. 1254. —> V 9— x? + 


+5 arc sin ~. Hint. See Problem 1252*. 1255. i arc tan xt I 1256 1y 


3 ° 2° , 
6x— | 
| . 1257. 2 arctan ——. 1258. > in xt—7x+ 1 — 
x In x13 vi Vil ( x-+ 13) 4+ —- 7 
x are tan a . 1259. <n (x? —4x + 5)+ 4 arc tan (x —2). 1260. x2 In (x? +. 


2x-+3 
V7 


+. 3x + 4) 77 arc tan 1261. x-+3 In (x? —6x + 10) +8 arc tan (x —3). 


1262. 730 sin = . 1263. arc sin (2x — 1). 1264. In r+ 54 ana ‘ 
1265. 3 VY x?—4x-+5. 1266. —2 V1l—x—x? —Yarc sin 
1267. 5 | V3e—%x +1 2x+1 + a "(- V 5— J + USES! 2x +] ): 
5 V5 V5 
x 
1268. In | ———-———— | . 1269. —aresin 2 =. 1270. are sift | = (x> V 2). 
1+ Vi—x | x va nV? 
1271. “arene 1272. zt arte tinests Vx?+2x +5 +5). 
1273. ~— l Vee —x? +y are sin (2x — 1). 1274. ett V 2—x—x?+ 
—3 —s1 
+— are sat as 1275. - In Saal 1276. 5 arc tan? at . 
1277. In (+54 V1 + e* a 1278. —In|cosx4+ 2+ V cos?x + 4cusx + |. 
. oe _ 2+1nx | x x-+ 6 
—|n?x— —; 
1279. — V 1—4Inx—In? x—2 arc sin Ve 1280. a: In ha 
] (x— 1) (x +3) 
—3|— 9 . i x re) 
1281. x+31in|x—3]—3 In| x | 1282 79 In oe. By 
a 161 
(x— 1)4 (x —4)° x *(x—A4) ° 
-—____—_.,—— |. 1284. In | ——\—__—_ i 
1283. In rr); 1284. 5x -+ In 7 . 1285. rs + In =a 
(x—1)° 
1 | x6 x 11 8 
ee. gets | oper] 8 FG RT 
9 1 8 27 30 x—5 
— ——_—_— — ~—__——-. , 9, ———__ — —_____ |, 
288. Ssh: 8 ELH wernt" | Aas 
l x | 
1290. © RRS 1291. x-+In Veril 1292. x+—7 In ai 


] 2 
—-7 are tanx. 1293. 5 In| x—3|—g In| x—1 I+ gg in (* +48+5)4 75 x 
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l (x + 1)? 2x—1 | 
= I —-, 1295. — 
<arce tan(x+2). 1294 6 In a @oxtit Va arc tan —-— Va V3 x 
wets V 2+1 ra: xV 2 1, e@tx4l 1 
"eae VHS rete ae p! Fast B73 
x are tan x 2x — 1 


ae 1297. FU +) +— 7: 1298. TGF poe 15) 4. 


x-+2 5 2x +1 
+arctan(x+1). 1299. PTET 3 avs" arc tan V3 
3x —17 


Tee +5) +F In (x?—4x +5) 4! 7 5 are tan(x— 2). 


—x?4+ x 4 in|x+1[—4 In (2+ 1)+> are tan x. 


4(x+ 1) ut pty t 
3 x 3 — 1 15x5 + 40x? +- 33x 
1302. —- 3 arc tan *—FGt— 1) 16 In a . 1303. 8 +e) 
x— 


l 2 
43 48 S are tan x. 1304. <— aay pat? In (x? —2x + 2)+3 arc tan (x— 1). 


1805. a (8 in| 28-4+8|—In| 841). 1306. & Inj xt— 1] — 


x1+1—V5 13 3 
ee . 1307. ee rd 
ait D(e—4et xa 
et I } 


1296. 


x1 


x are tan — 


-F In (x? ++ x+ 1). 1300. 


1301. 


| In 
2V 5 
| 


. 1808. x (2In 


1310. njxt—binpe st. Hint. Put 1=(x%?+1)—x’. 
1 


Jinp toe —i— 
q inf e+ xt—1 | 


! 
1309. ——- + 


—] 


| 
1311. Inj x|—= In} x5+1 tsar . 13812. arc tan (x-+ yy—t arc tanX 


3 6 
x-+1 ] 1 ! | 1 ] 
——. — 3 _. 1)\2 
—arc tan x. 1315. ne . 1316, 3 y 
7 5 10a? 
x[2 V/ (ax + 6) —5b j/ (ax + 6)? | 1317. 2arctanYx+1. 1318. 6 Y/x— 


3/7 = 6/7 6 are GS « 3 3/4 
—3 j/ x+2V x—6 In (1+ 77x). 1319. x V I-= / #-5 / e+ 


+2V x—3 / *—6)/ x—3 in| 1+ y/ x/+6 are tan / * 


(Vx+1—1)? - 2 2Vx+I+1 
1320. In | ——————__—— —== arc tan ———_-—__ . 1821.2 V x—2 V 2 
x+24+Vx+il V3 V3 7 
x ; ——— Vx: —1 1 
< are tan yz . 1322. —2arc tan V1—x. 1323. > (*—2) +5 In] x + 
| 2? z+z+i 2z2+1 22 
+Vx 1]. 1324. zine t (@—i)e +g are tan V3 +HF' w here 


3 /yxyt] 2x +3 2x 
z= \/ SE ta06. ~V2+3 igo6, ats Vemetite g In (2e —1+ 
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2 4 
4+.2Vx?—x+1). 1327. Stet V 1—x*. 1328. (a ~2 ett x) x 


———- 5 ns l 3 m3 i 
x VI+ = In (+ VIF 2). 1829. (gata) VFO l g are sin— 


a V#—eF1+y nx 
f/x +i ‘+141 


/* riyi—l 
on — 1 (z— 1)? 

1334. rr 1335. io Tpe+1T 

1 4+3%x3 


— 3/1 x8 —— ee 
where z=j/1+ x5, 1336. 8 sa4ey 


] =—5, i! | 
1330. r(e+ 1 V x + 2x— 9 arc sin <4" 


x (2x—1+42 V @—x+1). 1332. he. 1333. fin 


1331. 


_ i 


arc tan Je t+. + 


1337, —2 V ota « + 1)?. 1338. sin x—— sin’ x, 1339. —cosx-+-+ cost x — 


sin?x sin’ x 1 ,* 1.x sin? x 
nan a 1341. 7 cos 773 cos a ° 1342. 9 

] ; 3x sin 2x sin 4x 
~Bsinte Sash 1343. 37a tae 

x  sin4x sin 4x . sin® 2x 5 1. 1. 

3 35 . 1345. =— or 48° 1346. 16* + 75 si0 6x + & sin 12x-- 


3 
- - sin® 6x. 1347. —cotx— cot’ x . 13848. tan x + - tan® x + = tan® x, 


a= 


_ - cos® x. 1340. 


§ 
cor #_ se x 1350. tan x + —~— tans —2cot 2x. 1351. z tan? a 
3 1 ae 
4 8n|tanx|—57—- — Fyanay 1382. —— +2in |tan = 1353. 
x tn 


x 0 
+n ton (S+7) 
1355. 


cos? — 
Q 


x 
tan 5 


x 
tan m7 


—cosx 3cosx , 3 
1354. 4sintx 8 sutx tg lM 


sin Ax 3 sin 4x 7 l 
iG costda + 32c0s* 4x + 39!" tan (2¢4+7) |. 1356. -— tandx—x, 


i) 
1357. — re Injsinx|. 1358. — 3 cot? x-+cotx+x. 1359. S tan? = 4. 
x? sin 2x2 cot? x 
+x. 1360. 77 3 . . 3 


—— a 2 ioy——. 3 6 — 1. 
1362. S 8/ cot x r+5 2 asa i— Te 3 3/08 x. 1363. 2 V tan x. 1364. 75% 


z+2VY2+1_ 1. arc tan 2 zV 2 _WRoo _ces8x 
a2 Von V3 a where z= V tanx. 1365. i +. 


cos 2x sin 25x , sin 5x 3. Ox x 3 x 
+7 . 1366. — 50 + The 1367. 5 sin ete sin $e: 1368. > COS 37 
— 0s t. 1369. sin aa oes 2b _ 1370. fos sin rte) 1371. a 


Fant g— Stang Fol cos = 


In 
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sin 5x . sin 7x 1 1 } ] 
“a9 tb ag7 . 1372. 54 ~— cos6x — — cos4x — — cos 2x, 1373. 


i6 8 qin 


tan +2 


1374. 5 |tan (5 +3) |: 1375, x—tan >. 1376. —x-+ tan x- sec x. 


x 
tan 578 x 
1377. In — | 1378. arc tan (1+tan). 1379. 


tan>—3 


12 


aia In| 2sin x +- 


+ 3crs x Solution. We put 3sinx + 2cosx=:a(2sinx + 3cosx) + 
+6 (2sinx+3cosx)’ Whence 24—3B=3, 3a+4+28=2 and, consequently, 
12 5 
Q 


3 sin x + 2Qces x 12 
=79° P=—3- We have \ soe = 13.) & — 73% 
(Qsinx+ 33ers rv)’ 12 


5 
Duixqsdeun dx = 73 x—7q In| 2sinx+3cos x]. 1380. —In |cosx—sinx|. 


1381. > are tan (=) Hint. Divide the numerator and denominator of the 


2 3 
ors 


fraction by ccs?x 1382. viguctan 
—VI 

Pras a, Hint. See Problem 1381. 1384. 41n x 

2tanx+3+ V 1g 5 

, 1 2 

Hint. See Problem 1381. 1385. — F(T —cos m 1386. vor x). 

1387, bon V2t8In2 ggg Ly SSO ggg 2 are tan x 


oY 2 V 2—sm 2x" ° 4 1—sin x" 7% 


2tan~——1 3tan>—1 


): Hint. See Problem 1381. 


1383. in 


y 3 


tanvy—5d 
tan x 


2 , , 
x —=—- — — arctan ———-——-.. Hint. Use the identity 
V3 V2 2yY 2 


. x 
; \ 1 tan — 


i 2 . 
(2—si x) (3—sin x) 2—sinx 3—sinx’ 1390. —x-+2In rr - Hint. 
tan gt! 


]—sin x -+-crs x 2 cosh? x 
Use the ee T+sinx—cosx —I+issnxmcos x . 1391. —z— — coshx. 


H 4 
sinh tr 1393. sinh* x 1394. 2,5 4x 


| tanh? x 
2 


1392. 3 Sx 


t cosh * 1396. —2coth2x. 1397. In (cosh x)— 


1395. In | tanh 5 


coth® x 3 tanh—+2 
1398. x—coth x————.. 1399. arctan(tanhx). 1400. —*_ arctan —_—_—_——_ 


V5 Vs 
2 , 
| aaa tan (e* v3) . HOE Hint. Use the identity 


— =: (sinh x- cosh x). 1402. In(V 2cosh x+ V cosh 2x). 


75 


-Sinh x —cosh x 
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1403. st? V3—2x— a + Qaresin 1404. _ V2 + x?-+ In(x + V 2+x’). 


1405. = V9 FS in (e+ V9+x), 1406. = Vet—O2x +2+ 


+p In(x—1-+ Vit 2e $9) 1407, 5 Vt—4—2 In| x + Vr 4]. 


1408. ot V x? Fx—yin [2x-+1+2 Vx?+x| - 1409. x—3 V x°—6x—7— 


—8in| x—34+ V x?—6x—7]|. 1410. ay (2x + 1) (8x? + 8x +17) V x? x+14+ 


per in 2x+1+2 V xt+x+1) 411. 2 = 1412 a 
jog lex rt x1 ‘4 VP x2—2r+5 * 
9 11 v2 5) 2x 
1413. | oaretan 2% ~ V2 1414. | — In Vite+xV2 1415. x 
V 2 Vi—x 2V 2 V1i+x?—x V 2 
2 
x (42x + 5x# 5 +5] 1416. = (#45 sin 6x + = cos 6x— =, sin 6x ) . 
4 7 2x 
1417. a 3x anos Forse ane 1418. - (2—sin 2x —cos 2x). 
x a1 . 3 ( 
1419. 5 (eee ee). 1420. * satin x-+cos x)—sin x). 


1421. — Sty lnieX—1] +o in(e® +2) 1422. enone 4 V e* + x41). 
1423. * [2 nj + In (1—x?) + x? | 1424. x In? (x + V 1+x?)—2 V1i+x2x 


xe 9 5x +6 
2 x “TT” 
XIn (x + Vi-+x + x?) + 2x. 1425. 9 ~ im) arc cos (6x — 2) 100 x 
Op OR TE sin x cosh x —cos x sinh x ] 
x V 20x —25x?—3. 1426. a. 1427. I TH Ta 1a 
—*__ on yr 1s a= ae t -ha lk 
x (parytni + | n— 3) n-1| ; 1,= oa (seats an — ; 3=7 x 
x (3x? + 5a? x cos x sin” ~ 1 n—|! 
penta t op arctan z| - 1428, T= — tI 
I 3x cosxsin?x  3sin 2x = cosxsintx 4 OO sin? x 3 cose. 
ae en nn |: 15 
sin x n—2 sin x l x x . 
1429. I= Hyco tx taal ne Zcoeg tg tan($4+F)|3 
I= ped +H tan x 1430. /,=—x"e~*¥+-nl,_43) [y= —e7™ (x! + 10x° + 


+.10-9x°4-...4+10-9-8 ... 2e+10-9... 1). 1431. ase (x I) 
V7 
(x— 1)? 


1432. In VP x?— 2x + 2—4 arc tan (x—1). 1433. 5 +4 In (4+ +5] + 
1 I V x? x+3) 1 
+p arctan (2x1). 1434. Gin Yo Arg. 14896. 21n |= -m- 


d x-+1 ] x ] x 
1436. 5 (i Ve@ui| +1 1) 1437. a (spat pert 73) 
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2x x+1 l x—2 2x — 1 
va98. (ae tin |4]). a 5 asp} t Poe 
2 2x —1 x(3+2 Vx) 1 4 1 
———— arc tan —. 1440. ————. 1441. ———>=-—-; 
T3735 V3 1-2 V x x 3x Vx 
ora dy — 2. 6 /(ax)8 __ 3 

1442. In (x+5+ Vx +41). 1443. V2x—= 7/ (2x). 1444. — 5 =aT’ 
2x—| ‘;e— ‘se— 
145. ———_—__—_—— . 1446. —2 5—x—1)?—4 In (1 5—x). 
Rei (/ ) (1+ )/5—x) 


—____ ~_ y2 
1477. inlet veri gaey 1448, —+ V 4. 1449, 1 


——_—___— + 


x2—] ° 1+ x? 2 
1 yan e=?|_ | x 
va 1 1/1 a . ey ys 
2(x +1) I _!t fit x ys 
xX arc sin a Hint. Poa ae ( =) . 1452. 9 V ?—9- 
—Sin lx+ V x29]. 1453. 5; (8x—1) Vira +o arc sin (8x — 1) 
2 CLR. 
1454. In S| 1455. (x? +. 2x42) VPP Oxo 
x+142Vx24x4 1 3 
—_ ee 2__ ] 
—ut) FRR ph (x+1+ V x? + 2x + 2). 1456. ys _ 


‘jy? 1s __ y3 __ 
VW ggz, Aig | EA 
3x 3 i—x?+ 1 


38/743 
1. 22 +1 _Y 1ts 5 
+e In(z +247 are tan V3" where z= ; 1459. 3X 


xX are sin ~ 1451. 


In 


1458. — Injz—1|+4 


xIn(@t+ Vi+x4). 1460. Se, sin 2x ax, sin ax 
8 4 32 

1, 2 V (cotx) D nce 5 / coat 

—z cotx 1462. sees . 1463. 15 (cos* x— 6) j/ cos x. 


1464. 


1461. In| tan x |]—cot? x— 


a 


ces 5x 3 cos 5x 5x tan? x _ tan® x 
~ 90 Siu? Osint 5x 40 sin? 5x +3 49 [" tan } | ° 1465. - + 


l 2 x « 
1466. 7 sin 2x. 1467. tan ($+7)+2In cos(5+7)|- 1468. 73x 
2 tanx 


5 ) . 1470. arc tan (2 tan x-+1). 


4 
4 tan ——1 
arctan 


1469. —— arctan ( 


a ee Vi 


5° 


2 73 


tan — 
scaretan( nz), 1473. Inj tanx+2+ V tan?'x+4tanx+1]. 1474, © 
ern eeermnene 2 
xn (sin ax + V a? + sin? ax). 1475. x x tan 3x +4 Injcos 3x]. 1476. _ —_ 
xsin2x cos 2x ex 1 xs x* ——— 
—{— gs MATT. | (2x—1), 1478 Ze. 1479. Fe In Vt—-x— 


tan z)_ 
1471. 5 In| tanx + sec x | _t cosec x. 1472. —-—  xarce on 73 


on 
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3 2 ———e ea 
—<Injx—] \--B-s . 1480. VY 1+ x? arc tanx—In(x+ V 1+). 
l 3x 1. 5x | x 1 _ 
1481. x Sin — 75st — Sing - 1482. —TyTanx’ 1483. In |t+cotx|—cot x, 
e 2 _ 
1481. ie 1485. —2cosh VI—x. 1486. = In cosh 2x. 1487, —xcoth x4 
l x ] 8 l ' e~—3 
+i1n| sinh x| . 1488. seg ty inlet —2 . 1489. @ are an 5) . 
490. 2 4/e@ ait 47D 1491 J jit? 1492 _ 10 
7 VET —-sZ ferry - ina oF ¥ 21n 10 
arr 
a ee 1493. 2Vepi¢in estilo! | 
x(« Iti otaaro) Verrit Veriai 
2 
1494. In | —~— _are tan x 1495. q (#aresin 5 + Ve—1). 


1496, 5 (cos In x + sin In x). 1497. . ( — x? COS Bx+ x sin 5x + 3x cos 5x + 


+ gcosSx—— sin Bx ) 1498. (x? — 2) arc tan (2x 4+3)+> In (2x8 6x + 5) — 


+) 
x l ——3 1 x i x | 
-F| . 1499. r Vx—x +(2-3] arc sin V x. 1500. a 
Chapter V 
T? 2'0_ | 
1501. b—a. 1502. v,T —g “7: 1503. 3. 1504. ind 1505. 156. 


Hint. Divide the interval from x=1 to x=5 on the x-axis into subin- 
tervals so that the abscissas of the points of division should form a geo- 


metric progression: Xy=1, xX;= X99, X2= XG", -00, Xp=XG". «1506. In = . 
Hint. See Problem 1505. 1507. l—cosx. Hint. Utilize the formula 
sina+sin2a+...-+sin na= cos 5008 (n4+-5 )a| . 1508. 1) = 

2 sin — 0 

2 

=—/, 2) art 1509. Inx. 1510. —V1+x4. 1511. Qxe~*4*—e-*? 
Ina’ “db Ind’ ° ° ; ° 

cos x l I 3 
1512. ain to . 1513. x=nn (n=I, 2, 3, cee). 1514. In 2. 1515. ay . 


1516. e*—e~*=2sinhx. (517. sinx. 1518, = Solution. The sum s, = 


1,2 n—1_ 1/1, 2 n— | 


may be regarded as the inte- 


gral sum of the function f(x)=x on the interval [0,1]. Therefore, lim s, = 
n> w 


1 
=| xdx= . 1519. In 2. Solution. The sum s = + apate: + —— 
0 


2 a ati ae 


l 1 } 
a(QatyEt a 2 = ) may be regarded as the integral sum of 
n 
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the function (w= on the interval [0,1] where the division points have 
1 


the form t=l+— (k=1, 2, ..., nm). Therefore, lim s,= 4% ing 


n> @ 1+x 
0 
1 7 100 l 7 16 2 


1520. as 1521. zz: 1522. 3 33 > . 1523. var 1524. z: 1525. -zZ- 


1526. — | - . 1527. Ine. 1528. 35 1 321n3. 1529. arctan 3—arc tan 2— 


n 15 
l 4 qt n 7 


I l 
1536. att: 1537. 


= arctan — 

1535, + in VS, 
z! 

1540. 0. 1541. 


1538. In2. 1539. 1—cos t. 
8 a 1542. arc tane——. 1543. sinh 1=5(e—> 
g9YV3 6 4 2 e}]° 
1544. tanh (In 3)—tanh (In Nae, 1545. —% 4 Z sinh 2a. 1546. 2. 1547. Di- 
verges, 1548. = if p<; diverges, if p==1. 1549. Diverges. 1550. = . 
1551. Diverges. 1552. 1. 1553. Pant if p>; diverges, if p<l. 1554. x. 
1555. rat 1556. Diverges. 1557. Diverges. 1558. in 1559. Diverges. 
l l 7? an 
1560. ——. 1561. Diverges. 1562. 1563. —. 1564. sty In3 1565. 3 


ie 


Ine k 8 


1566. Diverges 1567. Converges 1568. Diverges 1569. converses 1570. Con- 
verges. 1571. Converges. 1572. Diverges 1573. Converges. 1574. Hint. B (p, g)= 


‘Ia 


=| f (x) ax+( f (x) dx, where f (x)=x?~'(1—x)9~'; since lim f(x) x!7P=1 


and lim (xy 4 f (y= 1, both integrals converge when 1 pel and |1—q<1}, 


x1 
i co) 


that is, when p>O and q>0. 1575. Hint. [(p)= \ f (x) dx + ( f (x) dx, where 


0 1 
f (x) =x?—'e-*, The first integral converges when p>0, the second when p is 


a 
2 2 d Ins 
arbitrary. 1576. No. 1577. 2 V 2 tdt. 1578. | ——————. 1579. 
rbitrary V \V \ Vist dt. 
| it In2 
. 
( f (arc tan t) 9 
1580. \“tee tt 1581, x= (b—a) f-+a. 1582.4—21n3. 1583. 5 vats 
JU IU 7 wt _ U 
1584. 2—— . 1585. —— 1586. ————._ 1587. 1——. 1588. WY 3——. 
2 V5 [+ a2 4 3 
l > ar 74+2V7 lox ma® 
1589. 4—am. 1590. = In 112. 1591. In——]——._ 1592, p+]. 1593. > 
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2 
1594, >. 1599. 71. 1600. 1. 1601. © ie 1602. (e741). 1603. 1. 


i) 


@ 


1605. oe 1606. Solution. rip+1=\ xPe-* dx. Applying 


a 
1604. FTP 


0 
the formula of integration by parts, we put x”?=u, e~*dx=dv. Whence 
du=pxP-'dx, vu=—e7* 


and 
ce 4) 


Tr (p+1)=[—xPe*] > +p \ xP~le~* dx = pY (p) (*) 


lf p is a natural number, then, applying formula (*) p times and taking into 


account that 
fe 4) 


r(iy= | e~*dx =I, 


we get: 
I (p+1)=p! 
13-5... (Qk—lI)n . 
1607. Jak= —gp6 OR OD if n=2k is an even number; /..4,= 
2-4-6 . 2h 


— aif n= i dd 
3.8 kat)?! n=2k+1 is an odd number 


128 637 
38 ho= 512 * 
—1\l(qg—l) 
1608. ar 1609. , mtd nt Hint Put sintree. 


1610. a) Plus; b) minus; c) plus Hint. Sketch the graph of the integrand for 
values of the argument on the interval of integration 1611. a) First; b) second; 


1 l 3 l 
c) first. 1612. ry 1613. a. 1614. 7° 1615. re 1616. Pare sing 


1617. 9<1<YV 5. 1618. fle | 1619. peer 1620. 0<1<k. 


Va 39 


Hint. The integrand increases monotonically. 1621. alc 


1624. 1. 1625. 5 Hint. Take account of the sign of the function. 1626. 4 


1627. 2. 1628. In2. 1629. m*In3, 1680, ma. 1631. 12. 1692. —p%, 1633. 42 


2 32 n I 
1634. 10>. 1635. 4. 1636. x 1637. 775° 1638. e-+-+—2=2(cosh1—1). 
1639. ab |2 V 3—In(2+ V 3)]. 1640. = nat, Hint. See Appendix VI, Fig. 27. 


1641. 2a’e~'. 1642. Aa’. 1643. 15. 1644. zy 
See Appendix VI, Fig. 23. 1647. ot (2+ =): Hint. See Appendix VI, Fig. 24. 
16 | ‘V3 4 v3 3 


1648. on+o and én 1649. > 


9 In3. 1645. 1. 1646. 3na?. Hint. 


. 1650, ._nab. 


and = n+ 


430 Answers 


1651. 3sa?. 1652. nm (b?-+2ab). 1653. 6a?. 1654. 3 at Hint. For the loop, the 
parameter ¢ varies within the limits O<¢<-+ 0 See Appendix VI, Fig. 22. 
1655. 3 na. Hint. See Appendix VI, Fig. 28. 1656. 8x'a?. Hint. See Appen- 


2 
. ; ma* ma? . 
dix VI, Fig. 30. 1657. >: 1658. a®, 1659. >: Hint. See Appendix VI, 
Fig. 33. 1660. on. 1661. 4-8 V2, 1662, —7P 1663. a(F+ 3 
2 3 (1 —e?)"/2 3 
1664. x VY 2. Hint. Pass to polar coordinates. 1665. 55 (10 V ay 


1666. )V h?—a?. Hint. Utilize the formula cosh?a—sinh?a=1. 
—_—— a ee eed 2 
1667, W2 +in(1+ V2). 1668. YI+e— V2 +In (Wire (y2 +1) , 


1669. +p ind. 1670. In(e + Ve?—1). 1671. In(2+ W3) 1672. (etl), 


2 
__ 2b 
1673. ain. 1674, 2a V3. 1675. ingz—ta—b b=In sume 1676, -aT?. 


inha~ 2 
3 ps _ 
ee) 1678. 16a. 1679. na V1 40? + 


+> In (20+ V 1+ 4m?) . 1680. 8a. 1681. aad +in(V¥2 +0L 1682. Ys 
ot V5 a V¥1+m? 
im 


Hint. See Appendix VI, Fig. 29. 1677. 


+inot Vo - 1684, > (4+ In 3} 1685, sa ba 
3 


sr, et phen, 1688. =n. 1689. v.=—. 1690. 0 


4 
3 
l6ma" 1693. 22 na®. 1694. = mp, 1695, — x. 


. 1683. 


1691. vy =; o,= 2m, 1692. 


qta® 
1696. —- (15—161n 2). 1697. 2n%a°. 


5 15 
nwR?®H 16 
2° "15 
&73- ae 2 32 3 8 4 3 
b) 6%a?; c) (On?—16). 1702. 10g %2: 1703. 7 sa*, 1704. 51 72": 


ese tab). 708, 2°" 707. ea? 8 


. 1701. a) 5x2a*-: 


1705. (aa 


2. 
1709. Lt nath. 1710. 16 Os 1711. xa? V pa. 1712. mabh (+35 ). 1713. + nabe. 
2 3 3c? ; 3 


im S(VTA-1]; Paat[eVS—s). 1715. an (VF +in(V2 +1). 
716. xn(V5— Y2)4ain2 F240, 17177 xn{V¥2+in(l1+ V2). 
1718. BM et pent4 = 24 sint 2). 1719. 2 na’. 1720. = (e—1) (e? +e+-4). 


1721. 4n’ab Hint. Here, y=b-+ Vat—xt, Taking the plus sign, we get the 
external surface of a torus; taking the minus sign, we get the internal sur- 


face of a torus. 1722. 1) aonb? 4 22? are sine; 2) 2na* +22 in te where 
72 __ pe 
Van? (eccentricity of ellipse). 1723. a) oie - b) 16s2a?; c) = nat. 
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1724. s28 nat, 1725. Qna?(2—Y2). 1726. 2 nat. 1727. My=> Vaqoy 
2 2 8 
My=- Vat+oF. 1728. Ma="y 5 Mpa. 1729. My=My=—: 
R=Y=y. 1730. My=My=~ a’, i=y=<a. 1731. 2na*, 1732. x==0; 
gas 2tsne 1733. ya, y=0. 1734, F= na; y= a. 1735. ree, 
— 4b — — 9 — — § a 
=30- 1736. X=Y=5p- 1737. x= 7a; y= —% 4. 1738. (0,0, 5). Solu- 


tion. Divide the hemisphere into elementary spherical slices of area do by 
horizontal planes. We have do=2nadz, where dz is the altitude of a slice. 
a 


2m \ az dz 


Whence z= =. Due to symmetry, x=y=0. 1739. At a dis- 


tance of S altitude from the vertex of the cone. Solution. Partition the 


cone into elements by planes parallel to the base. The mass of an elemen- 
tary layer (slice) is dm;=ymo? dz, where y is the density, z is the distance 


of the cutting plane from the vertex of the cone, Q=72. Whence 


=5h. 1740. (6: 0; +52). Solution. Due to symmetry, 


x= y=0. To determine 2 we partition the hemisphere into elementary 
layers (slices) by planes parallel to the horizontal plane. The mass of such 
an elementary layer dm=vymr'dz, where y is the density, 2 is the distance 


of the cutting plane from the base of the hemisphere, r= V a?—z? is the 
a 


m ( (a? — 2?) zdz 


— == a. 1741. J=na', 
“3 1a? 


1742. Ig=-y ab* Iya at. 1743. laa ho®. 1744. lg=—y nab’; l= na, 


1745, Pan (RR). Solution. We partition the ring into elementary 


radius of a cross-section. We have: z= 


concentric circles. The mass of each such element dm=y2nrdr and 
Ra 

the moment of inertia | =2n( r dr= 7-0 (Rt— RS); (y=1). 1746. / = ay wRHy, 

Solution. We partition the cone into elementary cylindrical tubes paralle!} 


to the axis of the cone. The volume of each such elementary tube is 
dV=2nrhdr, where r is the radius of the tube (the distance to the axis of 


the cone), h=H (1- is the altitude of the tube; then the moment of 
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yn R* H 
10 


R 
inertia [=y\ an (1-5) redr= , where y is the density of the 
0 
cone. 1747, 1=— Mat. Solution. We partition the sphere into elementary 
cylindrical tubes, the axis of which is the given diameter. An elementary 


c 2 
volume dV=2nrhdr, where r is the radius of a tube, h=2a V 1— 


a a* 
ph 
is its altitude. Then the moment of inertia / ==4nay | Vi — dr == na‘y, 


0 


where y is the density of the sphere, and since the mass M=— naty, it fol- 


lows that j= Ma’. 1748. V==2n?a*b; S=4n’ub. 1749. a) y=yn2 a: 


5 
—_- — _ —~ 4 ; 

b) r=) =~ p. 1750. a) x=0, y= — Hint. The coordinate axes are cho- 
sen so that the x-axis coincides with the diameter and the origin is the 


centre of the circle; b) t= Solution. The volume of the solid—a double 


cone obtained from rotating a trianyle about its base, is equal to yet 7 bh?, 
where 6 is the base, A is the altitude of the triangle. By the Guldin theo- 


rem, the same volume Va2nk = OH, where x is the distance of th: centre 


_— h fe 
of gravity trom the base. Whence x = 3 1751. Uo! — . 
752 c In (, 2 | 1753. x=—°st: ov _2 v, 1754. S—10! 
1702. 2g + c J ; — @ 5 avn °° cs mt. 
A a A a - 
1755. O= > In (| ; h= x [ot (a1) in| . 1756. A= 
=F R*H? Hint. The elementary force (force of gravity) is equal to the 


weight of water in the volume of a layer cf thickness dx, that 1s, dF = 
= ynR* dx, where y is the weight of unit volume of water. Hence, the ele- 
mentary work of a force dA-=ynR* (H—x)dx, where x is the water level. 


1757. A=—, yR?H?. 1758. = AY RTM = 079-108=0 79-107 kgm. 
1759. A=ynR*H. 1760. A=; o=mgR. Solution. The force acting 
1+ 
R 


on a mass m is equal to Fane where r is the distance from the centre 


of the earth. Since for r=R we have Fomg, it follows that RM =gR?. The 
+ 


; “mM, 1 1 

sought-for work will have the form A= \ R sa dr=kmM (g-z)= 

= et When h=o we have An=mgR. 1761. 1.8-10* ergs. Solution. 
itR 
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The force of interaction of charges is Fa dynes. Consequently, the work 


performed in moving charge e, from point x, to x, is Anee, (B= 
Lo * 

=e, (=-- = )=1.8-10 ergs. 1762. A=800 m1in2 kgm. Solution. For an 
1 2 


isothermal process, pu=p,v,. The work performed in the expansion of a gas 
U1 


from volume v, to volume v, is A= | pdv=pyvyin ot. 1763. A =~ 15,000 kgm. 
0 


Uo 
Solution. For an adiabatic process, the Poisson law pv*=p,v%, where 


k- 
k= 1.4, holds true. Hence A= [Be ° dy — Poe ji—(22 ) | - 
ki Uv, 


1764. A=— mPa. Solution. If a is the radius of the base of a shaft, then 


the pressure on unit area of the support pans. The frictional force of a 


2 
ring of width dr, at a distance , from the centre, is aE dr. The work per- 


formed by frictional forces on a ring in one complete revolution is 
a 

4npP 

a? 


dA= r?dr. Therefore, the complete work A= 


4npP 4 
5 oe if rdr= z7pPa. 
0 


1765. 7 MRt Solution. The kinetic energy of a particle of the disk 


- . 
ak =" aa, where do is an element of area, 7 is the distance of it 


from the axis of rotation, Q@ is the surface density, 9= Thus, 


M 
1R?° 


R 
ak = Me do. - \- dr=— "17668. K=— x MR? 
0 


1767. K=% R’w* = 2.3-10° kgm. Hint. The amount of work required is equat 


h? 
to the reserve of kinetic energy. 1768. pe 1769, P=: 2 ere) h® 


6 
nmR?H 
1770. P=abyith. 1771. =—— (the vertical component is directed upwards). 
1 __ hb?p kM 
1772. 633 — gm 1773. 99.8 cal. 1774. M= 5 gf cm. 1775, ——_—. atath oF) (k is the 


. Solution. Q = omar Cat) rd 
0 


26 


at - 108 7 


gravitational constant). 1776, Po a 


amp [at 7 npa ={ a2 2 
= Ee n |; Bul 1777. Q= \ ugdy 7 Pai Hint. Draw the x-axis 
6 


15—1900 
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along the large lower side of the rectangle, and the y-axis, perpendicular to 


U2 
it in the middle. 1778. Solution. s=(— dv; on the other hand, a= 6, 
UV: 
(id 
whence dt = —- du, and consequently, the acceleration time is t=\Z=s. 


Y 


x 
1779. Mg=—(Fu—fdt+Fr=—F [xt] 249 =F (1-4) 
0 


x 
1780. Me=— \(x—) at dt+Ar=& (@—2'), 1781. Q=0.12 TRI} cal. Hint. 


0 
Use the Joule-Lenz law. 


Chapter VI 
1782. Vay) Xx. 17838. S= £ (x+y) V 42?--3 (x—y)*. 
] 5 yr—x e—y’ yr?—x? 
1784, — =— —|)=— : yx 
f ( a 3) Z fd, —l) 2. 1785. Dy? ayy 


2xy R' 1 ++ x? 
yt 1786. f(x, x7)=1+x«—x?. 1787. 2=7— pa 1788. jy Oe 


| —_———~— 
Hint. Represent the given function in the form j(4)= V (4) +1 and 


2 
replace a by x. 1789. f(x, y= Solution. Designate x+y=u, 


2 
U+v u—v utuvu u—v, fu—v\* 
x—Y =U. Th =e =e = ® —_—— = 
) y en Xx 9 ,Y 5 ; f(a, v) 5 5 +( >) 
=. It remains to name the arguments u and v, x and y. 1790. f (u) = 


=u?+ Qu; 2=x—1+ Vy. Hint. In the identity x=1+f(Vx—1) put 
Vx—l=u; then x=(u-+1)? and, hence, f(uw)=u?+2u. 1791. f(y)= 
=Vi+ty*, z= VY x*+y? Solution. When x=1 we have the identity 


Vi+tyi=l-f (+) ,ice., f(y= Vi-+y?. Then (4)= V1+(4) and 
2 
Z=X V 1+ (4) = VY x?+y?. 1792. a) Single circle with centre at origin, 


including — the circle (x?-+ y? < 1); b) bisector of quadrantal angle y=¥x; c) half- 
plane lo®ated above the straight line x+-y=0 (x+y > 0); d) strip contained 
between the straight lines y= + 1, including these lines (—l1<—y<1); e) a 
square formed by the segments of the straight lines x= + ] and y= + 1, includ- 
ing its sides (-laqjaxqql, —1<—y<1); f) part of the plane adjoining the 
x-axis and contained between the straight lines y= + x, including these lines and 
excluding the coordinate origin (—x<y<x when x>0, x<y<—x when 
x<0); g) two strips x>2, —2<y<qj2 and eq——2, —2<y<2; h) the 
ring contained between the circles x*+y?=a?® and x*+-y?= 2a’, including the 
boundaries; i) strips 2nn <q x<(2n-4+1)n, y>0 and (2n4+-1l) naxx (Qn+2)q, 
y <0, where n is an integer; j) that part of the plane located above the 
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parabola y=— x? (x?+y > 0); .k) the entire xy-plane; 1) the entire xy-plane, 
with the exception of the coordinate origin; m) that part of the plane located 
above the parabola y?= «x and to the right of the y-axis, including the points 


of the y-axis and excluding the points of the parabola (x0, y> Vx); 
n) the entire place except points of the straight lines x=1 and y=0; 0) the 
family of concentric circles Inkaqx?+y?<on(2kR+1) (R=0, I, 2, ...). 
1793. a) First octant (including boundary); b) First, Third, Sixth and Eighth 
octants (excluding the boundary); c) a cube bounded by the planes x= + 1, 
y= +1 and z= +1, including its faces; d) a sphere of radius 1 with centre 
at the origin, including its surface 1794. a) a plane; the level lines are 
straight lines parallel to the straight line x-+-y=0; b) a paraboloid of revo- 
lution; the level lines are concentric circles with centre at the origin; 
c) a hyperbolic paraboloid; the level limes are equilateral hyperbolas; 
d) second-order cone; the level lines are equilateral hyperbolas; e) a parabolic 
cylinder, the generatrices of which are parallel to the straight line x+y+1=0; 
the level lines are parallel lines; f) the lateral surface of a quadrangular 
pyramid; the level lines are the outlines of squares; g) level lines are parab- 


olas y=-Cx*; h) the level lines are parabolas y==-C Vx; 1) the level lines 
are the circles C (v?-+ y?)= 2x. 1795. a) Parabolas y =-C—x?(C > 0); b) hyper- 
bolas xy=C(|C|<1); c) circles x?+y?=C*;, d) straight lines y=ax+C; 
ce) straight lines y-=Cx(x 40). 1796. a) Planes parallel fo the plane 
x-+y+2z=0; b) concentric spheres with centre at origin; c) for u>0, 
one-sheet hyperboloids of revolution about the z-axis; for u <0, two-sheet 
hyperboloids of revolution about the same axis; both families of surfaces 
are divided by the cone x?+y?—z?=0 (u=0). 1797. a) 0; b) Oi;c) 2; 
d) e*; e) limit does not exist; f) limit does not exist. Hint. In Item(b) 
pass to polar coordinates In Items (e) and (f), consider the variation of x 
and y along the straight lines y=x and show that the given expression 
may tend to different limits, depending on the choice of k. 1798. Continuous. 
1799. a) Discontinuity at x=0, y=0; b) all points of the straight line 
x==y (line of discontinuity); c) line of discontinuity 1s the circle 
x?+-y2—=1; d) the tines of discontinuity are the coordinate axes. 


1800 Hint. Putting y=y,=const, we get the function q, (=e, which 
x? y! 
is continuous everywhere, since for y, #0 the denominator «?+y* 40, and 


when y,=0, q,(x)=-0. Similarly, when x=x,=const, the function 


(p(y) = at . is everywhere continuous. From the set of variables x, y, the 
- y* 


1 
function z is discontinuous at the point (0, 0) since there is no limz. Indeed, 
x—>0 
yo 
passing to polar coordinates (x=rcos ~,y=r sin @), we get z == sin 2p, whence it is 
evident that if x + 0 and y-+Oin such manner that p=const (0<@ <2n), 
then z —» sin 2m. Since these limiting values of the function z depend on the 
direction of q, it follows that z does not have a limit as x > 0 and y —> 0. 


OZ a;.2 OZ aye Oz x Oz 2x 
1801. On 8 ay), ay 3 Y ax). 1802. dx @dye’ a wry 
1303. 2-4, Ft 1904, Le _ 

"Ox x?” gy” x ; Ox Vx? y?’ oy V x2—y? * 

Oz y? 02 xy Oz l Oz 
1805. —=——"—-, a —-——  .s 1806. a | = 

Ox (tty OY (x8 y?\"h Ox Vxttye? oy 

y 7 Oz y Oz x 1808 92 yxv-1, 


= ee, 1807. — = —- 2 , =" 1808. 
Vitty (xt Vier +y) Ox ty Oy ery? Ox 


awe 
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y ° y 
Oz dz y wns yy Oz SI y Oz 
— y — = a oe ome — << —_ —_— 
ay Inx. 1809. = ae COS, ay x e “cos#-. 1810. — = 
_ xy? V 2x? — 2y3 Oz _ _yx* V 2x? — Oy? 1811. 2 l cot x+a 
ly|(s—y*) * Oy ly | (xA—y’) “Vy Vy’ 
oz x+a | ot 2b Ou -, Ou - 
=~ = 1812. | a i z —— =a X2(xy)* 1 2¥n(xy). 
ay oy Vy TF" ya (xy, a exz(xy)™ hs Foxy)" Inley) 
Ou xy Ou xy Ou xy-) I 
1813. | yon de Inz, oy In z, 5p tH? . | 1814. f, (2, oF , 
Y _ ’ _ _ tf z _ 
F,, (2, 1) =0. 1815. f. (1, 2, 0)=1, fy (, 2, 0) = 9 ’ f (I, 2, 0) = 2 
x - ¥ a= 
1820. py peyh’ 1821. 7. 1826. z= arc tan t + @ (x). 1827. z 5) +- 


+yInx+siny— >. 1828. 1) tana=4, tanB=o, tany=—; 2) tana =o, 


tan B=4, tan yet. 1829. a h, o=s A, oS at (a+6). 1830. Hint. 
Check to see that the function is equal to zero over the entire x-axis and 
the entire y-axis, and take advantage of the definition of partial derivatives. 
Be convinced that f, (0, =f, (0, 0)=0. 1831. Af =4Ax-+ Ay + 2Ax? +- 
+2Ax Ay + Ax? Ay; df = 4dx 4+ dy; a) Af—df=8;,  b) Af—df==0.062. 
1833. dz ==3 {x?—y) ix 4/3 a da, 1834. dz = 2xy%dx + 3x 2y?dy. 1835. dz = 


= GF pe *dx—x*y dy). 1836. dz=sin 2xdx—sin 2ydy. 1887. dz=y?x)~'dx+ 


] \ 
y =F = —_—— . 
+x (1+y ln x) dy. 1838. dz Sas (ede + yay) 1839. df (ax—- dy | 
— —— = — 
Z lay d dx). 1842. df(l, 1) = dx — 2dy. 
x sin ‘ 


1849. dz=0, 1841. dz= 


1843. du=yzdx-+zxdy+xydz. 1844. du a (x dx + y dy +z dz). 
z 


x? 2 
1845. du= (w+o) | ( ¥+ ) 2 dx (1 a) xzdy + (» +=) In x 
y JY y? 4 ary ° 
x 2 2xy _ 
x (sy +=] az). 1846. du = yea (y dx + xdy— =! de). 1847. df (3, 4, 5)-= 
= 9g (bde —3dx — 4dy). 1848. d/ =0.062 cm; A/-=0.065 cm. 1849. 75 cm? (rela- 


tive to inner dimensions). 1850. 5 cm. Hint. Put the differential of the area 


of the sector equal to zero and find the differential of the radius from that. 
1851. a) 1.00; b) 4.998, c) 0.273. 1853. Accurate to 4 metres (more exactly, 


4.25 m). 1854. 7 28 = Br 1855. da = (dy cos a—dx sin a). 1856. de 

\ g V ig Q dt 

_e (tint—}) du_—it x 5a). du 

_ TAFT . 1857. qi Vi cot —= Vi (s— By 1858. sy In¢é tan ¢+ 
2 2 

op WE + VN tant (+1) Ini 1859. du 0. 1860. dz (sin x)°°% ¥ (cos x cot x -— 


t cos?t ¢- dt dx 


Answers 437 


Oz ly , az 1 Oz. , az 
Ox a te dx 14+x?° 5° 
=x! G inet]. 1863. Se xh (os 0) + ye F, (U, vy Sem —2uf, (u, v)+ 


, Oz Oz OF 3 ] 
y —= —= —= 
+ xe*f (u,v). 1864 au 0, 3p 1. 1865. aed (1— a) (w+4 t); 


a (ety) Pr (wt SF). 1867. Fahey +9 WE, (es ye 2+ 
+f, (x, y, 2) [p, (x, y)+¥, (x, y) Mp’ (x)]. 1873. The perimeter increases at 
14218 4 3¢8 

: Vipera: 
1875. 20 V5—2 V2 km/hr. 1876. —2¥ 3 1877. 1. 1878. ya. 1879. — V3. 


—sinxInsin x). 1861. 


arate of 2 m/sec, the area increases at arate of 70 m?/sec. 1874. 


1880. o. 1881. ees. o Fees PESOS 1882. a) (2, 0); b) (0, 0); and (1, 1) 


c) (7, 2, 1). 1884. 91—3/. 1885. + (5t—3/). 1886. 6/ + 3/-+ 2k. 1887. | grad uj = 


2 2 ] 3 

COSa==—5-, cosp=—-, cos Y= =. 1888. C08 P= 1889. tan pm = 8.944; 
2 2 2 2 

p= 83°37", 1891, $4 __ es ay’ = 
xB (b8x2 +atyty la’ Ox dy (b?x2 + aty?) “/2 dy 

_ abcx* 392 oz _2(y—x’). Oz _ ae eo l 

(bx? + ay?) ax? (Gy) ' dxdy (+y)" OY (P+ y)? | 

O72 xy _¢ 2 2 r rt—x? a ou a 
Ou ig, Cu Ou _ Me _ - 4-1 ,3-1 51-1 
= gyi Ox Oy OY ue, 1897. Ox Oy Oz = aPyxtt yer! ZI~h, 
3 
1898. faa —27y cos (xy) —2x sin (xy). 1899. f, (0, 0) = m(m — 1); 
Fey (0, 0) = mn; iy (0, 0) =n(n—1). 1902. Hint. Using the rules of differen- 


tiation and the definition of a partial derivative, verify that fe (x, y)= 
x?—y 4x7y? ' 

= Y Sait a aae| (when x7-+-y? #0), f, (0, 0)=0 and, consequently, 

that for x=:0 and for any y, i, (0, y)=—y. Whence Fey (0, y)== —1; in par- 

ticular, hy (0, 0)== —1. Similarly, we find that Fix (0, 0) =1. 


oO 
1903. ary (u, 0) +4x*f (u, v) + 4xyf,,, (u, DV) + Y*Fgy (Us v); 


Q? 
ray 7 f, (u. o)+ AUF (u, vy +2 (x7+-y%) fyy (u. OV + xYf iy (ur v); 


a = Of; (u. v)+4yf, (4, 0) + 4xyf”, (u, 0) +27f,, (us 0). 


0? 
1904. r= fox t+ 2bce Px thee (p,)? +f, Vex 
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07z 


1905. > =firu (Px)? + Fv Peet foo (We)? + fu Pex + foPex’ 
0? 
ox cay fou Py + fav (9,), +, ,) + foot, , + huPry + FWiy' ; 


072 ” ’ nn ” , soe nom” 
eta (p,)? + 2FuvPyPy + oo (p,)? +f Pyy tho yy: 


1914. u(x, yy=Q(x4)+ p(y). 1915. u(x, yy =x9 (Y) + BY), 1916. d?z=e*) x 


x [(y dx + xdy)* + 2dx dy]. 1917. d*4u = 2(xdy dz + ydzdx + 2 dx dy). 
1918. d2z=49" (t) (x dx-ty dy)?+29" (t) (dx?-tay’). «1919. dz = (=) 
ex x x \* ex. y 

In—d In—dy }; a= (=) | ( tint = Last 
x (yin fart xin dy | Zz or yin +e x? 


ex x x 
2( xy In — In — n= | dx d (« a7)! ‘|. 
+2(ayin Zin 2 +in =) dedy +(# itt —) ay 
1920. d?z=a°f,, (u, 2) dx? + 2abf yy (u, v) dx dy + bf, (u, v) dy?. 


1921. d2z= (ye*f,, + ef, + 2ye** fy tyre fog) dx? + 
+2 (C%F,, He*fy + xe Fy bet (L4xy) Fig tye Foy) ax dy + 


+ (xe¥f,, + x2¢@2) Fou + 2Qxe* ty Foot e* Ff...) dy”. 1922. d*z = e* (cosy dx’ — 
—3siny dx? dy — 3cosy dx dy? -+ siny dy*). 1923. d’z = — ycosx dx} — 
— 3sin x dx*® dy—3cos y dx dy? +-xsiny dy*. 1924. df (1, 2)=0; df(1, 2) = 


= 6dx? +. 2dx dy +4. 5 dy’. 1925. d?f (0, 0, 0) = 2dx? + 4dy? + 6dz?— 4dx dy + 


3 
+ 8dxdz+4dydz. 1926. xy+C. 1927. ty—F+sinx+C, 1928. saat 


+ In(x+y)+C. 1929. > In (x8 + y%) + 2are tan 7t¢. 1930. z + C. 
1931. Vx?+y?+C. 19382. a=—1, b=—1, =a ate. 1933. x? + y?-+ 2?-4- 
+ xytxztyz+C. 1984. x5 4 Qxy? + 3xz + y? —yz—22+C. 1935. x2yz—3xy?z+ 
+ 4x2y? 4+ O%x+y+3e+C. 1936. ptetyte. 1937. Vxt+y?+2t+tcC 
1938. \=—1. Hint. Write the condition of the total differential for the 


xy 

expression Xdx-+Y dy. 1939. =f, 1940. u=| f(a) de-+0. 1941. mM 
a 

= — oe a rar oY oe 1942. The equation defining y is the 

equation of a pair of straight lines. 1943. fe 1944. pay ; 

v4 7 ve 1945. (Gt) =3 or —1; (Sa). = or —8. 

1946. oar pee 1947. HL; o4 _ 4 

= tsiny—cos? ggg OF, ZV agg, AE, 2 


~ COSX—y Sinz’ Ox Oy 2° Ox a’z’ oy b?z ° 
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zc (b’—y*), Oz Acy Zc (a? —x?) | 19 dz 
ox? atb*z® —’ Ox Oy ———saa2b2z®’— Gy? — sa? 88. 
?, ®, 
by %, 2__gt 
att 1954. dem — ae —Lay, z= dt —2 Y dx dy + 
p, z zZ zZ Z 


2. 
+- 3 dy*. 1955. dz=0; d?z= w (dx? + dy. 1956. dz= 5 (x + dy); 


dy _ dz_1, dy ‘d*z 4 
2 2 2 — ° — -  ————= Som 
d z= O = . a dy + dy’). en en” ROB? wr” Pw 
1962. dy =" xUa2) dx; dz=~ Ga 2) o* dy =— dz = ey x 


X((x—y)* + (y—2)? + (2—a)*] de®. 1963, OH Oy, TH _ Ou _ tu _, 


" Ox dy Ox? axdy dy? 
oI; so oo = 2, sank arn? 1964. “ary dx +- 
+a do => de ay @u= —dv= dx dy — 
SITES 1965. ta Oe son Te lb 
u Py u Py 
by, Py by Vo 
1966. a) 2 Se eo, b) St (uy +u), 5 (vu) 
c) dz =a [e"~? (vu +-u) dx + e"+? (v —u) dy]. 1967. ar (7, p) cose — 
— For, 9) 28, ae (r, Q) sino +Fy (r, g) 89 1968. % 
=— = cos p cot ¥; a= Ein @ cot wp 1969. #4 yao 1970. oY . 
1971. a) i — wo 0; b) a 0. 1972. tan p= 
d 
nt (a5) r az a2 we 
1973. K=— ae 1974. = =0. 1975. u=—z=0. 1976. => + 
r+(%) | 
+a Sats gO. 1977, 2 1% 1978, @=0. 1979, To, 
1980. a 1981. a) 2x—4y—z—5=0; rot yt? 2, b) 3x + 4y— 
— 6z=0; rot tet c) xcosa+ysina—R=0, to ROS 
_ 2 2 2 
= RSE =. t082. eS Te + eae 
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1983. 3x-+4y+12z—169=-0. 1985. «+ 4y+6z= +21 1986. xty+z= 


= + VY a+b?+c2 1987 At the points (1, +1, 0), the tangent planes are 
parallel to the xz-plane; at the points (0, 0, 0) and (2, 0, 0), to the yz-plane. 
There are no points on the surface at which the tangent plane is parallel to 


a z=0 
3 x? y?—xy— 1=0. 


the xy-plane. 1991. 1994. Projection on the xy-plane: ‘ 


x=0 
Projection on the yz-plane: < 3y? Projection on the xz-plane: 
q tz —i1=0 


y=0 


| 4 2—1=0 Hint. The line of tangency of the surface with the cylin- 
i =0. 


f(x, y) 
1998. Af(x,y)=2h+k+h2-+ Wk+HR. 1999. f(x, y, z)=(4—1)24-(Y—1)?-+ 
+ (z—1)?+ 2(x—1) (y—N—(y—1) (z—1). 2000. f(x+h, yt, z+) = 
= Hey. AF 2k y — A+ ky es Le x WEI hk, D. 
2001. ytuyt—{—. 2002. ee ee eae 2003. 1+(y—1) + 
— - 2 
$e—DY—). 204 1+ -—N+ G4 y+ OVE OEM 


_ 1]? ! ! 
+ ieee 2005. a) arc tans T+ (a +B) — 5 (a?—B); 


TT La)m tippy 
b) V Cre rare = | +5 (ma+nB) +4 [(3m? — 4m) a? — 2mnap + 
+ (3n?— 4n) B?]. 2006. a) 1.0081; b) 0.902. Hint. Apply Taylor's formula for 
the functions: a) f(x, y)= Vx vy in the neighbourhood of the point (1,1); 
b) { (x, y)=y”* in the neighbourhood of the point (2,1), 2007. z=14 2(x—1)— 
— (y—1)—8 (x — 1)? + 10 (x—1) (y—1)—3 (y— 1)? +... 2008. 25,5 =O when x=1, 
y=0 2009. Noextremum. 2010.) 2mign=—1whenx=1, y=0. 2011. Zmax=108 
when x=3, y=2. 2012. 2znjn =—8 when x= V2, y=— V¥2 and when x= 


=~ V2, y= V 2. There is no extremum for x=y=0. 2013. oman op a 


the points x=—— y= and x =——-- yo: Zmin =— ——— 
j Vays Vs V5i im 378 
a a 
at the points x=——, y=—— <= and *=—-—, y= ——. 2014. 2,,,=1 
, V3’ V3 V3’ " V3 max 


when x=y=0. 2015. 2mjp=0 when x=y=0; nonrigorous maximum 
at points of the circle x?-+ y?= 1. 2016. 2,,,, = V3 whenx=1,y=—1, 


|= 


= 


2017. min =—— when os , =—4, z= 1, 2018. Unj,z=4 when 


rao, y=1, z=1. 2019. The equation defines two functions, of which one 
has a maximum (2q,,=8) when x=1, y=—2; the other has a minimum 
(2min = — 2) when x=1,y=— 2, at points of the circle (x— 1)?+ (y+ 2)? -: 25, 
each of these functions has a boundary ext-emum (z=3). Hint. The func- 
tions mentioned in the answer are explicitly defined by the equalities 
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2=34 V 25—(x—1)?—(y+2)? and consequently exist only inside and on 
the boundary of thecircle (x—1)?+(y +2)? =23, at the points of which both 
functions assume the valuez=3. This value is the least for the first function 
and is the greatest for the second. 2020. One of the functions defined by the 


equation has a maximuin (2,,-=— 2) for x=—1, y=2, the other has a 

minimum (2mjn =!) forx=— 1, y=2, bothfunctions have a boundary extremum 

at the points of the curve 4x*—4y*— 12x 4 16y—33 =0. 2021. zmax=—_ for 

K=y=5. 2022. 2max=5 for x=1, Y=2) *min=—5 for x=—1l, y=—2 
36 18 12 2EV2 7m 

0 ° in TT = ==, . = =e 

2023. 2min 13 for x 3° I= B 2024. 2max 9 for x 5 + Rn, 

2—V2 3m 5m 
y= +key, 2min = v for x= + kn, y= at kn. 2025. Umin = 
=—Q9 for x=—l, y = 2, z==— 2, Umax =9 for x= ’ y=— 2, z= 2. 


2026. Umax <a for x=+a, y=z=0; Umin=ec for x=y=0 z=. 
2027. Umax = 2:47:68 for x= 2, y=4, z=6. 2028. uy, =44/,, at the points 
4 4 i\. 4 i 4y, cs 4 4 >; Um, =4 at the points (2 
3° 3° 3)’ VB 3° ZB)? VS? Bo Byteman” P , 


21) (2, 1, 3 (1, 2, 2). 2036. a) Greatest value z=3 for r=0, yl 
3 V3 
X== + V2. y = Vi smallest value z=— 3 75 for x= + V2. 


y=— Vt b) greatest value z=1 for x=+1, y~=0; smallest value 


b) smallest value z=2 for x=1, y=0. 2031, a) Greatest value z= for 


z=—1 for x=0, y= +1. 2032. Greatest value r=2 V3 for x=y= (in- 


2 3 
ternal maximum); smallest value z=0O for x=y-=0 (boundary minimum), 
2033. Greatest value z=13 for x=2, y=—1 (boundary maximum); smallest 
value z-:—2 for x=y-=1 (internal minimum) and for x=0, y=—1  (boun- 
dary minimum). 2034. Cube. 2035. / QV, V/ QV, - / WV. 2036. Isosceles 

4Af- 4fS- 4fr7~ 4 ] l 
triangle. 2037. Cube. 2038. a = Va : Va . \/a . V/ a. 2039. M (-+. +) ; 
3 3 p __ NX, + Myx, + Mgt 
2040. Sides of the triangle are 7 Pr 7 Pr and 5 2041. <= ale 
y az TT Mae TMM 2042. Ay 4-2 3. 2043. The dimensions of the 
m,+m,-+ ms a 6 ¢ 


2a 2b 
V3’ V3 V3" 


axes of the ellipsoid. 2044. x=y=26+ / ow, z= 


parallelepiped are where a, b, and c are the semi- 


x 


5 2048. x= a 


V2 


y= + a 2046. Major axis, 2a=6, minor axis, 26=2. Hint. The square of 


the distance of the point (x, y) of theellipse fromits centre (coordinate origin) 
is equal to x?+- y?. The problem reduces to finding the extremum of the function 
x?-+4+-y? provided 5x? -+ 8xy + 5y?=9, 2047. The radius of the base of the cylinder 
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is R V 24+, the altitude R V2, where Ris theradius of the 
2 V5 V5 
sphere. 2048. The channel must connect the point of the parabola (z z) 


2049. 7 V 2730 5730. 2050. eT a Hint. Obviously, the point M, at which 
the ray “passes frem one medium into the other, must lie between A, and B,; 


AM= , BM= , A,M =a tana, B,M = 6b tan B. The duration of motion 
COs @ cos B 


with the point of the straight line i ~#) its length is rye 


a b 
of the ray is v, cosa’ v,cos p : 
a 


of the functien f (a, B)= cos a t 0, cos f aa provided that a tan a+b tanB=c. 


The problem reduces to finding the minimum 


2051. a=. 2052. Hl h= pie: R.: Hint. Find the minimum of the 
| 2 3 


function f(/,, J, 1;)=J{R{+/2R,+ FR, provided that /,+/,+/,;41. 
2053. The isolated point (0, 0). 2054. Cusp of second kind (0, 0). 2055. Tac- 
node (0, 0). 2056. lsolated point (0, 0). 2057. Node (0, 0). 2058. Cusp of first 
kind (0, 0). 2059. Node (0, 0). 2060. Node (0, 0). 2061. Origin is isolated point 
ifa>ob; it is a cusp of the first kind if a=b, and a node if a<b. 
2062. If among the quantities a, 6, and c, none are equal, then the curve 
does not have any singular points. If a=b<c, then A(a, 0) 1s an isolated 
point; if a< b=c, then B (6,0) 1s a node; ifa:=b =c, then A (a,0) is a cusp 


of the first kind. 2063. y= +x. 2064. y?==2px. 2065. y=+R. 2066. xls 4 
+ y lama]! '8, 2067. xy= 58. 2068. A pair of conjugate equilateral hyperbolas, 
whose equations, if the axes of symmetry of the ellipses are taken as the 


coordinate axes, have the form xy=+ =. 2069. a) The discriminant curve 
y=0 is the locus 9f points of inflection and of the envelope of the giver 
family; b) the discriminant curve y =0 is the locus of cusps and of the envelope 
of the family;c) the discriminant curve y = 0 is the locus of cusps and is not an en- 
velope; d) the discriminant curve decomposes into the straight lines: x=0 (locus 


v? 2 

of nodes) and x==a(envelope). 2070. y= oS. 2071. 7. 2072. V 9+ 4n?, 
v 
0 

2073. V3 (e'—1). 2074. 42, 2075. 5, 2076. x+2. 2077. 11 an 


2079. a) Straight line; : parabola; c) ellipse; d) an 2080. 1) a 


ae da, _ fda de 

2) 3) wa +a . 2081. guar) = (yee )+ (0% 7 c) +( ab) 

2082. u (41), 2083, x = "3 cos fs y=4 sin t (ellipse: for =0,0=4/, w= —3i; fo 
i 3V2 _ 3V2 ~, a 

t= 7 9=——Z- i+ 2V2j, w=— i-—2 V 2j;fort= 9 ,o=—3i, w= 

=—4j. 2084. x=2cost, y=2sint, z=3t (screw-line)} ov=— 2isint 4 

+ 2jcost-+- 3k; v= V13 for any tf} w=—2icost—2jsint; w=2for any t 


for t=0, v=2j/-+3k, w=—2i; for t= >, y=—2+3k, w=—Y 
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2085. x=cosacoswt; y=sinacosat; z=sin wt (circle); o=— ofcosa sin of — 
— of sina sin ot + ok cos wt; v=] |; w=— wl cos a cos wt —w?/ sin @ cos wt — 


— wh sinw!; w=w*, 2086. v= -V vt (bY, (es set) W,=Wy =0; w,=— g; 
w=g. 2088. wo Va?-+h?, where 2 | is the angular speed of rotation of the 


dt 
ey 


screw. 2089. V aw? + v?—2awv, sin @t. 2090. t= —— 2 (i+k) v=—j; B= 


-¥ (i—k). 2091. t= zl (c0s t—sint)i + (sint+cost)/+k]; v= 
= [(sin ¢-+ cos t) 7+ (sin t—cos ¢) J]; cos (t, yal’, . cos (vy, 2) =0. 


WE+M+2h |) —M+5/—8R 9 +k o093, %— a cost _ 


enn coe P= 75 =a sint 


_y—asint 2-6 _ %*&—acost y—asint 2z—bt 
“~ acost 0b (tangent); bsint ~ —6cost — 
— — i — t ° s 

xmacost yresint 2 e (principal normal). The direction cosines of 


2092. 


(binormal); 


asint — _ _acost |. b 


= 60s fp = SH; cosy = Te 

Vapor 8 Vara Varper 

The direction cosines of the principal normal are cosa,=cost; cos B, = sin f¢; 

cosy, = 0. 2094. 2x—z=0 (normal plane); y= =(Q (osculating plane): 

x+2z—5=0 (rectifying plane). 2095. zs 1" i (tangent); «+ 

+ 4y+12z—114=0 (normal plane); 12x—6y-+z—8 = 0 (osculating plane). 
t? ts t? t4 t8 t® 


the tangent are cosa=— 


X—— YO X—— OY z— — 
2096. 42 3? (tangent); a (prin- 
{? 


x §— = Z—— 
cipal normal); , -_3.._# (binormal); M, (7: — x) 
M, (4. _8 2) . 2097. poe Ute ee (tangent); x-+ y==0 (osculat- 


i aa ~ —2 
* 1 : Ut" 2? (principal normal); x~2_ yt? Z 


ing plane); 


1 
(binormal); cosa,=——; 
yz, V2 

2— > 
—_ a 
{tangent); x+y+4z—10=0 (normal plane); c) Ven TT Ly "es 
(tangent); 2V3 x-+-y—2 V3z=0 (normal plane); 2099. x+y = 0. 2100, x— 
—~y—zV2=0. 2101. a) 4x—y—z—9=0; b) 9x—6y+22—18= 0; 
c) b?xix—a? yoy + (a P Ne z= a*h? (a? —b?), 2102. 6x —8y—z+3 = 0 (osculat- 


_ —l z—1 —1l y—l —1] 
ing plane); — tt = = == =55 (principal normal); — === 


cos §, = COS Y,=Q. 2098. a) 


] 
V2" 
byl _ z—2 


(tangent); x ¥2—z= 0 (normal plane); b) — 


| 
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(binormal). 2103. ox—z-=s=0 (osculating plane); aa (principal normal); 

x+ bz = 0, i+ bk ; B= —bi+k yay 
y= Vite’ ' Vise * 


+ (binormal); t= 2106. 2x -+- 


_ -t Vo -t 

+ 3y + 192—27 =0. 2107. a) V 2; b) ve 2108. a) K =* v2. T= 53 

_T= l _ _ (y+a) , _ (p+ 2x48 

0) R= T= Dacosht * 2109. a) R=Q= >; b) R=Q= “gaa 

av 

2111. a+’ 2112. When {= 0, K= » WW, =U, 

_o. _ 1 19 22 _ y* 

W, =2; when t= 1, K= 7 14’ = Tr? w, = 2 14° 

Chapter VIl 

2113 42. 2114. In 2? 2115. 2116. 3 2117. 50.4. 2118. ——. 2119. 2.4. 
© 30 24 a 4° "5 

2120. ze 2121, ret , x=2—y; y=—6; y=2. 2122, yas y=x +9; 

x=1; x=3. 21238. y=x, y=10—x, y=0; y=4. 2124. y= >; Yy =2x; 


x=1; x=3. 2125. y=0; y= V 25—x?; x=0; x=3. 2126. y=x*, y=x+2; 
2 1 


1 2 
x=— 1; X=2. 2127. ay Vr y) dx=\ dr \10, y) dy. 


2128. Gay (ree dem (de (Fee y) dy. 2129. (ay 6 te y)dx= 
0 y & 0 0 0 0 

1 1 2 2-—<X 2 2x+83 

{ ax Vru. y) ay +\ ax \ f(x, y) dy. 2130. ax | f(x, y)dy= 

0 0 1 1 


2x 


1 y Ve V2-y? Vi—- xi 
asi. \dy | pie, act Jay | pu, yar= fa j f(x, y) dy+ 
+ | ax \ f(x, y) dy. 2132. \ dx f f(x, yy dy= Sa | f(x, y)dx. 
0 x 2x? 7 


~ x 
2 
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-1 Va-% 1 —Vi-x 1 Vax 
2133. J a: | F (x, nay J as \ f (x, ¥) ay + \ ae \ f(x, pdy+- 
-Va-~x —~V4-— x? ~1 Vr- 
2 vir —1 Va —y 1 —Vi —y? 
+ Nas _ f(x, y)dy= ) dy \ F(x, y)dx+ J dy | f(x, y\dx +- 
—~Va—x? —V4--¥ —1 0 Vay? 
Y3—% Va —y? 
+ dy \ F(x, y) acs fa \ f(%, 9). ax. 
~1 " -y? —-Va—y? 
—2 V9 —x? Vi+ x2 
ast. | ae | fey) ay +f ae) fey dyt 
—§ ~V9 --x2 —2 —V +x 
3 Vo —x —1 -Vi-1 
+ fas {fea ndy= | dy | fe wart 
—Vo- x! “Vs —-V9 —y 
—-1 Vs -7 to Vis ~Vyt 1 
«Say Spey asf dy | fi naet J a J Ke wdye 
Ws Vy? =n —Vo5 -y? manne 
Vs Vo-y 1 1-x 


+ \ ay \ f(x, y)dx. 2135. a) Jar V pos y) dy= far fre y) dx: 
1 Vay 


a Va?-*x Va? -y 1 View - x? 
b) \ dx \ 4 f(x, y) dy= j dy \ f (x, y) da;c) ax \ f(x, y)dy = 
~a_Vqi - x! —~la—-y 9 ~Vx-- x2 


r+ Vi -ay? 
fg 2 1 1 1 y 
= \ dy \ f (x, y) dx; d) \ ax | Fe, y) ay = \ ay | f(x, y) 4x; 
x 1 —1 


—"fp 4-Vi- ay —1 


a ytea 


e) \ dy J in y)dx= = (ax (pe nays Safe av +( ah Ix, ydy. 


0 20 xX— 2a 


|= 


¥ 


2136. \ " f (x, y) dx. 2137. Farf re are far re Y) dX. 


12 ry ; 
a | ee) 
2 Vat - 9 y? a Va? - y? 


2138. \ ay Ste nar | dy J f (x, y) dx. 


Q Vat —2ay £ 
2 
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(binormal). 2103. bx—z=0 (osculating plane); ‘= (principal normal); 
x-+ bz = 0, . i+ bk —bi+tk 
binormal); t= ————=; B= ————=;; v=Jj. 2106. 2x+ 
y=o f | Vite Me Vi+e 7 _ 
+ 3y + 19z—27 =0. 2107. a) V2; b) ve 2108. a) K=° v2 = 
_T— l _,_ +a)’ , _ (p+ 2x! 
0) R= T= Qacosht 2109. a) R=Q@=~—7— ; b) R=e= “gaa 
av 
2111. PLE ° 2112. When t= 0, K = 2, w, = 0, 
_o. _ 1 19 22 _ y* 
w,=2; when t=], K= = a’ w= TG? W, = 2 T° 
Chapter VII 
2 25 9 a® 
2113. 4x. 2114. Inq 2115. 3 2116. vr. 2117. 50.4. 2118. 7° 2119. 2.4. 
2120. ze 2121. ro ; X= 2—y, y= —6; y=2. 2122. y=x*, y=x-+-9; 


x=1,; x=3. 2123. y=x, y=10—x, y=0; y=4. 2124. y=Fi 
x=1; x=3, 2125. y=0; y= V 25—x; x=0; x=3. 2126. yar y=x+2; 


y = 2x; 


2 2 
x=—1; x=2. 2127. J av N10 W) de \ as ab y) dy. 
1 2—Jy 


f(x, y)dy. 2129. \ ay ¥ f(x, y)dx= 


0 


« 


oC) 


1 1 
2128. Jay \ 10 y) da=\ as 


0 


= {acl f (x, nar fae | 16 y) dy. 2130. far {ie y) dy = 
0 1 2x 


Ff (x, acs fay be a i) f(x, y) dx. 


4 
=) 
2 


1 oY Ve Va-y 0 Vz—x3 
2131. { ay \ f (x, y) dx+ ) dy \ of x, y) dx= { ae J f (x, y) dy+ 
0 ~y ~V2-,8 —1 
1 V2-x? 2 4 


+) ax \ f(x, y) dy. 2132. fa (re y) dy = ja \ f(x, y) dx. 


2 — 
0 x 2x _ iy 


2 
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~1 Va— x? 1 -Vi- x3 1 4- x 
ass. (ax [pte nav \ ds J tena | ae "( Kx ghdy + 
—2_V4- x - -~V4a-— x! —1 Vy - 
2 Va— x2 —~1 Va —y? —~Vi -y 
rN J te na=Jar J te, net fa {fends + 
1 _Vrnp -2 _VYaup ~1 _Vauy 
1 Vern Va —y? 
+ | dy \ f(x, y) act fa \ f(x, y). dx. 
~1 vie -y? —-Va—y? 
—2 V9 —x? Vi+xa 
2134. \ dx \ F(x, y) ay +f dx \ F(x, y) dy+ 
~3 -~Vg-x —~2 ~Vi+x 
8 Vo —x? —1 —~Vy? -1 
+ Vas \ F(x, y)dy= \ dy \ P(x, y) dx+- 
2 ~Vo- x? ~Vs -V9 -y 
~1 Vo -# Vo —-y7 Vs —Vy?—4 
7 \ dy \ f(x, y) wtf dy | F(x, y)dx+ J a \ F(x, y) dy 2- 
V5 Vg 1 vere ee 
Vs Vo-y 1—x 1 
+ j dy \ f(x, y)dx. 2135. a) (4s J f(x, y) dy= jar i f (x, y) dxz 
Vy? -1 
Vaoe a Va? -y2 Veo 
b) j dx \ f(x, y) dy= \ dy \ f (x, y) dx; c) (a \ F(x, y)dy = 
-~Vq?-x? ~Var—y 0 —~Vx-- x2 
i+ Vi -ay? 


"Ie 2 1 1 


{a J} fenana J ae(e y) dy= | wf Hx 9) de3 


—1 1 


ll 


—'lq pa Vy ary? 


a yrtea 


e) | dy J f (x, paca (ae (re nat fae\re nays {ach f(x, yay. 
0 0 


0 2aX— 2a 


48 7 2 - a 1 
2136. {ay \ f (x, y) dx. 2137. { ay | f (x, y) dx + | ay | f (x, y) dx 
0 Zs 0 Ye 2 Y. 
12 3 3 
a 
ry Vat -y? a Vai -y? 
2138. { ay \ f(x, y) ax+ | dy \ f (%, y) dx. 
a 


0 


0 Vat — 2ay & 
2 


446 Answers 


aVs. 
2 a a 
2139, \ ay | F(x, y) dx+ f(x, y) dx. 
0 a a~—Vai—y? 
2 
a a—-Vai—y¥ a 2a 2Vea 2a 
amo. (dy §  penyaxt Say | fee wart j wv \I y) dx. 
0 ¥ 0 a+Va?—y 
4a ‘4a 
1 
0 Vi— x 1 i-x% “2 Vex 
2141. \ dx \ f(x, y) dy + \dx | f(x, y) dy. 2142. \ ax | f(x, y)dy+ 
— 1 0 0 0 0 0 
RVs 
Vs V3s—x 2 V R?—y? 
+ fei nave \ ax {f(s way. 2043. {ay | feyae, 
0 0 y 
; 2 
1 mu — arc sin y 
] 1 1 pL 
0 arc sin y 
1 4 151—16_ 2 
2149. 6. 2150. z° 2151. In2 2152. =a) z3 b) B07? Cc) 25 


s  Vi-—(x —2)? 


2153. sy 2 p®. 2154. \ as f xy dy == 2155. za V 2a. 
1 0 


. 2nR = y=f (x) 
2156. 2 aR’. Hint. \{ yar dy = | as \ y dy= 
(S) o 
R (1~ cos f) 


-{ R (1—cos ¢) dt \ ydy, where the last integral is obtained from 


0 


the preceding one by the substitution x= R(¢—sin?¢). 2157. as 2158. x: 


af 
R? é 
2159. a+, 2160. | de ( rf (r- cos q, r sin ) dr-+ 
0 


+ rf (r?) dr. 


sf 
sin ¢ a 
dp \ rf (rcosq, r sin) dr. 2161. ( dg 
0 0 


afat—> |x 
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ELS bs sin @ 
4 sin @ ry cos? ~ 
2162. | dp *, rf (r cos @, r sin @) dr. 2163. { F(tan @) d@ | r dr -- 
It 0 0 ry 
ry 
ax 1 sin @ 
sin @ ces? ~ 
«{ f (tan g) dg ) vars f (tan @) dp \ 4 
7 a 
at 
4 aVcos 2qQ sa Vcos 29 
2164. if dq rf (r cos @, rsin @) ar+| ag\ r[ (r cos @, rsing@) dr. 
_ a an 
re ry 
aU 
2 acos @ : ; 
2165. i do Psingdr==. 2166. = nat, 2167, 
0 0 
22 ; ta’ mx 616 V 2—20 a® 
2168. (G+5)e 2169. |e: 2170. (3-BY 32m \e . 
2171. Sn ab. Hint. The Jacobian is Z=abr. The limits of integration are 


0Osgx2n, Oral. 2172. yer (u—uv, uv)udu. Solution. We 


have x=u({—v) and yeuv: the Jacobian is J=u. We define the 
limits uw as functions of vu: when x=0, uw(l—v)=0, whence u=0 


(since 1—v #0); when x=<c, “=>. Limits of variation of vu: since 
y=ax,it follows that wv =au(l1—v), whence O=T 7G) for y= fx we find 
u 
oh n3[)o [rl )e 
— tl 
2 2-~ u 4 0 2+uU 4 
uto u-v , u--v u—vU 
Ja f(s )o}=2| Jao Vr(=ye. APP) ant 
1 u—e2 — 1 —v 
1 2 v 


+ dv \ i (S- , 5) a Hint. After change of variables, the equa- 
Vv - 
the 


tions of Sides of the square will be w=u; upu=2; u—v=2; u=—v. 


2174. a (2 3 ~ 7) ae tan — oh the | Solution. The equation of the curve 
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han (F cost pF sint *) whence the lower limit for r will be 0 and 


Ahe upper mis r= Vo cost 9% sint g x COs? — sin? . Since r must be real, it 
b? 


follows that a cos? a sin®@ = 0; whence for the first quadrantal angle 


we have tang<o. Due to symmetry of the region of integration relative 


fo the axes, we can compute + of the entire integral, confining ourselves 


rc tan ak V % cos? sina 
arctan FF na “OS O~ Fa Ie 


fo the first quadrant: 4 dxdy =4 | dp | abr dr. 
0 0 
vy Vy . aV q? — x3 
2175. a) 43 ; ; fa (" ma f dx; b) — oe \as | dy. 
_VZ 0 a-x 
9. . rat 10 , 
2176. a) 5: b) (24.8) a*. 2177. 190 2178. 3%. 2179. x Hint. 
—l<axqecl. 2180. . V15. 2181. 3(F+5). 2182. a _H¥d . 
2183. © nat 2184. 6. 2185. 10m. Hint. Change the variables x—2y =u, 
3x + 4y = v. 2186. z(b —a) (B—a). 2187. = (B—a) In 2. 
| 1 i x 
ma* 3 ] 
2188. v= \ay (1 —x) dx = \dx te dy. 2193. =: 2194. 7° 2195. a - 
o Yy 0 0 
a’ i 48 V6 88 a? abe 
2196. Fz: 2197, Ta’ 2198. 5 . 2199. 105: 2200. 78° 2201. a 
2202. na’(a—f). 2203. + na? (2Y 2-1). 2204. = nat (V 2-1). 
3 3 
2205. — 2206. = nabe. 2207. - (6Y3—5). 2208. 2 at. 


2209. na(i—e~*’). 2210. at 2211. BY 3—2 2212. Y2 4 VY 2 —1). 
Hint. Change the variables xy=u, Zemy, 2213. oe 


2214. 4(m—n) R*. 2215. 2 a*. Hint. Integrafe in the yz-plane. 2216. 4a’. 


2217. 8a* arc sin — . 2218. = fat (3V 3—1). 2219. 8a%. 2220. 3na%. Hint. 


_— 
Paes to polar coordinates. 2221. om = na? [ +57] ° —! | Hint. Pass to 
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polar coordinates. 2222. va and 8a?. Hint. Pass fo polar coordinates. 
a a a 
Vor ry d | 
2 __ady a 
2223. 8a? arc tan —s— Hint. o=| al ptt Yau —y ee | ar sin 5 Youn 
0 


aV3 


sin ¢; transform 


Integrate by parts, and then change the variable x= 


2 
2 
the answer. 2224 x r( V &+e—a V a?+c?+c? In + VEE). Hint. 
; +Vate . 

216 R? a®b a?b? ~ 12—n* | 
Pass to polar seers 5 2226 9° OF 2227 *=35(G—n) ; 
— 1 = Te =~ 2asina, — | - 2, 
Y=§(4—n) 2228. X= | 4, y =0. 2229. x= 30, ; y =0. 2230. x g H 
y=0. 2231. Ty-=4 2232. a) J, =a (D*—d*);  b) Ix= gy (D*—d'). 

° 8 a Vax 
2233. I=3 a‘. 2234. 5 0. Hint. =| dx \ (y +a)* dy. 

0 ~V ax 


2235. 161n2—9 s . Hint. The distance of the point (x, y) from the straight line 


x=y is equal to d= and is found by means of the normal equation 


of the straight line. 2236. =z ka (7 Y 2+3 In(Y 2+1)], where & is the 


proportionality factor. Hint. Placing the coordinate origin at the vertex, the 
distance from which is proportional to the density of the lamina, we direct 
the coordinate axes along the sides of the square. The moment of inertia is 
determined relative to the x-axis Passing to polar coordinates, we have 


n n 
4  asec@ 2  acosec@ 
35 
i= dq kr (r sin @)? ¢ dr + J dp ) kr(rsing)?s dr 2237. /,= 16 ma‘. 
3 ry 
2238. [,= ae . 2239. = na‘. Hint. For the variables of integration take ¢ and 


1 i-<x i~xX-J 


y (see Problem 2156). 2240. | ax \ dy | f(x, y, 2) dz 
0 0 


é 
R VR?— x? H 


2241. | dx | ay | Fu, y, 2) dz. 
-R ~VR2—x 0 
a 3 Vat— x 


2242. \ dx | dy f f(x, y, 2) ds. 


— a Vat—x c at 
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1 Vi-xw? Vi-xt-y 
2243. \ ax dy \ f(x, y, 2) dz. 
—1 -Vi-~x 0 
8 = — 4n V2 mgt 1 
2244. +, (31+ 12 V 2—27Y 3). 2245. yo 2246. 2247. aa. 
| 5 na’ — 97 59s stabc* 
2248. z In 2— 7. 2249. 7 (18 V3 -5) . 2250. 480 ™* . 2261. ro 
2D2 
2252. 4 nabe. 2253. nhTR . 2254. R*, 2255. 5 ay. 2256. x8(2-5 . 
5 4 9 3 3 
4 ns 7 32 , 3. _ 
2257. ig 7* . 2258. 0° 2259. 72 h. 2260. 7 7a". Selution. o= 
x2 + 47? Aa r3 
2a Veax— x? 2a "2 2a cos @ "2a 
~2| dx \ dy \ dz=2 \ de \ rdr \ an = 
0 Q 0 0 0 0 
n gt 
“2 2acos @ ta ' Ve \ 3 ona’ Va 
rdr_ 1 acos @ _ 3s ma 
= 2 \ao\ aa \ 4 dp = 4 ma*. 2261. 3 - Hint. Pass 
0 0 0 19 
to spherical coordinates. 2262. 6 Hint. Pass to cylindrical coordinates. 
aé abc ab 
2263. > (83%—4). 2264. mabc. 2265. > (a+b-+c). 2266. 54 (6c? —a?— 5’). 
22967. x =0; y =0; tata. Hint. Introduce spherical coordinates. 
—- 4 — — ma*h 2 ; ; 
2268. x =z 9 =0, z=0. 2269. 9 (34 +4h*), Hint. For the axis of 


the cylinder we take the z-axis, for the plane of the base of the cylinder, 
the xy-plane The moment of inertia is computed about the x-axis. After 
passing to cylindrical coordinates, the square of the distance of an element 


2 
rdgpdrdz from the x-axis is equal to r?sin?'g+z*. 2270. sre (2h? + 3a?). 
Hint. The base of the cone is taken for the xy-plane, the axis of the cone, 
for the z-axis. The moment of inertia is computed about the x-axis. Passing 
to cylindrical coordinates, we have for points of the surface of the cone: 


r= (2); and the square of the distance of the element rdpdrdz from 


the x-axis is equal to r*sin?@+z?. 2271. 2nkoh(1—cosa), where & is the 
proportionality factor and @Q is the density. Solution. The vertex of the cone 
is taken for the coordinate origin and its axis is the z-axis. If we introduce 
spherical coordinates, the equation of the lateral surface of the cone will be 


y= z—4, and the equation of the plane of the base will be r=—= 
From the symmetry it follows that the resulting stress is directed along the 
z-axis. The mass of an element of volume dm=gor’costpdq@dwdr, where 

is the density. The component of attraction, along the z-axis, by this element 


dm sin p = ke sin tp cos tp dip dq dr. 


of unit mass lying at the point 0 is equal to 7a 
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2m 27% h cosec 
The resulting attraction is equal to | dp \ dip | ko sin wp cos » dr. 

0 0 0 
2272. Solution. We introduce cylindrical coordinates (0, @, z) with origin 
at the centre of the sphere and with the z-axis passing through a material 
point whose mass we assume equal to m. We denote by & the distance of 
this point from the centre of the sphere. Let r= V o?+(E—z)® be the dis- 
tance from the element of volume dv to the mass m. The attractive force of 
the element of volume dv of the sphere and the material point m is directed 
mu is the 

3 WR? 

density of the sphere and du=qdqgdgdz is the element of volume. The pro- 
jection of this force on the z-axis is 


kmy dv 
r2 


along r and is numerically equal to — rym %, where y= 


E—z 


dF =— - 


cos (72) =—kmy Qe dg dg dz. 


Whence 


om VR: -23 


R 
d 4 1 
=—kmy | do f (E—2z) dz \ a = Amy mR® Ea : 
~R 


0 0 
fo a) 


4 kRMm 
But since 3 yuR*=: M, it follows that F= ee. 2273. — | pens? dy —e~*?, 
x 


| 
2275. a) D (p > 0); b) for p> a; c) sr (p > 0); d) _? (p > 0) 


p? + B? 
B 


] 
— pl —__— ; .. 
e dt = twice. 2278 In-—. 


p—@ 


2276, _.. 2277.2. Hint. Differentiate 
n2 ps 


e538 


2279. arc tan} — are tan— 2280. + In({+q). 2281. nm (V 1—a?—1). 


2282. arc cot = 2283. 1. 2284. = 2285, a 2286. ae Hint. Pass to 
= 2 
polar coordinates. 2287. Ya 2288. a 


from S the coordinate origin together with its e-neighbourhood, that is, 
consider J, = (\ In V x?+y? dx dy, where the eliminated region is a circle of 


(S_) 
radius e with centre at the origin. Passing to polar coordinates, we have 


230 1 27 | 

| a ' i d e" eF z) 

1,=\ dp |r nr ar = | glnr | 9 \ rar Q=2%n\ Gy ilne—7}. 
0 & 0 & 


. 2289. Converges. Solution. Eliminate 


Whence lim =>. 2290. Converges for a > 1. 2291. Converges. Hint. Sur- 
@—-0 
round the straight line y=x with a narrow strip and put {| tt = 
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1 € 


x= 1 1 
= lim {a f 99s dim \ a \ _ 4 2292. Converges for 
0 x+6 


+ 3 + 3 
emo) I (xy)? 89, V (xy) 
3 V 5+3 ab (a* + ab + b?) 256 , 
a> 7: 2293. 0. 2294. In —5—— . 2295. —S(a+b) . 2296. 52 . 
2 2 a’ Vi+m? _ 1 _ 
2297. zd +4ny? —1| , 2298. Bm . 2209. at V2. 2300. «7 (56 V7-- 
y 2 2 — 
—1), 2301. rete are tan 2 2302. 2na*, 2303. (10 V 10—1). Hint. 


Wiez y)ds may be interpreted geometrically as the area of a cylindrical sur- 


C 
face with generatrix parallel to the z-axis, with base, the contour of integra 
tion, and with altitudes equal to the values of the integrand. Therefore, 


S= ( xds, where C is the arc OA of the parabola y= = x* that connects the 


C 

2 72 fre 

points (0, 0) and (4,6). 2304. a V 3. 2305. 2 (t+ arc sin Vat—' 
V a®—8? a 
—— eee 2 V 2 22 
2306. V a+8 € Var+ nb? +5 In 2b + Vat tnt . 2307. (443 a). 
2308.  2na® gape a 19 9311, —2na?. 
V a? + 62. | 2309. Vises pai: 2310. 4055 

2312. a) z b) 0; ¢) 53 d) —4;e) 4. 2313. In all cases 4, 2314, —2n. Hint. 
Use the parametric equations of a circle. 23815. © ab?, 2316. —2sin 2. 


X3 
2317. 0. 2318. a) 8  b) 12; c) 2% d) i e) In(x+y); f) | (x) de + 


s x, 
U3 


+ | pw)dy. 2319. a) 62; b) 1; e) i +in 2; d)1+YV 2. 2320. Vi+a?— 


V1 
—~V1+67. 2322. a) x?+-3xy—2y?+C; b) x8—x?y+xy°?—y'+C; 
c) e-V(x+y)+C, d) Injx+y/+C. 23823. —2na(a+ 6). 2324. —nR*cos*a 


3 _ 
2325. 1, a¥ R*, 2326. a) —20; b) abc—1; c)5 V 2; d) 0. 2327. J= 
4 
-\\ y? dx dy, 2328. —4. 2329, a 2330. —. 2331. 0. 2332. a) 0; 


b) 2nn. Hint In Case (b), Green’s formula is used in the region between the 

contour C and a circle of sufficiently small radius with centre at the coor- 

dinate origin 2333. Solution. 1f we consider that the direction of the tangent 

coincides with that of positive circulation of the contour, then cos (X, n)= 

=cos (Y, ya, hence, G cos (X, n) as= PY ds= dy=Q 2334. 2S, where 
C C 

S is the area bounded by the contour C. 2335. —4. Hint. Green’s formula is 


not applicable. 2336. nab. 2337. = nat, 2338. 6na*. 2339. at Hint. Put 
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y=tx, where ¢ is a parameter, 2340. _ 2341. n(R+7r)(R+2r); 6nR? for 
R=r Hint. The equation of an epicycloid is of the form x=(R+r)cost— 
—reos S41, y=(R+ sint—r sin RES ¢. where ¢ is the angle of turn of 
the radius of a stationary circle drawn to the point of tangency. 
2342. a (R—r)(R—2r), = Rt for rad Hint. The equation of the hypo- 


cycloid is obtained from the equation of the corresponding epicycloid (see 
Problem 2341) by replacing r by —r 2343. FR. 2344. mg (z,—2,). 


2345. £@ —b6*), where k is a proportionality factor, 2846. a) Potential, 


U=mpz, work, mg(z,—z,); b otential, Unt. work, _____., 
g& aus 2) ) Pp r V a&+h?+c2” 
2 
c) potential, Ua tty +e, work, = (Rr), 2347. 5 nat 
2 «the 4 
2348. not Vo +e 2349. 0. 2350. © nate. 2351. >: 2352. a 
295 V 541 nV 2 

2353. ————_-=———. a._ 2354. h*, 2355. a) 0; b) — cos a@ + cos 
0G VEod) 5 ) 0; by) —({ (cosa + cosB + 

(S) aR a 
+cosy)dS. 2356. 0, 2357. 4m. 2358. —mna% 2359. —a’®. 2360. ag =. 


OP OR 0Q_ OP 


Sr oe! Ge ap’ 26h 0. 2362, 24 (ety te) de dy de. 


(V) 
dx dy dz vu aU au 
2363. (|| See 2361, i) (oF + aa iy +55 ) dx dy de. 
(V) V) 


3 242 
2365. 3a* 2366. = . 2367. = na®. 2363. ue . Spheres; cylinders, 


2372. Cones. 2373. Circles, x+y? =ct, z=C,. 2376. grad U (A) =9f —3f— 3k; 
|grad UU (A) |= V99=3 VI; 22=xy, x= y=z. 2377. a) =; b) 2r. oF ; 


d) f’ (= 2378. grad (cr)=c; the level surfaces are planes perpendicular to 


the vector ¢. 2379. = =, SS =| grad U | when a=b=c, 2380. a = 

= — EN, =0 for 2 | r. 2382. 2 ; 2383. div vans (r) + f' (r). 

2385. a) divr=3, rotr=0; b) div ey aP, rot (rc) = —— osc) div (f(r) c= 
-f« PW 6, r), rot (f(r) cy =f 69 exe. 2386. divo==-0; rotw=2@, where 


o <ok 2387. 2wn°, where n° is a unit vector parallel to the axis of rotation. 


2388. div grad U _Y r +55 +3; rot grad U=0. 2391. 3nR*H. 
2392. a) a RH (3R? +.2H?); b) o nRtH (R*+ 2H"), 2393. div F=0 at all 


points except the origin. The flux is equal to —4nm. Hint. When calculating 
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—mnR° 


the flux, use the Ostrogradsky-Gauss theorem. 2394, 2n7h?, 2395. 3 


r 
2396. U=\ ri (nar. 2397. —. 2398. a) No polential; b) U=xyz+C; 


r 
c) V=xy 4° xz +yz+C. 2400. Yes. 


vere vill 


] ] ] n-+-2 2n 
2401. a 2402. on” 2403. sa . 2404. a 2405. ———, (ne 1)’ 2406. -—. an}: 
2407. nin)’ 2408. Te) i-7..(3n—2) * 2409. (—1)"+'. 2410. n 


2416. Diverges. 2417. Converges. 2418. Diverges. 2419. Diverges. 2420. Diverges. 
2421. Diverges. 2422. Diverges. 2423. Diverges. 2424. Diverges. 2425. Con- 
verges. 2426. Converges. 2427. Converges. 2428. Converges. 2429. Converges. 
2430. Converges. 2431. Converges. 2432. Converges. 2433. Converges. 2434. Di- 
verges. 2435. Diverges. 2436. Converges. 2437. Diverges. 2438. Converges. 
2439. Converges. 2440. Converges. 2441. Diverges. 2442. Converges. 2443. Con- 
verges. 2444. Converges. 2445. Converges. 2446. Converges. 2447. Converges. 
2448. Converges. 2449. Converges. 2450. Diverges. 2451. Converges. 2452. Di- 
verges. 2453. Converges. 2454. Diverges. 2455. Diverges. 2456. Converges. 
2457. Diverges. 2458. “Converges. 2459. Diverges. 2460. Converges. 2461. Di- 
verges, 2462. Converges. 2463. Diverges. 2464. Converges. 2465. Converges. 


2466. Converges. 2467. Diverges. 2468. Diverges. Hint. “tet I 2470. Con- 


verges conditionally. 2471. Converges conditionally. 2472. “Converges absolute- 
ly 2473. Diverges. 2474. Converges conditionally. 2475. Converges absolutely. 
2476. Converges conditionally. 2477. Converges absolutely. 2478. Converges 
absolutely. 2479. Diverges. 2480. Converges absolutely. 2481. Converges con- 
ditionally. 2482. Converges absolutely. 2484. a) Diverges; b) converges abso- 
lutely; c) diverges; a) converges conditionally. Hint. In examples (a) and (d) 


consider the series 5 (dop_,+0,,) and in examples (b) and (c) investigate 
k=1 
i.) 


ios) 
separately the series }) a,,_, and )) a,g. 2485. Diverges. 2486. Converges 


k=1 R=1 
absolutely. 2487. Converges absolutely. 2488. Converges conditionally. 2489. 
Diverges. 2490. Converges absolutely. 2491. Converges absolutely. 2492. Con- 


l 
verges “soumey 2493. Yes. 2494. No. 2495. aa te 1(— 1" * converges. 2496. 


Lae = y? converges. 2497, Diverges. 2499. converge. 2500. Converges. 


' l 
BOL. | Rel < 95+ | Rel <7pq3 Re<0, Ry>0. 2502. Ry "<oetT-POrpa 


Hint. The remainder of the series may be evaluated by means of the sum of 
1 1 
Qnpit 


+(3) wanerat | <a lz agit(z) - wet |. 


a geometric progression exceeding this remainder: R,=a, 
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n+2 ; _ l 1 ; 
l l l l 
R,=—_——~. _—_ —_— ed _. 
n=l @taet 7 th) arD “Pyar 


(tt ! 1 ! 

(arr aaa) + (aap-ags) ++ ag 8 <agnt 
+Gthesgt An: 2505. For the given series it is easy to find the 
exact value of the remainder: 


_ i 16 ] \?"-2 
Re=as\@tis) (Fr) 
. ] 2m | 2242 

Solution. R= (ntl) (FZ +(n+2) (7) + oe 


We multiply by (4): 


1 |] \24@+2 2n+4 
pRe=tn(Z) +m+a(z) te 


Whence we obtain 
15 1 \2" 1 \2" 1 \2"+2 1 \22+4 
wee=(z) H(z) +z) +a) t= 
(=) 
1\27 \4 16 1 \24 
=(7) VS = (+35) (a). 
~ 16 


From this we find the above value of R,. Putting n=0, we find the sum of 
2 


the series s=(73) . 2506. 99; 999. 2507. 2; 3, 5. 2508. S=1. Hint. 
Oy 2509. S=:1 when x>0, S=—1 when x<0; S=0 when 
x= 0. 2510. Converges absolutely for x > 1, diverges for x< 1. 2511. Converges 
absolutely for x> 1, converges conditionally for O<x<l, diverges for 
x<0. 2512. Converges absolutely for +>e, converges conditionally for 
l<x<c, diverges for x<Ql. 2518. —~o<x<o. 2514. —w<x< om. 
2515. Convergcs absolutely for x>0, diverges for x <0. Solution. 1) Ja, [< 
! oo . 9) _! 
S pax 3 and when x > 0 the series with general term wx converges; 2) iz = | 
for x <0, and cosnx does not tend to zero as n — > o, since from cos nx -+ 0 
it would follow that cos 2nx -+—1; thus, the necessary condition for conver- 
gence is violated when x<<0. 2516. Converges absolutely when 2kn<x< 
<(2k+1)n(k=0, +1, +2, ...); at the remaining points it diverges. 2517. 
Diverges every where. 2518. Converges absolutely for x 40. 2519. x > l,x<—l. 


2520. x>3,x< 1. 2521. x21, x<o—1. 2522. rBbz, recat. 2523. 

X>1,x<—I1. 2524. —1 <x<—y, 5<t< 1. Hint. For these values 
@ ioe) 1 

of x, both the series yi and the series Dkk converge. When |x|[2l1 
k=1 R=1 
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l 
rand when Ixl<a: the general term of the series does not tend to zero 
29525, —1L<x<0, O<x<l. 2526. —IL<x<l, 2527. —2<x< 2. 
2528. —Il<x<1 2529. 3 StS 75. 2530. — 1 <x<ql. 2531.—l<x<l 


2532. —l<x<1. 2533. —wo <x< om. 2534. x=0. 2535. —wo <x < ow. 


2536. —4<x< 4. 2537. —z <x<a. 2538. —2 <x < 2. 2539.—e < x <e. 


2540. —3<.x <3, 2541. —l<x<1 2542. —l<x<1 Solution. The diver- 
gence of the series for |x|==1 is obvious (it is interesting, however, to note 
that the divergence of the series at the end-points of the interval of conver- 
gence x= +1 is detected not only with the aid of the necessary condition 
of convergence, but also by means of the d’Alembert test). When|x|< 1 we 
have 


lim |(@e Date xe 
N+>2 n! x’! 


= lim H(n+1) x7?) < lim (n+ 1)] x [? = lim ntl _o 
n>@o n> @ n-@w 1 


x 


(this equality is readily obtained by means of |’Hospital’s rule). 

2543. —l|<x<1 Hint. Using the d'Alembert test, it is possible not only 
to find the interval of convergence, but also to investigate the convergence 
of the given series at the extremities of the interval of convergence, 2544. 
—1<x<1. Hint. Using the Cauchy test, it is possible not only to find the 
interval of convergence, but also to investigate the convergence of the given 
series at the extremities of the interval of convergence. 2545. 2<x<8. 
2546. —2<x <8. 2547. —2<x<4. 2548. l<ox<o3 2549. —4<*<—2. 


2550. x=-—3 2551. —7T<x<—3 2552, O<cx <4. 2553. ~Jex<d. 


2554. —e—3 <x <e—3. 2555. —2sxs0. 2556.2<x<4 2557.1< «<3. 
2558. —3<x<—1 2559. lo <x<1+s Hint. For ralds the 
| \ 
series diverges, since lim on ane 0 2560 —2<x<0 

e 


n>@ 


2561. l}<x<c3 2562. lox <5. 2563. Jeo x <c4. 2564.[z] <1 2565./z| <1 
2566. |z—2:| <3 2567. |z|< Y2 2568 z2=0 2569. | z| < o. 2570. lz< 


2576. ' We (—Il <x <1) 2577. 3 In(l+x) (—T<xal), 
2578. x Injpa, lel <D 2579. arctan x({[x|[<.1). 2580. Gop" <1). 
2581. Gap (tL <) 2582. Gag t1<. 2583 Gail #l>D. 
2584, 5 (atc tan > nee) (jxl <1). 2585. 13 . Hint. Consider the 


x | 
—-—... (see Problem 2579) for x=——. 
5 V3 


co a} 
n “i 
2586. 3. 2587. a=1+ > seine wm x < co. 2588. sin( r+) = 


sum of the series r+ 


n\ 


_ x28 oO x5 oo yn 
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2589. cos (x + a) =cos a—x sin a—* cosa+— sin a+* cosa 2 ee 
x? (n-+1)x _ 2,207 2x4 5x8 
Gain] ape 8 +... 0 <x< co .2590. sin x= or a ar ee 

Ww—1 on 
cea oO KX <K ow, 291 In(24-x)= In2+3— 


x? x ne. x" , , ; 
—5- tag +{—1) niga tees —2<x*x<2. Hint. When investi- 


gating the remainder, use the theorem on integrating a power series 


2x —3 3x —5 
2592. — ~(n$3) 2" |x| <1. 2593, a rae be 


(x—1)? 


n=0 


@ is) 
—])2@-19n-1 yn 
=—So (tt gem) 2% bel <1. 2504 reat YO) * 
n=0 n=2 


(n—I)! , 


2n 
— 0 << ©, 2595. etal —o<xr<— m0 2596, Laren 


yt 
on + Il 
y) nm y2n 


- * — |)” 2n 
(0% <x< oo) 2597. 14S) (— 1" ay. 2598. +h Ne) 


n=1 
1)" (n + 2) 327% .x 2 +1 


lo 9} 
| 
—o<x< 0. 2599. 2Si(— Gael 


A=0 


ad on+1 | | an 
2600, 3) 0" gra (—3<x<3). 2601, be Stee + 


(—o< x <0). 


1.3.5 2° 1-3-5, .(Qn—1) x?” 
T2468" : EEG Re BT (—2<4<2) 


+ (=p! 2" ( | 1 
2602. 2 (jx}< 1) 2603. > 7 <#<3). 


n= o 
2n+1 


2604 Dio (Jx[<1). 2605. ye I" 


w= (lx |< 1). 


_t 


( 
[-3x |. 3-5... .(Qn—1) x20+! 

600. ty Steg Et tae me Fit WIS. 
3 x5 
45 


| |: 
2607. X— otha 
i —_— e 2609. — ——e 
2608. yi (- —1}) = a - ( o<x<oo). 26 7) (—1)*~- aT 
nz=!1 


n= 


L. 3 5. (Qn—1) x24? 


+I" Se . (xi<t). 


1. .on aaa 


R-1 
(—o<x<o), 2610. 8+ syle es yn (—wo< x <0), 
n=1 


2-x? 2-5x5 2-5-8... .(3n—4) x” 
20. 2h oa ane tag be TOW Spear ay be 
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1 w/il 1 
{—o <x <0). 2612. s->d (grat geet) x” (—2 <x< 2). 
n=1 
3 2 (1 4. 324=1) x2” oan _ 
2613. 1+ aay F< ©). 2614. SS aga Wx} <V 2). 
n=1 n=0 
ew Pic re) 
2615, In2+ $*(—1)""1(142-%) — (—1<x<)). 2616. $Y (—1)" x 
n=l n=0 
yeti © n xenel 
X Gap aapin (TP <<). 2617. xt $ (— 1" Goa G (lel<o). 
. x? ~ ! 1.3 
— [yt+t 2 x5 . 9 
2618. >; "tt (xf). 2619. k+5 Mtoe tte + 
n=! 
1-3-5...(22—1) ang x? 2x3 
“Si? Gn-ha ~ +... (|x| < 1). 2620. Abotygt.: 
x | 2x8 x? x4 x? 5x! 
2621.x—S+Fe—... 2622. e( F+5--). 2623. lt stot: 


x xt x8 2, 1 
2624. — otptegt:: . 2625. x+x +3 x'-+... 2626. Hint. Proceed. 


ing from the parametric equations of the ellipse x=acos@, y=b sing, com- 
pute the length of the ellipse and expand the expression obtained in a series 
of powers of e. 2628. x*—2x?—5x—2 = —78 +59 (x +-4)—14 (x-+4)? + 


+(x+4)§ (—0o <x < 0). 2629. f (x +h) = 5x8 —4x? —3x +24 

-- (15x? —8x—3) A+ (15x — 4) h? + 5h8 (—-am<x<0; —wo<h< ow). 
oe) 4)" ad 

9630. Yay FT 0 <x<9). 2631. S¥(—1)"(x— 1)" <x <2). 
n=1 n=0 


2632. Saath (x+1)" (—2<x<0). 2633. SE (2-18-88) (x +4)" 


n=0 tl=0 


(—6<x%<—2). 2634, $*(—1)" ere (—2—V3 <x<—24V3). 


n=0 
- = (x 4-2)" —4 1 (y—4/ 
2635. ¢ | De] (Jx|<co). 2636, 24 *>_7 EN 
n=1 
1-3(x—4)® 1-3-5 (x—4) _, 1-3-5... .(2n—3) (x—4)" 
+76 oF eg oe HI ee eet 
fe -) yt \2n—t 
y) (4-4 1 
(O<x <8). 2637. yi-9 Saar Mt < ©). 2638. — + 


@ uu \2nni 
Y an ( x2) = 1 l—x\2n4+1 
+p Ae < o). 2639. —2 > rEsites? 
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Hint. Make the substitution iat and expand Inx in powers of f. 


. x l x 1-3/ «x 1-3-5...(2n—3)f x \" 
na revta(rpa) te (it ree) te +996 HSI) g) #9 


—zaxr<o ), 2641. IRi<e< jp. 2642. IRI < 77. 2648. 2 


| \$ 1\5 

1 1 (=) 3(z) 
Sgty 3 teas 

exceed 0.001, it is necessary to evaluate the remainder by means of a geo- 


metric progression that exceeds this remainder 2644. Two terms, that is, 


= 0.523. Hint. To prove that the error does not 


7 
x? . l 
l—>. 2645. Two terms, i.e., re 2646. Eight terms, i.e., +S 
nm=1 
2647. 99; 999. 2648. 1.92 2649. 4.8] R]<0.005. 2650. 2.087. 2651. | x | < 0.69; 
x | < 0.39; |x| < 0.22. 2652. | x|<0 39; |x| <0 18 2653. At 0.4931. 


2 2°-3-d! 
2654. 0.7968. 2655. 0.608 2656. 0621 2657. 0.2505 2658. 0.026. 


— n (x—y)*" 
2659. 1+ $*(—1) Sar (—-w <x <0; —wo <y< ow). 


n=1 


. n (X— YP — (x+y) 
2660. Di et eee 7 (—0 <x < oO; ocy< ow). 


t=1 


° (x? + y ayen 1 
2661. S*(— 1)"-! Sait (—~-w <x< wm; —w<y< 0). 


n=1 


i +) 
2662. +2 Si y—*)" ix—y| <1 Hint, *TY No z 


Tpeoy +7 ° Use 


n=1 


eo oyn n 
a geometric progression 2663. -yt (—l<x<l; —l<y< 1). 


n=1 


Hint. }—x—y+ xy =(1—x) (1—y). 2664. Ss (-" 


n=0 


yx2n+t 2n41 
ee (—I<xv<l; 


X+Y 


—1<y <1). Hint. arc tan yg rate tan x bare tan y (for Ix{[<l, |lyJ<l). 


| — 


2665. f(x+h, yt k)=ax?4+ 2b xy + cy? -+2 (ax + by) h4+-2 (bx-+-cy) k+ah? + 
|-2bh +-ck?. 2666. f (1 +h, 2-+k)—f (1, 2) =9h —21k + 3h? + 3hk — 12k? +h? — 


x na 2n 
seni (0-4) 
—2k, 2667. Fe ee 2668. 7 yer aac 


i=1 


2 2p __ By 2 
2669. [pep Se ew 2670. 1 +- x -[- ty t+. os 


9671. Cle 2 (c= 6) yr Sin (2N-+ 1) x, S (0) = = ares, S(+m=0 te, 


27 1 pa) 2n + i 
n=0 
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b—a 2 v=9) cos (2n + 1) x sin nx 
2672. {ah Seer onc Ha+b) 3 (— yr, 
n=1 
COS NX 


S(+ ny= 28 9, 2673. ay (ee 


n=i 


>S(+ 2) =n*. 2674. = sinh anmx 


Lo wt —)" _ 2 sin ax 
x [5+ dS (acos nea sin nx) |; S(+7)=coshan. 2675. x x 
a=1 


x yay es if a is nonintegral; sin ax if a is an integer; S(4+ ~)=0. 


n=1 


2 sin ax n aces nx |, , , ; 
2676. tL" 4 if a is nonintegral; cosax if a is an 


yf 
n=1 


nsinnx. Sn) =0. 


; _ 2 sinh an — n-1 
integer; S(4)=cosan. 2677. EHD net 


n=1 


2 sith an —y n@ ces nx sin nx 
2678. “reat (—1) ote | S (+ %)=coshan. 2679. ye . 


n=] 


n=! 


sin (20 — 1) x mt um , _yt-! 
2680. ye St 8) i) zi Ws 2681. 25 Iy"-" x 


io] @ 
sin nx , mA cos (2n—1)x_ 7 
x a 2. eT (Qn—1)2 , e- 2682. a) yon Sif nx, where 


n=! 


n=1 


_ an 8 _ a n COs ne n? 
Os% -1 = 5p —1 ~~ x OR=1)° and bp = k’? b) 3 SHY 1) ; 1) . 


n sin nx ee" ] 
a®-+n?’ b) am +r 


2683. 1) = u-(-1" e7") 


a® -+-n? 


sin (27 — 1) x 
~ (2n—1)? ~ 


a 
4 (a | 
cos nx. 2685. a) x 2y' 1) ; b) > 


a 


2 <rces2(2n—1)x ~ yen _ 
-=y= ont 2636. Si on sin nx, where b,,=(—1)"" 5), bp 


2 8 Only n sin nx 
ot Rk ene ~_— _— an-i 
(~—1) mk FIP 2687. - =): . 2688. by (—1) Ge. 


u=i i=] 
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2h [1 ~, sin nh sin nh 
2689. a (ath ah corns ) 2690. ae +e (25 )ssene| 


nmi a= 
@ 
__ cos x yan CO8 1X 4 ~1 07S 2nx 
2691. 1 > +25" ( 1) on 2692. = eto a5]. 
n=2 n=l 
x 
A 2 
2694. Solution. n= \1 (x) cos 2nx dx = | f (x) cos 2nx dx + 
x 


“inated If we make the substitution tx in the first 


integral and tax—-+ in the second, then, taking advantage of the assumed 


identity i( $+ t)=-} ($-% ). it will readily be seen that a,,=0 
(n=0, 1,%%, ...); 


a 


7 

2) 5, = -al f (x) sin 2nx dx = — 2 | f (x) sin 2nx dx +2} \' (x) sin 2nx dx. 
mid 
2 


The same substitution as in Case (1), with account taken of the assumed 
identity f (5+ t\=f (5-8) \ leads to the equalities 6,, =0 (n=1,2,...). 


aD 
. 1 4 cos (2n-+- 1) mx _ 2 qr sin 2nax 
2695. Qo” 7 x (Qn i-l? . 2696. l a » A ° 
n=0 n=1 
7 Nix NIX 
7 [cos an sin T 
st fk _1\" 
2697. sinh/ |- 2 (—1) ——Pa ne 
nm=1 
ao sin NIX & 
; 10 1 |} 4 n2(n—1) nx. 
2698. — y (—1)"——- 2699. a) — pe a by) 1 2700 
7 » TEX “(Qn—1) mx 7 
sin + 1 Al cos ———-—— s ne 
})@+1 . _— — ——________—  , 2701. b, itl, 
De i) b) 5 uy ne 2701 9) SIN 5 
=1 a 
where b _s TT _4 b an sv 
thei 21 kT y k= — Fs by OG 
@ nx (2 4- 1) mx 
~ COS 5 a a 
— __]\an—-! — 
16 Yi 1) , 2702, a) = £yiow “Bish? ’ b) 9 
n=l 
toe) 
4 cos (2n + 1) mx 2 9wrl voces 2 ine 
2 > (2n+ 1)? ° 2008, 3 Oe ys n? © Dy one 


n=0 n=1 a= tel 
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Chapter IX 


2704. Yes. 2705. No. 2706. Yes. 2707. Yes. 2708. Yes. 2709. a) Yes; b) no. 
2710. Yes. 2714. y—xy’=0. 2715. xy’—2y=0. 2716. y—2xy’=0, 2717. 
xdx+ydy=0. 2718. y’=y. 2719. 3y?—x?=2xyy’. 2720. xyy’ (xy?+ 1l)=1. 


2721. y=xy’ In=. 2722. Qxy” -+y’ =0. 2723. y”—y'’ —2y =0. 2724. y” + 4y=0. 


2725. y' ‘= ay! -+-y==0. 2726. y”=0. 2727. y”’ =0. 2728. (1 +y’*) y”’ —3y’y"? —0. 
2729. yy? —x?=25. 2730. y=xe*. 27381. y=—cosx. 2782. y= 


a 5e~* +. 9e% —4e**), 2738. 2.593 (exact value y=e). 2739. 4.780 [exact 
value y=3 (e—1)]. 2740. 0.946 (exact value =o 2741. 1.826 (exact value 
y= V3) 2742. cot?y=tan?x+C. 2743. x= == — “aeart ; y=0. 2744. x? +y? = 


=|InCx?. 2745. y=a+———. 2746. tany=C (1—e*)§; x =0, 2747. y=C sinx. 


a 
y € 

2748. 227 =Ve (1+e%). 2749. Ity*=7—5. 2750. y=. 2751. 

arctan(x-+y)=x+C. 2752. 8x+2y+1=2tan(4x--C). 2753. *«+2y+ 

iad hs 2754. 5x+10y+C=3In{|10x—5Sy-+6|. 2755. o= 


or y?=2Cx-+C?. 2756. Ing= 


2 
—i5=6. 2757. Straight line y=Cx or hyperbola y=. Hint. The seg- 
fa \@ 
ment of the tangent is equal to V v+(5) . 2758. y® — x? =C. 2759. y= 


x 
x ( xy dx 
a 


3 
=Ce%. 2760. y®==2px. 2761. y=ax?. Hint. By hypothesis ~— =7 %. 


0 
Differentiating twice with respect to x, we get a differential equation. 
2762. yaar. 


—__ __ _— v2 
2763. y= Vie+21n 2 2764. Pencil of lines y=Rkx. 2765. Fa- 


mily of similar ellipses 2x?-+-y?=C?. 2766. Family of hyperbolas x?—y?=C. 
2767. Family of circles x?+-(y—6)?= 67. 2768. yaxin<. 2769. yas. 


x 


2770. x=Ce. 2771. (x—C)P—y®=C% (x—2)?@—y*=45 ye tx. 2772. 


| tin|yl=c. 2773. yao to: x=0. 2774. (x?+-y%)*(x-+y)®C. 


2775. y=x V 1-22. 2778. (x--y—1)?=C (x—y +3). 2777. 3x +-y+2X 
XIn[x-+-y—1[=C, 2778. In} 4x+8y4+5|18y—4x=C. 2779. x? =1—Q2y. 
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2780. Paraboloid of revolution. Solution. By virtue of symmetry tke sought- 
for mirror is a surface of revolution. The coordinate origin is located in the 
source of light; the x-axis is the direction of the pencil of rays. If a tangent 
at any point M (x, y) of the curve, generated by the desired surface being cut 
by the xy-plane, forms with the x-axis an angle m, and the segment connect- 
ing the origin with the point M (x, y) forms an angle a, then tan a= tan 29 = 
_ 2tang 
~ 1 —tan?g ° 
—yy'*=2xy’ and its solution is y2=2Cx-+C*. The plane section is a para- 
bola. The desired surface is a paraboloid of revolution. 2781. (x—y)?—Cy=0. 
2782. x?=C (2y+-C). 2783. (2y?—x*)’ =Cx?. Hint. Use the fact that the area 


But tan a= ; tang@=y’. The desired differential equation is 


x 
is equal to \y dx. 2784. y=Cx—xIn|x|. 2785. y=Cx+x*. 2786. y= 
a 


atte S. 2787. x Vl+y?+cosy=C. Hint. The equation is linear with 


dx ] e~ ab—e® 
> —, . = 2 . . = — +L . . —= 
respect {tx and dy 2788. x=Cy 7 2789. y . 4 - 2790. y 


__ ] | «2 at Vie _ x 2: __ 
oy (x V 1—x + arc sin x) Tox: 2791. Y= ax" 2792. y(x?+Cx)y=1. 


2793. yroxine. 2794. x?= 2795. y?(38+Cecosx)=-x 2797. xy= 


] 
y+ Cy?” 
==Cy?+ a? 29798. y?+-x-+ ay =0. 2799. x=yin=. 2800. S421, 2801. 
2 3 
a? 4- y?—Cy-+a?=0. 2802. 3 -+-xy+y?=C. 2803. etry +P =C. 2804. 


x 3,4, y° y 
T7aty -|- 2x =C. 2805. x?+-4?—2 arc tan ae. 2806. x?—y?=Cy%. 


9807 Bg ae 2808. Injx|—2 =c. 2809. 4% =c. 2810. 4 iney 
"807. 5 FC. 2809. + =C. 2810. — In. 


+yVae, 2811. (xsiny+ycosy—siny)e°=C. 2812. (x?C*4-1—2Cy)x 


x (x? -+ C?—2Cy)=0; singular integral x?—y?=0. 2813. General integral 
(y+C)? =x’; there is no singular integral. 2814. General integral (5- y+C | x 


2 
x(x $ +C)=0; there is no singular integral. 2815. General integral 


y?-|-C?#==2Cx; singular integral x?—y?=0. 2816. y= I cos x + V3 sin x. 2817. 


2 2 
2 
a eee 9818 {Fg Pe tS 2819 { x=2p——+0€, 
= ~ . = 2oP ° ‘ p 
y =p sin p 4+-cos p+ p-+C. y = pre? \ y=p?+2Inp. 
Singular solution: y=0. 2820. 4y == x*?+ p?, In| p—x|=C+ 


ae 2 2 
2821. In V pty? + arc tan —=C, rain re Singular solution: y=e*. 
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las, 2. = x= Ce~P—2p+-2, 
2822, y=a_ Cato; y= t 2x. 2624. {yaCU4 pe Ppt? 
1 
l ~~ om 
k=z (Cp 2 —p), 
x= In| p|—arcsinp+C, p25. 3 Hint. The differential 
2823. \yoe+ Vi—p . 1 


l — 
y= & (2Cp* +p’). 
equation from which x is defined as a function of p 1s homogeneous. 2826. 
y = Cx +C?; y=— >. 2827. y=Cx-+C; no singular solution 2828. y=. Cx+ 


_ l 
4+ V1 4-C?2; x2-+y?=1. 2829. y=Cx+% > y?= 4x. 2830. xy =C 2831. A circle 


and the family of its tangents. 2832. The astroid x73 + y?/8 = q?/%_ 2833. a) Homo- 
geneous, y=xu; b) linear in x; x=uv; c) linear in y; y=uv; d) Bernoulli’s 
equation; y=uv; e) with variables separable; f) Clairaut’s equation; reduce 
to y=xy' + V y"; g) Lagrange’s equation; differentiate with respect to x; h) 
Bernoulli’s equation; y=uv; i) leads to equation with variables separable; 
u=x-+y; j) Lagrange’s equation; differentiate with respect to x; k) Bernoul- 
li’s equation in x; x=uv; 1) exact differential equation; m) linear; y=uu; 


n) Bernoulli’s equation; y=wv. 2834. a) sin = —In]x|+C; b) x=y-eC¥t!, 


x l 
2835. x?-++ y*=Cy*. 2836. Y= 2837. xy (C—— In? x)=]. 2838 y= 
=Cx+C nC; singular solution, y=e~%+", 2839. y=Cx+ V —aC; singular 


—!| 
solution, y=7. 2840. 3y+I1n yee 2841. oe e* —e” —arce tan y— 
1 


—Fin(ity)\=C. 2842, y=x*(1+Ce*). 2843, x=y®(C—e-). 2844. y= 


=Ce~ “9 * 4 sin x— 1. 2845. y=ax+CV 1—x*. 2846. y= Zo (t+ In| x1+0). 


2 
2847, x=Ce"4—2a(1+siny). 2848. 5 +3e-+y tin [(x—3)" | y—1P]=C. 


2 
2849. 2 arc tan yt ain Cx. 2850. ali 4Ce Y . 2851. x*= Ce¥—y—2 


2852. V L+inixi=c, 2853. y=-x arc sin (Cx). 2854. y= Ce“ 4 sin X-+ 


+ = cos x. 2855. xy=C(y—1). 2856. x= Cor — 5 (sin y+ cosy). 2857. py -- 


=C (p—1). 2858. =Ce—yt—5 y— sys 2859. (xy +-C) (x*y+C)=0. 
C Vitp 1 
ty x=4— y+ 54 In 
2860. Ve+y—2=C. 2861. xe” —y?=C. 2862. p? 2p TOR (p+ 
Y + VIP", 


y= 2px + V 1+ pt. 
2863, y= xeC*, 2864, 2e¥—y*—=Cy!. 2868. In| y+2/42arc tan ut? mC. 2866, 
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y 


y+Ce ? +. —2=0. 2867. x2.y=Ce%, 2868. r+ =C. 2869. y= 
—. x4 2 2 2 

~ a 2870, y=C sin x —a, 2871, y= PIE VEE EE gro, 
(x?— 1); x+ Vat+x? 


(y—Cx)-(y2—x? +C)=0. 2873. y= CELA, y= 5 i/ Be. 2874. x34 x2y— 
—y?x—y=C. 2875. pt ty Cy’. 2876. y=:x—1. 2877. y=x. 2878. y=2. 
2879. y=-0. 2880. Y = -5 (sill x + Cos x). 2881. y= Qt + 241), 2882. y= 


-=e@—* + 2x —2, 2883. a) y= x; b) y=Cx, where C is arbitrary; the point (0,0) 

is a simular point of the differential equation. 2884. a) y2=x; b) y?==2px; 

(0,0) is a singular point. 2885, a) (x —C)? +- y?=C?; b) no solution; c) x? + y?==x; 
x 


(0,0) is a singular point. 2886. y =e". 2887. y==(V 2a + VY x)%, 2888. y? == 
-:|—e-*, 2889. r=Ce*?. Hint. Pass to polar coordinates. 2890. 3y?— 2+¢==0 
2891. r= k® 2892. x?-]-(y—b)?=—6?. 2893. y?-+-16x=0. 2894. Hyperbola 


(e*-+-e-*). Hint. Use the fact 


_—— 


y? —x?.-C or circle x? |-y?--C®. 2895. Y == 
. 2 
{hat the area 1s equal to (dx and the are length, to 


0 \ 


H I + iy’? ir. 


~ Cm by 


2 
2896. wes + Cy. 2897. y?—4C (C -|-a— x). 2898. Hint. Use the fact that tha 


resultant of the force of gravity and the centrifugal force is normal to the surface. 
faking the y-axis as the axis of rotation and denoting by w the angular ve- 
locity of rotation, we get for the plane axtal cross-section of the desired sur- 


face the differential equation g Gt wre. 2899. p—-e-9. 187”, Hint, The pres- 


sure at cach level of a vertical column of air may be considered as due solely 
to the pressure of the upper-lying layers Use the law of Boyle-Mar otte, ac- 
cording to wich the density 1s proportional to the pressure. The sought-for 


1 


differential equation is dp ——kpdh. 2900. Say klw. Hint. Equation ds= 

- kw —* ax. 2901. s=(p re) kl. 2902. T=-a-4+-(T,—a)e—*. 2903. In 
3\t 
one hour. 2904. w-= 100 (=) rpm. 2905. 42% of the initial quantity Q, 
will decay in 100 years. Hint. Equation 9 =kQ. Q=Q, (5). 2906. t= 
1 \2 l 
~~ 3 j 2 — —_— —_—— 
= 35.2 sec. Hint. Equation 7 (4?— 2h) dh x (55) vdt. 2907. [094° Hint. 
1\5 gm 
dQ =—RkRQ dh. Q=Q0( 5] 5. 2908. vu — Vy & as f —*oo (Rk is a propor- 
tionality factor). Hint. Equation mon = mg—kot: U= V/ tanh (+ a | . 
: ~ AX 1 x a E 
2909. 18.1 kg. Hint. Equation an? ( 3 500) . 2910. ‘= RIT Tigt [(R sin ot— 


16—1900 
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2, 
— Locos wt)+Loe - 4, Hint. Equation RitLG=E sin wt. 2911. y= 


=xIn|x|+C,x+C,. 2912. 1+ Cwt= (C+ Vs 
—x+C,. 2914. y=C,+C,In]x|. 2915. y=Cec* 2916. y= + VC\x4-C, 
2917. y=(1+4C%) In| x+C,|—C,x+C,. 2918. (x—C,) =ain yas 


) 2913. y= In| e?*+C,|— 


sin 


2919. y= 4 (In| x[)?+C, In] x] +C, 2020.17 in| 


l 
= C,eC* + z= 2922. y= + 5 E Vee +0} arc sin =| +C, 2923. y= 


|. Cosy =C. 2921. 4= 


= (Cye*+1)x+C,. 2924. y= (C,x—C°%) et "4C,s y=-5 x?-+C (singular solu- 
3 
tion). 2925. y=C,x (x—C,)+C,; y=Z+C (singular solution). 2926. y= 
2 > 
= 4 Farina t+ Cu+Gy, 2927. y= + sin(C, + x) +C,x+C,. 2928. y= 


=x'+ 3x. 2929. y= 5 (+1). 2930. y=x-+1. 2931. y=Cx?. 2932. y-=C,x 
1+ C,e* 


_ _t y 
x EGE y= C. 2998. v=C,+In|4 Se]: 2984. x==C,— 7 = In| te 
2935. x=Cy?+ylny+C,. 2936. 2y° pee. 2937. yma, 2938. y= 
vo} FN ini x) or _/1-*" ¢ thin xl, 2939 { 1» 
“de—1l 4 I~ Tet)’ 4 a i 
2 
2940. yay 2941. y=-2e*. 2942. —— (y-|-2)*. 2943. y - e*. 
2 @§ 4 e® _2V27_8 
2944. y = 5-1 tb Toe: 2945. Y= a a: 2946. y-= 
ae" 0947. ye=sec?x, 2948. ye=sinx-+1 2949 x! 
oT ee ° . Yy . © Yor . Y=yoo: 
2950. ree 2951. No solution. 2952. y=e*. 2953. y-:- -2In x |—~. 
(x+Ci+1)? 4 = 
2954. y= —. +3 C, (x +1)? +C,. Singular solution, y=C. 2955. y =s 
— c,< + (C,—Ct) x+C,. Singular solution, y= erly ——- + C. 2956. y= 


1 
= 75 (Ci + x) + Cox + Cy. 2957. y=C,4+Ce:*; yeloe yl be 


4 
‘singular solution, Y= ° 2958. Circles. 2959. (x—C,)?—C,y?-+-kC> =0. 


2960. Catenary, y=a cosh 8, Circle, (x—x,)?+ y?==-a®. 2961. Parabola, 
(x—X,)? = 2ay—a?*. Cycloid, x—x, =a (t—sint), y=a(1—cos Z). 2962. e@¥+O.— 
C,H a 1 Ho-p* 


= sec (ax-+(C,). 2963. Parabola. 2964, y = 3 7 e +——@ 
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x cosh +C,, where H 1s a constant horizontal tension, and HM Lg. Hint. 


x-+C 
a 


The differential tion SY 4 V1 qy\? 9965. Equation of moti 
1e differential equatio dx? H -+ ax} ° . Equation of motion, 


2 2 
aaa (sin a—pcosa). Law of motion, 5 uwcosa@) 2966. sat x 
BE 2 
xIncosh( V 4) Hint. Equation of motion, mos -=mg—k (Sr). 2967. In 
m dt? dt 
6.45 seconds. Hint. Equation of motion, — es —10 v. 2968. a) No, b) yes, 


c) yes, d) yes, ec) no, f) no, g) no, h) yes 2969. a) y’+y=0; b) y’—2y’+y 0; 
c) x?7y"—2xy' + 2y == 0, d) y”’—3y" +4y’—2y =0 2970. y = 3x—5x? +4 2x3, 2971. y = 


=—(C, sinx-+-C,cos x). Hint. Use the substitution y=y,u. 2972. y=C,x + 
+C,\nx. 29738. y= A+ Bx? +x°. 2974. y==+ Ax. Hint. Particular so- 


lutions “@f the homogeneous equation y,==x, y, a . By the method of the 


- -3 
variation of parameters we find: C, ata, C,.=— = +B 2975. y=A-+ 


-| Bsiwx-+ Cocos x- f In| sec x + tan x| gr sin x In] cos v|—xcos x. 2976. y = C,e?* -+ 
4-C er 2977. Ieee 34 1 C,e3*, 2978. y =C,-+-C,e* 2979. y= cosx + C, sinx. 
2980. y—=e* (C, cos x-- C, sitt x) 20st. y: 2g- 2 (C, cos 3x-|-€ » sit 3x) 2982. y= 


- (C,-+-C.x)e7*. 2983. y=~e? (Cet! a C,e7* 2y, 2984. If k>OQ, y= 
= Cet! #4 Ce7*! e fk<Q, y = Cy, cos V —kx -+ C, sin V —kx. 
x Vy b - x _. —_ 
_-— x —--——- x —. Ty?) 
2985.y =e *(Cie* -+-Cie 7? ») 2986. y=e° (c, cos Ve te, sin Ye) . 


2987. y = 4e* 4+-e'*. 2988.4 =c7*. 2989. y==sin 2x. 2990. y= 1. 2991. y=a coshi— . 

2992. y=0 2993. y=Csinmx 2994. a) xe (Ax*+Bx-+C); b) Acos2vf$ 

--Bsin 2x; c) Acos2v+B sin 2v-+-Crte*;, dy) e*¥ (Acosx-+Bsini), e) e* x 

x (AvF-}- By 4+ C) 4- xe®® (Dv 4- E); f) xe* ((Ax? +4- Bx + C) cos 2x-+ (Dx? + Ex + F)xX 
x 


z 3 
xsi 2x} 2985. y= (C,-| Cax) e?* + 5 (2x2 +- 4x -+ 3). 2996. y =e * (crook hy 


4-C, sin” 5 


2998. y --Cye* |-C,e7* 4-2 2999. y == C,e* 4-C,e7* +5 xe*, 3000. y=C, cos x-++- 


sy) 4 x? -|-3a7, 2997. y= (C,-+C.x) e7* -b ; p2*, 


-|-C psi xb xsinx. 3001. y= Cer + Ce — = (3 sin 2x ---cos 2x). 3002. y= 


l 
10 295 


= C,e** +C,e7 ex (Tt 
ye 3004. y=C,+ Ceo * + x+— 


) er 3003. y =(C, +- Cox) e* + cos pe et 
mn (2cos 2x—sin 2x). 3005. y=e*x 
x (C, cos 2x +- C, sin 2x) +- t e~ sin 2x. 3006. y = Cos 2x +z (sin x + sin 2x), 


16" 
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8007. 1) x=C, cos wt+C, sin of ta ,sinpt; 2) x=C,coswt+C,sin ot — 


—£ t.cos wf. 3008. y= C,e** + C,e** — xe“. 3009. y= C,4+C, epee es . 
$010. ymer (C+ Ox +x"). 3011. y= Cyt Cet 42 xe —2 x, 3012. y= 
= Ce" ** + Ce — > e+ = (3 cos2x-+sin2x), 38018. y=C,+C,e~*+e*% + 
+ > tbr. 3014. y=C, + Cye* —3xe* —x—x*. 3015. s=(6 +Ox+5 «|x 
xemF Te, 3016. y=(C,cos3x+C, sin 3x) e* +2, (sin 3¢ +6 cos 8x) + 

3017. y=(C,+C,x + x*) e?* + att 3018. y=C, + Ce — 7 (cos x asin 
—F 5. 3019. poeteg 2B ae 3020. y=C,e*+C,e~* — 
—xsinx—cosx. 3021. y=Ce-* + C,* (sin 2x-+2cos 2x). 3022. y= 
= C,cos 2x + C, sin 2x — (3 sin 2x +2 cos2x) + - 8023. y=e* (3, cosx + 
++ C, sit x— 2x cos x). 3024. y=C Ce tg tone 3025.y=C, a 


+C, sin 3x-+ 4 x sin x— cos x-+ 5 a (3x— 1) e, 3026. y= Ce*4Ce* 45 x 


16 
x (2—3x) +4 (2x*—2) e* 5027. y = C,-+Ce** —2e* “4 rte 3028. y = 
3 
=< (C464 +5) e2*, 3029. y=Cye~*+ C,e* —F g a+ nem 7 x 
% (2x?-+-3x)e*. 8030. y=C,cosx+C, sinx+> cos x+~ sin x— = cos 3x + 


+ = sin 3x. Hint. Transform the product of cosines to the sum of cosines. 


8031. y=Cen* 84 C,eX Y® 4 xe* sin x + e* cos x. 3032. y=C, cos x+C, sinx + 
+ cos x In| cot ($+4)|. 3033. y=C,cosx+C, sin x-+ sin x-In tan 


3034. y=(C,+C,x) e* + xe* In| x| 3035. wo (Crt Cax) 6 *4 ye"* In} x |. 
8036. y=C,cosx+C, sin x x sin x-+-cos x In| cos x] 3037. yaC,cosx+ 
+C, sin x—x cos x-+ sid x In] sin 3038. a) y=C,e* + Cye7* + (e® 4e7*) x 


Xarc tane*; b) y=C,e* Ve ace *¥2 +e**, 3040. Equation of motion, 
; _ 
2 (Gr) —2—k(x4+2); (k=l); Ta2n V2 sec. 3041. xm 


g 
_ 2gsinsor— 60 Yasin Vf cm. Hint. If x is reckoned from the position of 


4 
rest of the load, then — x” =4—k (x,+x—y—J), where x, is the distance of 
the point of rest of the load from the inifial point of suspension of the spring, 
2 


1 is the length of the spring af rest; therefore, k (x,—J/)=4, hence, a 
3 
am —hk(x—y), where kax4, g=981 cm/sec*. 3042. m Sa = h(b—x)—h (b+ x) 
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and x ==¢ cos € Vy ®). 3043. 6 oS = gs;st= = In (6+ V 35). 3044. a) r= 
= 5 (e+ el): b) r= x (e*!—e-“t) Hint. The differential equation of motion 
is a 3045. y=C,+C,e*4-C,e'!?*. 3046. y=C,+C,e~* + Ce”. 


x ~- _ 
3047. y=Cye~* +e *(c, cos Htc, sin VS x) 
3048. y=C,+Cyx+Cyet”? +Ce7*% "? 3049. y -e* (C, + Cx +C, x). 
3050. y =-e* (C,cosx+C, sin x) -e~ o (Gacos x C, sin x) 

3051. y=(C, +C, x) cos Bx + (C,4+-C 4X) sin 2x 


x — 
3052. y= C,-+C.e-* +e *(c cos Ys x4-C, in Yr). 
3053. y= (C, 2 Cyx)e7* + (Cs -|-C,¢) e*. 
3054. y= Cer -+-Cye7 2* -1-C, cosay-+C, sin ay 


3055. y=(C,-+-Cox)eh® © +-(Cy 4 Cyxye) 3 * 3056. y=C,+C.x+ 
+-C,coPm-|-Cysinar. 3057. y -=C,-- Cx 4-(Cy£C,0) e7-*. 3058. y-=(C, + 
+- C,x) cos x 4-(C,+C,x) sin x. 3059. y—e~*(C,+C r+ ... +C,,%"7"). 


3060. y=C,+C,x }- (Cy + Cary er 


3061. y=C,4+C,x-! 12x? -4-3x84-— ; a4 -t- ae | (C,4-C,x) e*. 


x . r 
3062. y=C,e*-l-e ? (c, cos vs, x4 ‘ ed ee 


3063. y=C, 4-C.x 4+ Cgx? 4 Cye7* + ag (4 cos 4x — in 4x) 


as 
3064. y= Cie~* 4-C, -1- Cx 4- = 3 eit x3 +- I a ygt 3, )9 
; anes 2 3 12 2 4}° 
3065. y--Cye~* -+-C, cos x -+ Cy sin x 4-e* (4-<) . 
3066. y= C,4-C, cos x 4-C, sin x-{ sec x-+cos x In| cos ¢|—tan x sin x +- x sin x. 


x — 
_* fi 
3067. y=-e~*+e ? (cos VS 4c sin VS x) pane 


3068. y=--(C,-+C, In neo, 3069. y=Cut eS. 


3070. y=-C, cos (2 In x)-+ C, sin (2 In x). 
3071. y==C,x-- Cyx?-+ C,x®. 3072. y=-C, --C, (3x 4- 2)-s. 


3073. yc 4S, 3074. y =C, cos (In x) +-C, sin (In x). 


3075. y=C,x°+C,x? toh 3076. y=(x+1)? [C,4-C, In (x -- 1)] +(x -+ 1)’. 
3077. y=x(Inx+In?x). 3078. y=C,cosx+C,sinx, z=C,cos x—C, sin x. 
3079. y=e7* (C,cosx-+C, sin x), z= ae [(C,—2C,) cos x —(C, + 2C,) sin x]. 
3080. y= (C,—C,—C,x)e"**,  z=(C,x+C,)e~, 
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ft 
2 


C, cos V3 ttc, sin —— 


, 


3081. x=C,e'-be *( ys :) 
yaCette® * (AV 54 V3—¢, | os VS _¢, C2 VS4Cs ma ‘), 
Gua 


=O: Vi=G me 1 C2 V SC: V0 sin vs :) 
3082. x=C,e~'+C,e2', y= Cent 4 Cutt z== —(C,+C,)e7' + Ce". 
3083. y=C,-+ Cie — 7 (x°+- x), z=C,e?* — C+ (x1). 
3084. y=C,+C,x4+2sinx, z=—2C,—C, (2x+1)—3 sin x—2cos x. 
3085. y= (C,— 2C, — 2C,x) e~* —6x + 14, z=(C, +C,x) e~* +5x—9; 
C,=9, C,—=4, 

y= 14 (lL—e7*)—2x (34+ 4e7*), z= —9(1—e7*) +x (5+ 4e7*). 

3086. x = 10e7!-—8e8!__ef + Gt--1; y= —20e?! + Bet + Bef + 19¢ 4-10. 


C, _ C, * (P+ y7)y Z _ . 
3087. I=(Cl—x) x)e’ a 3088 ° a) = = C,, Gas 


b) In V x2+y?=arce tan 2 4+C,, 


t 
ay 


z=Cye'+e 


Pay 
Z 


Vert y 
we find the first «integral \In Y x? + p?== 


=C,. Hint. Integrating the homo- 


dx dx 
xy xy’ 
= are x tan 2+C,. Then, using the properties of derivative proportions, we have 
dz x dx ydy _xdx-+ydy 


— 


z  x(x—y) y(ety) 9 tty? 
=C,; c) x+y--z=0, x?+y%+27=6. Hint. Applying the 


dx dy — dz _—_ dx-+dy--dz. 
Y—zZ z—xX xX—y 0 , 
whence dx -+ dy +-da—=0Q and, consequently, x+y+tz=C,. Similarly, x dx _ 


x (Y—2) 
y dy 2 dz xdx+ydy+zdz , 
a een dx -'-y dy 4-2 dz-=0 and x? + 4? |- 

y(@—x) 289) 0 yay re 
+z2%—C,. Thus, the integral curves are the circles x+-y+2—<C,, x?+ y?+2?—C, 
From the initial conditions, x=1, y=1, z==—2, we will have C,=0, C,==6. 


», Cy # 
3089. y=C,x + — a5 (3 In? x—2 In x), 


geneous equation 


Whence In z= In (x? + y*)-- In C, and, 


z 
hence, —-=—=: 
Ve+y 


properties of derivative proportions, we have 


z= 1—2C,x -+ <2 (3 In? x-Inx—1). 


3090. y= Cet"? +C,e-*"? +0, cosx+C, sin x -+e%— 2x, 
z= —C,e V2 —cye7*"? ~% cos Se sinx— 7 oF px, 


k 
_~— { ~~ {4 
3091, patemoosa (1, m ). y=" (oy sin amg) (1—< m )_met 


du, 
Solution. m OU = —kv,; m= —kvy—mg for the initial conditions: when 


Answers 471 


t=0, X= Yo=0, Cy = U_COSa, Vy =Uysina. Integrating, we obtain v, = 
k 
~--t 


== u,cosae ™ 


_ Uo yn si 


ais m , 3092. x=acos “at, y = 
Vin’ 
k*y? 


sin t, 41. Hint. The differential equations of motion: 


d°x 2. ay | . 
Ma —k*x, m qe — k*y, 
3093. y== —2—2«—x?, 3094. (wt) e? aes 
_ | . | 2 ; a, 2). 
3095. y= +a xty t+ aes +5 ee Pb 
- - I 3 i 7. 2 11 
3098. y= x 79° Ta —~ 
2 
3097. y =x $i5+55 s3t+ay +. .; the series converges for —1 <cx<cl. 
iI: 
x? x4 


4 . — tO - e ‘ * —_ 
3098. y =x (ined * Qs Gna he the series converges for oe 


<x<-}-0. Hint. Use the method of undetermined coefficients. 


7 
3099. y-=1 a x? |. —_ I t oi x®...; the series converges for—a<x<+to. 


3100. y ae Hint. Use the method of undetermined coefficients. 


x x4 x9 
3101. y-= 1 — oe boa ge 7 eqege the series converges for || << 09. 


Hint. Use the method of undetermined coefficients. 3102. x- a (1 sf 1. 


2 9 55 ant 1X 
+ Fi te {8 45 J). 3103. us= Acos—- sin — Hint. Use the condi- 
x oO 
tions: u (0, f)==0, ul. t)=-0, u(x, O)= Asin, Mu ue) 0) ==Q. 
< t 

3104. u 2 ot (1 —cos nx) sin ne’ sin “=~. Hint. Use the conditions: 

Fo n2 l l 

Ou (x, 0 

u(0, t)=0, u(l, t)=0, u(x, 0)--9, tA Oy, 


wm 
8h ia ntat . nx . ; 
3105. u= => ar “n sin —— cos —— sin ——. Hint. Use the conditions: 


l l 
yale l 
— forO<x<-., 

ou eS) 0, u(0, ?)=0, u(l, t)=0, u(x, O)= f . ; 
| 2 (1-4 | for— <x <l. 

l / 2 

@ 

3106. u= >. Anc os CAE < 2 Ont sin ae where the coefficients A, == 


n=0 
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l 


=7 J + sin Got OS ae. Hint. Use the conditions 


0 


—_, dul, ty _ x Ou (x, 0) _ 
u (0, t)=0, Ox =0, u (x, 0) i ’ at =(), 
a ' atn2s2e 
400 _ NX ~~ 100? | 
3107. u=Te =a (I —cos nit) sin Too °° 


n=1 
Hint. Use the conditions: u (0, ¢)=-0, u (100, 4)=0, u(x, 0)=0.01 x (100—x). 


Chapter X 


3108. a) <1”; <0.00239/,; b) <1 mm; <0.26°%,; c) <1 gm; <0.0016°,. 
3109. a) <0.05; <0.0219%,; b) <0.0005; <1.45°/,; c) < 0.005; <0.16°/,. 
3110. a) two decimals; 48-10° or 49-10%, since the number lies between 47,877 
and 48,845; b) two decimals; 15; c) one decimal; 6-107. For practiga': purposes 
there is sense in writing the result in the form (5.9+0.1)-10?. 3111. a) 29.5; 
b) 1.6-10?; c) 43.2. 3112. a) 84.2; b) 18.5 or 1847+0.01; c) the result of 
subtraction does not have any correct decimals, since the difference is equal 
to one hundredth with a possible absolute error of one hundredth. 
3113*, 1.8+0.3 cm?. Hint. Use the formula for increase in area of a square. 
3114. a) 30.040.2;  b) 438.740.1;  c) OS40.1. 3115. 19.940.1  m?. 
3116. a) 1.1295+0.0002; b) 0.120+0.006; c) the quotient may vary between 
48 and 62. Hence, not a single decimal place in the quotient may be consid- 
ered certain. 3117. 0.480. The last digit may vary by unity. 3118. a) 0.1729; 
b) 277-108; c) 2. 3119. (2.05+0.01)-10% cm?. 3120. a) 1.648; b) 4.025+0.001; 
c) 9.006+0.003. 3121. 4.01-10® cm?. Absolute error, 65 cm*. Relative error, 
0.16°/,. 3122. The side is equal to 13.8+0.2 cm; sina=0.44+0.01, a== 26°15’ + 
435’. 3123. 2740.1. 3124. 0.27 ampere 3125. The length of the pendulum 
should be measured to within 0.3 cm; take the numbers x and g to three 
decimals (on the principle of equal effects). 3126. Measure the radii and the 
generatrix with relative error 1/300. Take the number x to three decimal places 
(on the principle of equal effects). 3127. Measure the quantity / to within 


0.2°/,, and s to within 0.79/, (on the principle of equal effects). 
3128. 
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3129. 


3130. 
x | i | AU | Vy | \*y | Ata 
0 | 0 } <4 | —2 | = | 2 
SS See 
2 | 55 | ik | 6 | om | oa 
i 3 | 16 ee eee a ae 
bf a ony | 6 ee Vo 
SO ae aa 
_ eer | 136 | 74 ] mo | 
) 7 | cet | 38 | 294 | 11 | oe 
re eee 2 | 438 | 
g ! So | 770 | 7 | ; 


Hint. Compute the first tive values of y and, after obtaining A*y, == 24, repeat 
the number 24 throughout the column of fourth differences. After this the 
remaining part of the table is filled in by the operation of additio. (moving 
from right to left). 
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3131. a) 0.211; 0.389; 0.490; 0.660; b) 0.229; 0.399; 0.491; 0.664. 3132. 7 1822; 


0.1993; 0.2165; 0.2334; 0.2503. 3133. 1+ x-+x?+x°. 3134. y =% emo x8 4. 


+e 3 648 y == 22 for x=5.5; y=20 for x5.2. Hint. When computing 


xfor y=20 take ys=11. 3135. The interpolating polynomial is y = x?— 10x + 1; 
y=1 when x=0. 3136. 158 kgf (approximately). 3137. a) y(0.5)=— 


y(2Q)=11; b) yO5)=—Fe, y(QQ=—3 3138. 1.325 3139. 1.01. 


3140. —1.86; —0.25; 2.11. 3141. 2.09. 3142. 245 and 0 019. 3143. 0.31 and 4 
3144. 2.506. 3145. 0.02. 3146. 024. 3147. 1 27 3148. —1.88; 0 35; 1 53 
3149. 1.84. 3150. 1.31 and —0.67. 3151. 7.13. 3152. 0.165. 3153. 1.73 and 0, 
3154. 1.72. 3155. 138 3156. x=0.83; y=0 56; x=-=-—0.83; y= —0.56 
3157. x= 1.67; y=1 22. 3158. 4 493. 3159. +1 1997 3160. By the trapezoi- 
dal formula, 11.625; by Simpson’s formula, 11 417. 3161. —O 995; —1; 0.005; 
0.5°%,; A=0.005. 3162. 0.3068; A=1.3-1075. 3163. 069 3164. 0.79. 
3165. 0.84. 3166. 0.28. 3167. 0.10. 3168. 1 61. 3169. 1.85 3170. 0.09. 
3171. 0.67. 3172. 0.75. 3173. 0.79. 3174. 4.93. 3175. 1 29. Hint. Make use 
of the parametric equation of the ellipse xcost, y=0.6222 sinftetud trans- 
Ma f 


| 


form the formula of the arc length to the form ( V 1—e? cos? t-dt, where & 
0 


is the nines of the ellipse. 3176. y, (y= , 2 me +5 Ys; (xX) = 
x axtt 
3 
Fy eth Z, wy ded 2. ree , 2g aes 


3 


x8 x? 
— 2 — = = xX—_- — a — —— —_— 
2x? 4+-3x—2. 3178. y, (x)= x, y,(x)=x a Ys (x) ==x 6 + [99° 


3179. y(l)=3.36. 3180. y(2)=0.80. 3181. y(1)=3.72; z(1)==2.72 
3182. yo. 80. 3183. 3.15. 3184, 0.14. 3185. y (0. 5) 2:3 15; z2(0 5)--— 3 15. 
3186. y (0.5) =0.55; 2(0 5)=-— 0.18. 3187. 1.16. 3188. 0 87. 3189. x(m) -3. 58; 
x’ (m)=0.79. 3190. 429+ 1739 cos x—1037 sin x —6321 cos 2x -}- 1263 sin 2x — 
—- 1242 cos 3x—33sin 3x. 3191. 6 49—1 96cos x4 2.14 sin x—1.68 cos 2x + 
-+ 0.53 sin 2x —1.13 cos 3x -+ 0.04 sin 3x. 3192. 0.960+ 0.85! cos x +0.915 sin x -{- 
+ 0.542 cos 2x + 0.620 sin 2x -+ 0.271 cos 3x-|-0.100 sin 38x. 3193. a) 0 608 sin x |- 
-++ 0.076 sin 2x + 0.022 sin 3x; b) 0.338+0.414 cos x+0.111 cos 2x |-0.056 cos 3x. 


APPENDIX 


I. Greek Alphabet 


Alpha—Aa lota—lIt Rho—Pe@ 

Beta— BB Kappa—Kxz Sigma — Yo 

Gamma—Ty Lambda— Ad Tau—Tt 

Delta — Ad Mu—Mu Upsilon— Lv 

Epsilon— Ke Nu—Nv Phi—®q 

Zeta —ZC Xi—&E Chi— XX 

Eta—Hy Omicron—Oo Psi — Vip 

Theta — 00 Pi—IIx Omega — Qu 

Il. Some Constants 
Quantity | x | log x Quantity | x | log x 

n 314159 | 0.49715 ~ 0.36788 | T 56571 
22 6.28318 0.79818 e 7.38906 0) .86859 
> 157080 0.19612 Ve 1.64872 | 0.21715 
qt - — 
7 0.78540 1.89509 V e | 39561 | 0.14476 
=. 0.31831 | 1.50285 | M-loge | 0.43429 | 1.65778 
7 9.86960 | 0.99130 a =in 10 | 2.30258 | 0.36222 
Via 1.77245 0.24857 1 radian | 57°17'45" 
Vn 1.46459 | 0.16572 are 1° 0.01745 | 3.94188 
e 2.71828 0.43429 g 9.8] 0.99167 
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Appendix 


(ll. Inverse Quantities, Powers, Roots, Logarithms 


x3 


1.000 
1.331 
1.728 
2.197 
2.744 
3.379 
4.096 
4.913 
5.832 
6.859 


8.000 

9.261 
10.65 
12.17 
13.82 


15.62 
17.58 
19.68 
21.95 
24.39 


27 .00 
29.79 
32.77 
35.94 
*39 30 


42.88 
46.66 
50.65 
54. 87 
59. 32 
64.00 
68.92 
74.09 
79.51 
85.18 


91.12 
97 .34 
103.8 
110.6 
117.6 
125.0 
132.7 
140.6 
148.9 
157.5 


Vix | Vi0x 


.000 | 3. 162 
.049 | 3.317 
.095 | 3.464 
. 140 | 3.606 
.183 | 3.742 


225 | 3.873 
. 265 | 4.000 
304 | 4.123 
342 | 4.243 
378 | 4.359 


.414| 4.472 
449 | 4.583 
.483 | 4.690 
.517 | 4.796 
.549 | 4.899 


.581 | 5.000 
.612|5.099 
.643 | 5.196 
.673 | 5.292 
703 | 5.385 


I 
1 
l 
l 
l 
| 
l 
I 
] 
l 
l 
I 
I 
1 
l 
l 
I 
1 
l 
l 
1.732 |5.477 
1.761 | 5.568 
1.789 | 5.657 
1.817 | 5.745 
1.844 | 5.831 
1.871 | 5.916 
1.897 | 6 .000 
1.924 | 6.083 
1.949/6.164 
1.975 | 6,245 
2 
2 
2 
2 
2 
2 
2 
2 


000 | 6.325 
.025 | 6,403 
.049 | 6.481 
.074 | 6,557 
.098 | 6.633 


.121 | 6.708 
145 | 6.782 
168 | 6.856 
2.191} 6.928 
2.214 | 7.000 


2.236 | 7.071 
2.258 | 7.14! 
2.280} 7.211 
2 302} 7.280 
2.324 | 7.348 


Y «lp 
x 


2.154 
2 224 
2.289 
2.351 
2.410 


2.466 
2.520 
2.571 
2.621 
2.668 
2.714 
2.759 
2 802 
2.844 
2.884 


2.924 
962 
000 
037 
072 


107 
141 
175 
208 
240 


271 
302 
332 
362 
391 


420 
448 
476 
503 
.530 


557 
083 
609 
634 
3,659 


3,684 
3.708 
3.733 
3.756 
3,780 


10s] VW 100% 


4,642 
4.791 
4.932 
5.066 
5.192 


5.313 
5.429 
5.540 
5.646 
5.749 


5, 848 
5.944 
6.037 
6.127 
6.214 


6.300 
6.383 
6.463 
6.542 
6.619 


6.694 
6.768 
6.840 
6.910 
6.980 


7.047 
7.114 
7.179 
7.243 
7.306 


7.368 
7.429 
7.489 
7.548 
7.606 


7.663 
7.719 
7.775 
7.830 
7.884 


7.937 
7.990 
8.041 
8.093 
8.143 


log x 
(mani- 
tissas) 


— 


DOOOODO COX ~ 
Cee Ion BewHS CONSE HUNTS C@Nom FeNTS COTO 


—— ts x3 | Vix 
0 182] 30 25) 166 4] 2.345 
0.179] 31 36] 175.6|2 366 
0.175} 32 49) 185 2/2 387 
0.172] 33.64] 195.1]2 408 
0 169] 34 81! 205.4) 2 429 
0.167} 36.00} 216.0} 2.449 
0.164] 37 21} 227.0| 2.470 
O 161) 38.44) 238 3;2 490 
0 159} 39.69] 250 0| 2.510 
0.156} 40 96) 262.1] 2.530 
v@154| 42.25) 274 6] 2.550 
0.151] 43.56|) 287 5| 2 569 
0.149| 44 89) 300 8/2 588 
0.147] 46 24; 314 4) 2 608 
O 145) 47 61} 328 5| 2.627 
0.143} 49.00} 343 0] 2.646 
0.1411 50.41) 357.91 2 665 
0.139} 51.84) 373.2] 2.683 
0 137] 53.29} 389.0; 2.702 
0.135} 54 76! 405.2) 2.720 
0.133] 56,25} 421.9] 2.739 
0.132) 57.76) 439 0|2 757 
0 130] 59 29] 456 5/2 775 
O 128] 60.84} 474 6] 2.793 
0 127) 62.41] 493.0] 2.811 
0 125) 64.00) 512 0| 2.828 
Q 123] 65.61) 531.412 846 
0.122] 67.24) 551.4 | 2.864 
0.120] 68.89] 571.8 / 2.881 
0 119] 70.56) 592.7 | 2.898 
QO.118}) 72.25) 614.112.9115 
0.116} 73.96) 636.1} 2 933 
0.115} 75.69] 658.51 2.950 
0.114) 77.44) 681.5] 2.966 
Q 112} 79 21} 705.0}2 983 
0.111) 81.00) 729.0] 3.000 
0.110] 82.81} 753.6) 3.017 
0.109} 84.64) 778.713.033 
0.108] 86.49} 804.4] 3.050 
0.106] 88.36) 830 613 066 
0.105} 90.25) 857.4 | 3.082 
0.104) 92. IG! 884.7/ 3.098 
0.103) 94.09] 912 713.114 
0.102) 96.04} 941.213.130 
0.101 | 98.01} 970.3) 3.146 
0.100 |100 .00)1000.0}) 3.162 }10. 000 
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37-137— 
V x 10x 
1.765 | 3.803 
1 776 | 3.826 
1.786 | 3.849 
1.797 | 3.871 
1.807 | 3 893 
1.817) 3.915 
1 827} 3.936 
1.837 | 3.958 
1.847 | 3.979 
1.857 | 4.000 
1.866 /4 021 
1 8761 4.041 
1 885) 4 062 
1.895} 4.082 
1.9041 4.102 
1.913} 4.121 
1.922; 4.141 
1.931} 4.160 
1,940} 4.179 
1.9491 4.198 
1.9571 4.217 
1.966 | 4.236 
1.975) 4,254 
1.98314 273 
1 992) 4 291 
2.000 | 4.309 
2 008 | 4.327 
2 017) 4.344 
2 025| 4.362 
2.0331 4 380 
2.041 | 4.397 
2 049) 4.414 
2.057 | 4.431 
2.0651 4.448 
2 072| 4.465 
2.080 | 4.481 
2.088 | 4.498 
2.095) 4.514 
2.103] 4.531 
2.110] 4.547 
2.118) 4.563 
2.125] 4.579 
2.1331 4.595 
2.1401 4.610 
2.147 | 4.626 
2.1541 4.642 


VY 100% 


8.193 
8.243 
8.291 
8.340 
387 
434 
481 
527 
973 
618 


662 
707 
750 
794 
837 
879 
921 
.963 
004 
045 


086 
126 
166 
205 
244 


283 
.322 
9 360 
9.398 
9.435 


9.473 
9 510 
9,546 
9.583 
9 619 


9.655 
9.691 
9.726 
9.761 
9.796 


9.830 
9 865 
9 899 
9.933 
9.967 


10.000 
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Continued 
log x 
(man-{| Inx 
tissas) 
7404 {1.7047 
7482 |1 7228 
7559 {1.7405 
7634 31.7579 
7709 11.7750 
7782 |1.7918 
7853 |1.8083 
7924 |1.8245 
7993 {1.8405 
8062 |1.8563 
8129 |1.8718 
8195 }1.8871 
8261 {1 9021 
8325 |1 9169 
8388 {1 9315 
8451 |1 9459 
8513 11.9601 
8573 [1.9741 
8633 |1.9879 
8692 {2.0015 
8751 {2.0149 
8808 |2.0281 
8865 {2.0412 
8921 {2.0541 
8976 |2.0669 
9031 {2.0794 
9085 {2.0919 
9138 1041 
9191 12.1163 
92943 [2.1282 
9294 |2. 1401 
9345 |2.1518 
9395 |2. 1633 
9445 {2.1748 
9494 |2. 1861 
9542 |2 1972 
9590 {2.2083 
9638 (2.2192 
9685 |2.2300 
9731 |2 2407 
9777 {2.2513 
9823 {2.2618 
9868 |2 2721 
9912 |2.2824 
9956 |2.2925 


0000 |2.3026 
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IV. Trigonometric Functions 


x 
x° (radians) | sin a | tan x cot x cos x ! 
0 0.0000 0.0000 0.0000 00 1.0000 1.5708 90 
1 0.0175 0.0175 0.0175 57 29 0.9998 1.5533 89 
2 0.0349 0.0349 0.0349 28 .64 0.9994 | 5359 88 
3 0.0524 0.0523 0.0524 19.08 ().9986 {5184 87 
4 0.0698 0.0698 0.0699 14 30 0.9976 1.5010 86 
5 0.0873 0.0872 0.0875 11.43 0.9962 1.4835 85 
6 0.1047 0.1045 0.1051 9.514 0.9945 1.4661 84 
7 0.1222 0.1219 0.1228 8.144 0.9925 1.4486 83 
8 0.1396 0.1392 0.1405 7.115 | 0.9803 1 4312 82 
9 0.1571 0.1564 0 1584 6 314 0.9877 1 4137 81 
10 0.1745 0.1736 0.1763 5.671 0.9848 | 3963 80 
MH 0. 1920 0.1908 | 0.1944 | 5.145 | 0.9816 | 1.3788 J 79 
12 0.2004 0.2079 0.2126 4.705 Q 9781 | 3614 78 
13 0 2269 (), 2250 0.2309 4.331 0.9744 1.3439 T7 
14 0.244% 0.2419 0.2493 4.011 0.9703 1.32609 76 
15 0.2618 0.2588 0.2679 3.732 | 0.9659 1.3090 79 
16 0.2793 0.2756 (). 2867 3.487 0.9613 1.2915 74 
17 0.2967 0.2924 0.3057 3.27) 0.9563 1.2741 73 
18 0.3142 0.3090 0.3249 3.078 0.9511 | 2566 72 
19 0.3316 0.3256 0.3443 2.904 0.9455 1 2392 7] 
20 0.3491 0.3420 0.3640 2.747 () 9397 | 2217 70 
21 0.3665 0.3584 0.3839 2.605 0.9336 1.2043 69 
22 0.3840 0.3746 0.4040 2.475 0.9272 1.1868 68 
23 0.4014 0.3907 0.4245 2.356 0.9205 1.1694 67 
24 0.4189 0.4067 0.4452 2.246 0.9135 1.1519 66 
25 0.4363 0.4226 0.4663 2.145 0.9063 1 1349 65 
26 0.4538 0 4384 0 4877 2.050 0.8988 1.1170 64 
27 0.4712 0.4540 0.5095 1.963 0.8910 1.0996 63 
28 0.4887 0.4695 0.5317 1.881 0.8829 1.0821 62 
29 0.5061 0 4848 0.5543 1.804 0.8746 1.0647 61 
30 0.5236 0.5000 0.5774 | 732 0.8660 1.0472 60 
3l 0.5411 0.5150 0.6009 | 6643 0.8572 1.0297 59 
32 0.5585 Q). 5299 0.6249 1.6003 0.8480 1.0123 58 
33 0.5760 0.5446 () 6494 1.5399 0.8387 0.9948 57 
34 0.5934 0.5592 0.6745 1.4826 0 8299 0.9774 56 
35 0.6109 0.5736 0.7002 1.4281 0.8192 0.9599 55 
36 0.6283 0.5878 0.7265 1.3764 0.8090 0.9425 D4 
37 0.6458 0.6018 0.7536 1.3270 0.7986 0.9250 53 
38 0.6632 0.6157 0.7813 1.2799 0.7880 ().9076 52 
39 0.6807 0.6293 0.8098 1, 2349 0.7771 0.8901 51 
40 0.6981 0.6428 0.8391 1.1918 0.7660 0.8727 50 
41 0.7156 0.6561 0.8693 1.1504 0.7547 0.8552 49 
42 0.7330 0.6691 0.9004 1.1106 0.7431 ().8378 48 
43 0.7505 0.6820 0 9325 1.0724 0.7314 0.8203 47 
44 0.7679 0.6947 0.9657 1.0355 0.7193 0.8029 46 
45 0.7854 0.7071 1.0000 1.0000 0.7071 (). 7854 45 
cos x | cot x tan x sin x 


x 
(radians) | ee 
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V. Exponential, Hyperbolic and Trigonometric Functions 
x | ee e-2 sinh x cosh x tank x | sin x | cos X 
00 |} 1.0000 {| 1 0000 | 0.0000; 1.0000} 0.0000 | 0.0000; 1.0000 
0.1 | 1.1052] 0 9048 | 0.1002} 1.0050 | 0.0997 0.0998} 0.9950 
0.2 | 1 2214] 0 8187 | 0.2013] 1 0201 | 0.1974 0.1987| 0.9801 
03 | 1.3499 | 0.7408 | 0.3045 | 1.0453 | 0.2913 | 0.2955] 0.9553 
0.4 | 1 4918] 0.6703 | 0.4108} 1.0811 | 0.3799 | 0.3894} 0.9211 
05 | 1 6487] 0.6065 | 0 5211] 1.1276 | 0.4621 0.4794] 0.8776 
06 | 1.8221 | 0.5488 | 0 6367} 1.1855 | 0.5370 | 0.5646] 0.8253 
07 | 2.0138} 0.4966 | 0 7586 | 1,2552 | 0.6044 0.6442] 0.7648 
0.8 | 2.2255 | 0 4493 | O 8881 | 1.3374] 0.6640 | 0.7174] 0.6967 
09 | 2 4596 | 0.4066 | 1.0265) 1.4331 | 0.7163 | 0.7833} 0.6216 
@ 

10 ) 7183 | 0.3679 1.1752 1.5431 | O 7616 0 8415} 0.5403 
1.1 3.9042 | 0 3329 1.3356 1.6685 | 0.8005 0 8912] 0.4536 
12 | 3 3201} 0.3012 | 1.5095 | 1.8107 | 0 8337 0.9320] 0.3624 
13 | 3663] O 2725 | 1.6981] 1.9709 | 0.8617 | 0 9636} 0.2675 
14] 4.0552] 0 2466 | 1.9043 | 2.1509 | 0 8854 0.9854} 0.1700 
15 | 44817 | 0 2231 | 2.1293 | 2.3524 | 0.9051 | 0.9975] 0.0707 
1.6 | 4.9530 | 0 2019 | 2 3756 | 2 5775 | 0 9217 | 0.9996 | —0.0292 
17 | 5.4739 | 0 1827 | 2.6456 | 2 8283 | 0.9354 0.9917 | —O. 1288 
18 | 6.0496 | 0 1653 | 2.9422 | 3.1075 | 0.9468 | 0.9738} —0 2272 
19 | 6 6859 | 0 1496 | 3.2682 | 3 4177} 0 9562 0 9463 | —0.3233 
20 | 7 3891 | 0 1353 | 3 6269 | 3 7622 | 0.9640 | 0.9093 | —0.4161 
Yt | 8 16621 0 1225 | 4 0219) 4.1443 | 0.9704 0.8632 | —0 5048 
22} 90250] 0 1108 | 4 4571 | 4 5679 | 0.9757 0 8085 | —0.5885 
23 | 9 9742] 0 1003 | 4.9370 | 5,0372 | 0.9801 0 7457 | —0.6663 
24 | 11 02821 0 0907 | 5.4662 | 5.5569 | 0.9837 | 0 6755} —G 7374 
25 | 12 1825 | 0.0821 | 6.0502 | 6.1323 | 0.9866 | 0.5985] —0.8011 
26 | 13.4637 | 0.0743 | 6 6947 | 6.7690 | 0 9890 | 6 5155) —0.8569 
27 | 14.8797 | 0 0672 | 7.4063 | 7.4735 | 0.9910 | 0.4274} —0.9041 
2.8 | 16 4446 | 0 0608 | 8.1919 | g 2527 | 0.9926 | 0.3350 | —0.9422 
29 | 18.1741 | 0.0550 | 9.0596 | 9.1146 | 0.9940 | 0.2392] —0.9710 
3.0 | 20.0855 | 0.0498 | 10.0179 | 10.0677 | 0.9950 | 0.1411] —0.9900 
3.1 | 22.1979 | 0.0450 | 11.0764 | 11.1215 | 0.9959 0.0416 | —0.9991 
3.2 | 24.5325 | 0.0408 | 12.2459 | 12.2366 | 0.9967 | —0.0584 | —0.9983 
3.3 | 27.1126 | 0.0369 | 13.5379 | 13.5748 | 0.9973 |—O 1577 | —0.9875 
3.4 | 29.9641 | 0.0334 | 14.9654 | 14.9987 } 0.9978 | —0.2555 | —0.9668 
3.5 | 33.1154 | 0.0302 | 16.5426 | 16.5728 | 0.9982 | —-0.3508 | —0.9365 
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Vl. Some Curves (for Reference) 


Y Y 
/ 0 x 
0 xX 


1. Parabola, 2. Cubic parabola, 3. Rectangw'ar 

== x? y= x8, hyperbola, 
Yr". y | _ 
Yaa 


4. Graph of a fractional 5. The witch of Agnesi, 
function, 1 
1 ys ——;. 
y a? ; + Xx 
y y 
Xx 
0 
0 X 
§. Parabola (upper 7, Cubic parabola, 
branch), 


y= Vx y= * 
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y Y 
8b Semicubical 
parabola, 
( x=, 
y?=x> of 
0 xX \y=t. 0 xX 


8a. Neile’s p arabola, 
2 _ - t8, 


y= ¥= 
y= tee 


Y= COS I 


9, Sine curve and cosine curve, 
y--Simx and y=cos x. 


y=tanz YY y=cot z 


wi tet tat 

yi ‘yi [Vv yy 
LHI SRA RS 
aes 


Pict TRIB! 


10. Tangent curve and cotangent curve, 
y=tanx and y=cotx. 


_ 
a 
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Y=SEC Be eosee F 


ToS 
VARY SPARE ASD APs 
— | ft tot ft | 


11. Graphs of the functions 
y—=secx and y =cosec x. 


Y= a”’C COS & 
y=are SiINL 


12, Graphs of the inverse trigonometric functions 
y=arcsinx and y= arc cos, 


Appendix 


SAN 
1 e 


MY] 7 
> y 2 Lb- 
e e i} e x = -2 “4 
~-1 Ao 7442 3 — O| ftir? 
e | 
_ a) 7 
2 ~> | 
—7 Yy=arc tanzr 
= 71] 
AT | 
2 


3, Graphs of the inverse trigonometric functions 
y= arc tanx and y=arccotx. 
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y=arc cot £ 
x 


y=arc cot xr 


14. Graphs of the exponential functions 
y=e* and y=e*, 
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25. Bernoulli’s lemniscate, 
(x? -F y?)? = a? (x? —y’) 
or r?=a? cos 29, 


24. Strophoid, 


yor 


27. tlypocycloid (astroid), 
x=acos't, 
y=a sin’ ¢ 


2 2 


26. Cycldid, or a*+y* =a’, 
x=a (t—sin ft), 
y=a(l—cost). 


O “e) 
2a X 


28. Cardioid, 29. Evolvent (involute) of the circle 
r=a(l+cosQ). x=a(cos¢+isin?#), 
y =a (sint—# cos ¢). 
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0. Spiral of Archimedes, 


r=ag. 
© | 
32. Logarithmic spiral, 33. Three-leafed rose, 
r =e", r=asin 3y. 


WI X 
34, Four-leafed rose, 
r=asin2q. 
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INDEX 


A 


Absolute error 367 
Absolute value 

of a real number 11 
Absolutely convergent series 296, 297 
Acceleration vector 236 
Adams’ formula 390 
Adams’ method 389, 390, 392 
Agnesi 

Witch of 18, 156, 480 
Algebraic functions 48 
Angle between two surfaces, 219 
Angle of contingence 102, 243 
Angle of contingence of second kind 

3 


Antiderivative 140, 141 

generalized 143 
Approximate numbers 367 

addition of 368 

division of 368 

multiplication of 368 

powers of 368 ’ 

roots of 368 

subtraction of 368 
Approximation 

successive 377, 385 
Arc length of a curve 158-161 
arc length of a space curve 234 
Archimedes 

spiral of 20, 65, 66, 105, 487 
‘Area in polar coordinates 155, 256 
‘Area in rectangular coordinates 153, 


Area of a plane region 256 
Area of a surface 166-168, 259 
Argument 11 
Astroid 20, 63, 105, 486 
Asymptote 93 

left horizontal 94 

left inclined 94 

right horizontal 93 


right inclined 93 
vertical 93 


Bending point 84 
Bernoulli’s equation 333 
Bernoulli’s lemniscate 
Beta-function 146, 150 
Binormal 238 
Boundary conditions 363 - 
Branch of a hyperbola 20, 30 
Broken-line method 

Euler’s 326 


155, 


C 


105, 486 
105, 484 


Cardioid 20, 
Catenary 104, 
Catenoid 168 
Cauchy’s integral test 295 
Cauchy’s test 293, 295 
Cauchy’s theorem 75, 326 
Cavalieri’s “leinon” 165 
Centre of curvature 103 
Change of variable 211-217 

in a definite integral 146 

in a double integral 252-254 

in an indefinite integral 113 
Characteristic equation 356 
Characteristic points 96 
Chebyshev’s conditions 127 
Chord method 376 
Circle 20, 104 

of convergence 306 

of curvature 103 

osculating 103 
Circulation of a vector 289 
Cissoid 232 

of Diocles 18, 485 
Clairaut’s equation 339 
Closed interval 11 
Coefficients 

Fourier 318, 393, 394 
Comparison test 143, 293, 294 
Composite function 12, 49 


486 


Index 489 


Coneave down 9] 
Concave up 91 
Concavity 
direction of 91 
Conchoid 232 
Condition 
Lipschitz 385 
Conditions 
boundary 363 
Chebyshev’s 127 
Dirichlet 318, 319 
initial 323, 363 
Conditional extremum 223-225 
Conditionally (not absolutely) 
convergent series 296 
Contingence 
angle of 102, 243 
Continuity of functions 36 
Continuous function 36 
propercies of 38 
Convergence 
circle of 306 
interval of 305 
radius of 305 
region of 304 
uniform 306 
Convergent improper integral 143, 
270 
Convergent series 293 
Coordinates 
of centre of gravity 170 
generalized polar 255 
Correct decimal places in a hroad 
sense 367 
Correct decimal places in 
a narrow sense 367 
Cosine curve 48] 
Cotangent curve 481 
Coupling equation 223 
Critical point of the second kind 92 
Critical points 84 
Cubic parabola 17, 105, 234, 480 
Curl of a vector field 288 
Curvature 
centre of 103 
circle of 103 
of a curve 102, 242 
radius of 102 
second 243 
Curve 
cosine 48] 
cotangent 481 
discriminant 232, 234 
Gaussian 92 
integral 322 
logarithmic 484 


probability 19, 484 
sine 48] 
tangent 481 

Cusp 230 

Cycloid 105, 106, 486 


D 


D’Alembert’s test 295 
Decreasing function 83 
Definite integral 138 
Del 288 
Dependent variable 11 
Derivative 43 

left-hand 44 

logarithmic 55 

nth 67 

right-hand 44 

second 66 
Derivative of a function 

in a given direction 193 
Derivative of functions 

represented parametrically 57 
Derivative of an implicit functicn 57 
Derivative of an inverse function 57 
Derivative of the second order 66 
Derivatives 

of higher orders 66-69 

one-sided 43 

table of 47 
Descartes 

folium of 20, 21, 232, 485 
Determinant 

functional 264 
Determining coefficients 

first method of 122 

second method of 122 
Diagonal table 389 
Difference of two convergent 

series 298 
Differential 

of an arc 101, 234 

first-order 71 

higher-order 198 

principal properties of 72 

second 198 

second-order 72 

total, integration of 202-204 
Differential equation 322 

homogeneous linear 349 

inhomogeneous linear 349 
Differential equations 

first-order 324 

forming 329 

higher-order 345 

linear 349, 351 
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Differential equations of higher powers 
first-order 337 
Differentials 
method of 343 
of third and higher orders 72 
Differentiating a composite function 
47 


Differentiation 43 
of implicit functions 205-208 
tabular 46 
Diocles 
cissoid of 18, 485 
Direction of concavity 91 
Direction field 325 
Dirichlet 
conditions 318, 319 
function 40 
series 295, 296 
theorem 318 
Discontinuity 37 
of the first kind 37 
infinite 38 
removable 37 
of the second kind 38 
Discontinuous function 270 
Discriminant 222 
Dicriminant curve 232, 234 
Divergence of a vector field 288 
Divergent improper integral 143, 270 
Divergent series 293, 294 
Domain 11 
Domain of definition 11 
Double integral 246 
in curvilinear coordinates 253 
in polar coordinates 252 
in rectangular coordinates 246 
Double point 230 


Elimination 

method of 359 
Ellipse 18, 20, 104, 485 
Energy 

kinetic 174 
Envelope 

equations of 232 

of a family of plane curves 232 
Epicycloid 283 
Equal effects 

principle of 369 
Equation 

Bernoulli’s 333 

characteristic 356 

Clairaut’s 339 


coupling 223 

differential 322 

Euler’s 357 

exact differential 335 

first-order differential 324 
homogeneous 330, 351, 356 
homogeneous linear differential 332, 


inhomogeneous 349, 351, 356 

Lagrange’s 339 

Laplace’s 289, 291 

linear 332 

of a normal 60, 218 

of a tangent 60 

of a tangent plane 218 

with variables separable 307, 328 
Equivalent functions 33 
Error 

absolute 367 

limiting absolute 367 

limiting relative 367 

relative 367 
Euler integral 146 
Euler-Poisson integral 272 
Euler’s broken-line method 326 
Euler’s equation 357 
Even function 13 
Evolute of a curve 103 
Evolvent of a circle 486 
Evolvent of a curve 104 
Exact differential equation 335 
Exponential functions 49, 55, 483 
Extremal point 84 
Extremum 

conditional 223-225 

of a function 83, 83, 222 


F 


Factor 
integrating 335 
Field 
direction field 325 
nonstationary scalar or vector 288 
potential vector 289 
scalar 288 
solenoidal vector 289 
Field (cont) 
stationary scalar or vector 288 
vector 288 
Field theory 288-292 
First-order differential 71 
First-order differential equations 324 
Flow lines 288 
Flux of a vector field 288 
Folium of Descartes 20, 21, 232, 485 


Index 491 


Force lines 288 
Form 
Lagrange’s 311 
Formula 
Adams’ 390 
Green’s 276, 281, 282 
Lagrange’s 145 
Lagrange’s interpolation 374 
Leibniz 67 
Maclaurin’s 77, 220 
Newton-Leibniz 140, 141, 275 
Newton’s interpolation 372 
Ostrogradsky-Gauss 286-288 
parabolic 382 
Simpson's 382-384 
Stokes’ 285, 286, 289 
Taylor’s 77, 220 
trapezoidal 382 
Formulas 
reduction 130, 135 
Fourier ~ coefficients 318, 393, 394 
Fourter series 318, 319 
Four-leafed rose 487 
Fraction 
proper rational 12] 
Punection 11 
composite 12, 49 
continuous 36 
continuous, properties of 38 
decreasing 83 
Dirichlet 40 
discontinuous 270 
even 13 
of a function 12 
implicit 12 
increasing 83 
Lagrange 223, 224 
multiple-valued 11 
periodic 14 
single-valued II 
vector 235 
Functional determinant 264 
Functional series 304 
Functions 
algebraic 48 
equivalent 33 
exponential 49, 55, 483 
hyperbolic 49, 484 
hyperbolic, integration of 133 
inverse 12 
Functions (cont) 
inverse circular 48 
inverse hyperbolic 49 
inverse trigonometric 482, 483 
linearly dependent 349 
linearly independent 349 


logarithmic 49 

transcendental, integration of 135 

trigonometric 48 

trigonometric, integrating 128, 129 
Fundamental system of solutions 349 


G 


Gamma-function 146, 150 

Gaussian curve 92 

General integral 322 

General solution 359 

General solution (of an equation) 323 
General term 294 

Generalized antiderivative 143 
Generalized polar coordinates 255 
Geometric progression 293, 294 
Gradient of a field 288 

Gradient of a function 194, 195 
Graph of a function 12 

Greatest value 85, 225, 227 

Green’s formula 276, 281, 282 
Guldin'’s theorems 171 


H 


Hamiltonian operator 288 
Harmonic series 294, 296, 297 
Higher-order differential 198 
Higher-order differential equations 345 
Higher-order partial derivative 197 
Hodograph of a vector 235 
Homogeneous equations 330, 351, 356 
Homogeneous linear differential 
equation 332, 349 
Ilyperbola 17, 18, 20, 485 
rectangular 480 
Hyperbolic functions 49, 484 
integration of 133 
Hyperbolic spiral 20, 105, 487 
Hyperbolic substitutions 114, 116, 133 
Hlypocycloid 283, 486 


Implicit function 12 
Improper integral 

convergent 270 

divergent 270 
Improper multiple integrals 269, 270 
Incomplete Fourier series 318, 319 
Increasing function 83 
Increment of an argument 42 
Increment of a function 42 
Independent variable I1 
Indeterminate forms 

evaluating 78, 79 
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Infinite discontinuities 38 
Infinitely large quantities 33 
Infinitely small quantities 33 
Infinites 33 
Infinitesimals 33 
of higher order 33 
of order n 33 
of the same order 33 
Inflection 
points of 91 
Inhomogeneous equation 349, 351, 356 
Inhomogeneous linear differential 
equation 349 
Initial conditions 323, 363 
Integral 322 
convergent improper 143 
definite 138 
divergent improper 143 
double 246 
Euler 146 
Euler-Poisson 272 
general 322 
improper multiple 269, 270 
line 273-278 
particular 322 
probability 144 
singular 337 
surface 284-286 
triple 262 
Integral curve 322 
Integral sum 138 
Integrating factor 335 
Integration 
basic rules of 107 
under the differential sign 109 
direct 107 
by parts 116, 117, 149 
path of 273, 274, 280 
region of 246-248 
by substitution 113 


Integration of differential equation 


by means of power series 361, 362 


Integration of functions 
numerical 382, 383 

Integration of ordinary differential 
equation 
numerical 384-393 


Integration of total differentials 202- 
204 


Integration of transcendental functi- 


ons 135 
Interpolation 

of functions 372-374 

inverse 373 

linear 13, 372 

quadratic 372 


Interpolation formula 
Lagrange’s 374 
Newton’s 372 
Interval 
of calculations 382 
closed 11 
of convergence 305 
of monotonicity 83 
Interval (cont) 
open 11 
table interval 372 
Inverse circular functions 48 
Inverse functions 12 
Inverse hyperbolic functions 49 
Inverse interpolation 373 
inverse trigonometric functions 482, 
83 
Involute of a circle 20, 
Involute of a curve 104 
Isoclines 325 
Isolated point 230 
Iterative method 377, 378, 380 


106, 486 


J 
Jacobian 253, 264 


K 
Kinetic energy 174 


L 


Lagrange’s equation 339 
Lagrange’s form 311 
Lagrange’s formula 145 
Lagrange’s function 223, 224 
Lagrange’s interpolation formula 374 
Lagrange’s theorem 75 
Laplace equation 289, 291 
Laplace transformation 271 
Laplacian operator 289 
Lamina 
coordinates of the centre of gravity 
of a, 261 
mass and static moments of a 260 
moments of inertia of a 261 
Least value 85 
Left-hand derivative 44 
Left horizontal asymptote 94 
Left inclined asymptote 94 
Leibniz rule 67, 269 
Leibniz test 296, 297 
Lemniscate 20, 105, 232 
Bernoulli’s 155, 486 
Level surfaces 288 


L’Hospital-Bernoulli rule 78-82 
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Limacgon 
Pascal’s 158 
Limit of a function 22 
Limit on the left 22 
Limit on the right 22 
Limit of a sequence 22 
Limiting absolute error 367 
Limiting relative error 367 
Limits 
one-sided 22 
Line 
straight 17, 20 
Line integral 
application of 276, 283 
of the first type 273, 274, 277, 278 
Line integral of the second type 274, 
275, 278-281 
Linear differential equations 349, 351 
Linear equation 332 
Linear interpolation 372 
of a function 13 
Linearly dependent functions 349 
Linearly independent functions 349 
Lines 
flow 288 
force 288 
vector 288 
Lipschitz condition 385 
Logarithmic curve 484 
Logarithmic derivative 55 
Logarithmic functions 49 
Logarithmic spiral 20, 21, 165, 106, 
487 


M 


Maclaurin’s formula 77, 220 
Maclaurin’s series 311, 313 
Maximum of a function 84, 222 
Maximum point 
Mean value of a function 151 
Mean-value theorems 75, 150 
Mean rate of change 42 
Method 
Adams’ 389, 390, 392 
chord method 376 
of differentials 343 
of elimination 359 
Method (cont) 
Euler’s broken-line 326 
iterative 377, 378, 380 
Milne’s 386, 387, 390 
Newton's 377, 379 
Ostrogradsky 123, 125 
Picard’s 384, 385 
reduction 123 
Runge-Kutta 385-387, 390 


of successive approximation 384, 
385, 389 
of tangents 377 
of undetermined coefficients 121, 351 
of variation of parameters 332, 349, 
352 
Minimum of a function 84, 222 
Minimum point 84 
Mixed partial derivative 197 
Moment 
of inertia 169 
static 168 
Monotonicity 
intervals of 83 
Mulliple-valued function 11 
Multiplicities 
root 121 


nth derivative 67 

Nabla 288 

Napier’s number 28 

Natural trihedron 238 

Necessary condition for convergence 
293 

Necessary condition for an extremum 
222 


Newton 
trident of 18 
Newton-Leibniz formula 140, 141, 275 
Newton’s interpolation formula 372 
Newton’s method 377, 379 
Newton’s serpentine 18 
Niele’s parabola 18, 234. 48] 
Node 230 
Nonstationary scalar or vector field 288 
Normal 217 
to a curve 60 
equations of 218 
principal 238 
Normal plane 238 
Number 
Napier’s 28 
real 1] 
Number series 293 
Numerical integration of functions 382, 
383 
Numerical integration of ordinary 
differential equations 384-393 


O 


One-sided derivatives 43 
One-sided limits 22 
Open interval 11 
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Operator 

Hamiltonian 288 

Laplacian 289 
Order of smallness 35 
Orthagonal surfaces 219 
Orthagonal trajectories 328 
Osculating circle 103 
Osculating plane 238 
Ostrogradsky-Gauss formula 286-288 
Ostrogradsky-Gauss theorem 291 
Ostrogradsky method 123, 125 


P 


Parabola 17, 20, 104, 105, 
cubic 17, 105, 234 
Niele’s 18, 234, 481 
safety 234 
semicubical 18, 20, 234, 481 

Parabolic formula 382 

Parameters 
variation of 332, 349, 352 

Parametric representation of 
a function 207 

Partial derivative 
hirheg-order 197 
“mixed” 197 
second 197 

Partial sum 293 

Particular integral 322 

Particular solution 339 

Pascal’s limacon 158 

Path of integration 273, 274, 280 

Period of a function 14 

Periodic function 14 

Picard’s method 384, 385 

Plane 
normal 238 
osculating 238 
rectifying 238 
tangent 217 

Point 
bending 84 
critical (of the second kind) 92 
of discontinuity 37 
double 230 
extremal 84 
of inflection 91 
isolated 230 
maximum 84 
minimum 84 
singular 236 
stationary 196 
of tangency 217 

Points 
characteristic 96 


480, 485 


Index 


critical 84 

stationary 222, 225 
Polar subnormal 61 
Polar subtangent 61 
Potential (of a field) 289 
Potential vector field 289 
Power series 305 
Principal normal 238 
Principle 

of equal effects 369 

Runge 383, 386 

of superposition of solutions 353 
Probability curve 19, 484 
Probability integral 144 
Product of two convergent series 298 
Progression 

geometric 293, 294 
Proper rational fraction 121 
Proportionate parts 

rule of 376 


Q 


Quadratic interpolation 372 
Quadratic trinomial 118, 
Quantity 
infinitely large 33 
infinitely small 33 


119, 123 


R 


Radius of convergence 305 
Radius of curvature 102, 243 
Radius of second curvature 243 
Radius of torsion 243 
Rate of change 

of a function 43 

mean 42 
Ratio (of a geometric progression) 294 
Real numbers 11 
Rectangular hyperbola 480 
Rectifying plane 238 
Reduction formulas 
Reduction method 123 
Region of convergence 304 
Region of integration 246-248 
Relative error 367 
Remainder 311 
Remainder of a series 293, 304 
Remainder term 311 
Removable discontinuity 37 
Right-hand derivative 44 
Right horizontal asymptote 93 
Right inclined asymptote 93 
Rolle’s theorem 75 
Root multiplicities 121 


130, 135, 150 
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ose 

four-leafed 487 

three-leafed 20, 487 
Rotation (of a vector field) 288 
Rule 

Leibniz 67, 269 

l’Hospital-Bernoulli 78-82 

of proportionate parts 376 
Runge-Kutta method 385-387, 390 
Runge principle 383, 386 


S 


Safety parabola 234 
Scalar field 288 
Scheme 
twelve-ordinate 393-395 
Second curvature 243 
Second derivative 66 
Second differential 198 
Second-ordef differential 72 
Second partial derivative 197 
Segment of the normal 61 
Segment of the polar normal 61 
Segment of the polar tangent 61 
Segment of a straight line 20 
Segment of the tangent 61 
Semicircle 20 
Semicubical parabola 18, 20, 234, 481 
Series 
absolutely convergent 
with complex terms 297 
conditionally (not absolutely) 
convergent 296 
convergent 293 
Series (cont) 
Dirichlet 295, 296 
divergent 293, 294 
Fourier 318, 319 
functional 304 
harmonic 294, 296, 297 
incomplete Fourier 318, 319 
Maclaurin’s 311, 313 
number series 293 
operations on 297 
power 305 
Taylor’s 311, 313 
Serpentine 
Newton’s 18 
Simpson’s formula 382-384 
Sine curve 481 
Single-valued function 1! 1 
Singular integral 337 
Singular point 230 
Slope (of a tangent) 43 
Smallest value 225, 227 


296, 297 


Solenoidal vector field 289 
Solution (of an equation) 322 
general 323, 359 
particular 339 
Spiral 
of Archimedes 20, 65, 66, 105, 487 
hyperbolic 20, 105, 487 
logarithmic 20, 21, 105, 106, 487 
Static moment 168 
Stationary point 196, 222, 225 
Stationary scalar or vector field 288 
Stokes’ formula 285, 286, 289 
Straight line 17, 20 
Strophoid 157, 232, 234, 486 
Subnormal 61 
polar 61 
Substitutions 
hyperbolic 114, 116, 133 
trigonometric 114, 115, 133 
Subtangent 61 
polar 61 
Successive approximation 377, 385 
method of 384, 385, 389 
Sufficient conditions (for an extremum) 
222 


Sum 
integral 138 
partial 293 


of a series 293, 304 

of two convergent series 298 
Superposition of solutions 

principle of 353 
Surface intevral of the first type 284 
Surface integral of the second type 284 
Surface integrals 284-286 
Surfaces 

level 288 

orthogonal 219 


T 


Table 

diagonal table 389 

of standard integrals 107 
Table interval 372 
Tabular differentiation 46 
Tacnode 230 
Tangency 

point of 217 
Tangent 238 
Tangent curve 48] 
Tangent plane 217 

equation of 218 
Tangents 

method of 377 
Taylor’s formula 77, 220 


496 Index 


Taylor’s series 311, 313 computing volumes by means of 268 
Term evaluating a 265 

general 294 in rectangular coordinates 262 

remainder 311 Trochoid 157 
Test Twelve-ordinate scheme 393-395 

d’Alembert’s 295 

Cauchy's 293, 295 U 

Cauchy’s integral 295 _ 

comparison 143, 293, 294 Undetermined coefficients 

Leibniz 296, 297 method of 121, 351 

Weierstrass’ 306 Uniform convergence 306 
Theorem 

Cauchy 75, 326 V 

Dirichlet’s 318 

Value 
ae enean ase Th greatest 85, 225, 227 
7 east 8 

Ostrogradsky Gauss 201 mean (of a function) 151, 252 

Theorems smallest 225, 227 
Variable 


Guldin’s 171 


mean-value 75, 150 dependent 11 


independent 11 


Theory Variabl sb! 
field 288-292 ariables separable 
. an equation with 327, 328 
Three ea es rose 20, 487 Variation of parameters 332, 349, $52 
Tractrix 161 Vector 


acceleration 236 
of binormal 238 


orthogonal 328 or 
; of principal normal 238 
Transcendental functions of tangent line 238 


integration of 135 velocity 236 


Transformation Vector field 288 


Laplace 271 : 
Trapezoidal formula 382 Vector function 235 


Trajectories 


é Vector lines 288 
Trident of Newton 18 
Trigonometric mcs 48 Verocity vector 236 
integrating 128, . 
Trigonometric substitutions 114, 115, vertical asymptote od 
133 ; 
: Volume of a cylindroid 258 
Trihedron 
natural 238 Volume of solids 161-166 
Trinomial w 
quadratic 118, 119, 123 
Triple integral 262 Weierstrass’ test 306 
applications of 265, 268 Witch of Agnesi 18, 156, 480 


change of variables in 263 Work of a force 174, 276, 277 


